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Preface

This volume contains a selection of papers from the 4th International Conference
on the Practice and Theory of Automated Timetabling (PATAT 2002) held in
Gent, August 21-23, 2002.

Since the first conference in Edinburgh in 1995, the range of timetabling
applications at the conferences has become broader and more diverse. In the sel-
ected papers volume from the 1995 conference, there were just two contributions
(out of 22) which did not specifically address school and university timetabling.
In the selected papers volume from the 1997 conference in Toronto, the number
of papers which tackled non-educational problems increased. Two of the papers
addressed more than one timetabling application. In both of these papers,
educational applications were considered in addition to other applications. A
further three papers were concerned with non-educational applications. The
conference steering and programme committees have worked hard to attract
a wide range of timetabling applications. In the conference held in Konstanz
in 2000, the diversification of timetabling problems increased significantly. Of
the 21 selected papers in the postconference volume, just 13 were specifically
concerned with educational timetabling. In the previous volumes, the papers
had been sectioned according to solution technique. In the Konstanz volume
the papers were classified according to application domains. One section of
the volume was entitled “Employee Timetabling,” while sports timetabling,
airfleet scheduling, and general software architectures for timetabling were
also represented. In the present volume, more than one-third of the 21 papers
discuss problems in application areas other than academic and educational ones.
Sports timetabling and hospital timetabling are particularly well represented.
Indeed, they have their own sections. This shift into more diverse timetabling
application domains reflects the growing maturity of the conference series and
the goals set by the steering committee. Educational timetabling is a crucially
important application area and it will always play a central role in the PATAT
conferences. We would like to see the conference series attract even more interest
in educational timetabling but we would also like to see the series continue to
attract high-quality submissions from sports timetabling, employee timetabling,
transport timetabling, and from across the timetabling application spectrum.
Another key aim of the conference series is to foster multidisciplinary research
which draws on the strengths of Operational Research, Artificial Intelligence
and other disciplines. The timetabling research field has always attracted
researchers from across disciplinary divides and one of the main goals of the
conference series is to support and extend this multidisciplinary collaboration.

Another important aspect of modern timetabling research is the goal of in-
tegrating the human aspect of timetabling with the automation of the problem.
In a contribution to the previous PATAT conference, Michael Carter! said:

! Michael W. Carter, A Comprehensive Course Timetabling and Student Scheduling
System at the University of Waterloo, in Practice and Theory of Automated Time-
tabling III (edited by Burke and Erben), pages 64-82.
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“Practical course timetabling is 10% graph theory, and 90% politics!
When we first began designing the system, we were warned: “You cannot
dictate to professors when they will teach courses!” Consequently, we
were told that course timetabling could not work.”

And he went on to show that it did work, if the human factors alluded to in the
warning were taken into account. In his conclusions he said:

“...simply giving timetable reps the facility to make real time on-line
changes was the single most important contribution.”

These comments have relevance for the design of timetabling decision sup-
port systems across the application spectrum. The goal of developing interactive
and adaptive systems that build on human expertise and at the same time pro-
vide the computational power to reach high-quality solutions continues to be one
of the key challenges that currently faces the timetabling research community.
While human/machine interaction in timetabling has an important role to play,
it is clear that there are exciting research opportunities opening up in the under-
pinning automation methodologies for timetabling across the application range.
The success of the series of international conferences on the Practice and Theory
of Automated Timetabling (PATAT) has reflected the interest and activity of
the scientists who are working in the area and addressing the above (and many
other) significant research issues.

As mentioned above, for this fourth volume, we continued with the practice
of organizing the papers around application themes — which was established in
the last volume. The papers represent a broad range of practical and theoretical
research issues and they cover a variety of techniques and applications.

Conference Series

The meeting in Gent was the fourth in the PATAT series of international confe-
rences. The first three conferences were held in Edinburgh (August/September
1995), Toronto (August 1997) and Konstanz (August 2000). Selected papers
from these three conferences appeared in the Springer Lecture Notes in Compu-
ter Science series. The full references are:

Edmund Burke and Peter Ross (Eds.): Practice and Theory of Auto-
mated Timetabling, 1st International Conference, Edinburgh, UK, Au-
gust/September 1995, Selected Papers. Lecture Notes in Computer
Science, Vol. 1153. Springer 1996.

Edmund Burke and Michael Carter (Eds.): Practice and Theory of Au-
tomated Timetabling II, 2nd International Conference, PATAT 1997,
Toronto, Canada, August 1997, Selected Papers. Lecture Notes in Com-
puter Science, Vol. 1408. Springer 1998.

Edmund Burke and Wilhelm Erben (Eds.): Practice and Theory of Au-
tomated Timetabling III, 3rd International Conference, PATAT 2000,
Konstanz, Germany, August 2000, Selected Papers. Lecture Notes in
Computer Science, Vol. 2079. Springer 2001.
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The fifth conference in the series will be held in Pittsburgh, USA, in August
2004. Future conferences will be held every two years. For further information ab-
out the conference series, contact the steering committee (whose members are li-
sted below) or see http://www.asap.cs.nott.ac.uk/ASAP /ttg/patat-index.html.

The PATAT conference series is affiliated with the Association of European
Operational Research Societies Working Group on Automated Timetabling. See
http://www.asap.cs.nott.ac.uk/ASAP /watt/ for further details about this wor-
king group.
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Constraints of Availability in Timetabling and
Scheduling

Dominique de Werra

Ecole Polytechnique Fédérale de Lausanne,
Lausanne 1015, Switzerland
dewerra.ima@epfl.ch

Abstract. The basic class—teacher timetabling problem is examined
with the additional constraints due to the (un-)availability of source
teachers and/or classes at some periods. We mention a generalization
of this problem which occurs in image reconstruction problems in to-
mography. Complexity issues are discussed for both types of problems
and some solvable cases are presented which can be derived from the im-
age reconstruction formulation. Reductions to canonical forms are also
described. Some other types of unavailability constraints (for classrooms
or for lectures) are also reviewed.

1 Introduction and Motivation

Let us imagine for a moment that some classes c1, ..., ¢, have to follow a con-
tinuing education programme offered by a collection of teachers t1,...,%,. We
observe that each teacher ¢; has to meet each class c; for r;; lectures. If we do not
distinguish the various topics on which the teachers are lecturing for the classes,
the data can be summarized in an (m x n) array R = (r;;) called a requirement
matrix.

Assuming that no teacher can teach two classes at the same time and no
class is able to get a lecture from more than one teacher at a time, we may ask
ourselves how can one construct a schedule which will minimize the number of
periods needed.

This basic model in theoretical timetabling has been almost useless in the
real cases since most classes are obviously not available every period for lectures.

Considering the set H of periods of a week where lectures can take place,
we can associate with each teacher ¢; a subset T; C H of periods where (s)he is
available for giving lectures.

Having introduced this additional feature to make our model look more re-
alistic, the question now is to determine whether a schedule can be found with
the following:

1. all lectures in R are given within the set H of periods of the week,

2. no teacher (resp. no class) is involved in more than one lecture during a
period,

3. a teacher t; can give a lecture only during periods k in T}.

E. Burke and P. De Causmaecker (Eds.): PATAT 2002, LNCS 2740, pp. 323 2003.
© Springer-Verlag Berlin Heidelberg 2003



4 D. de Werra

Such a problem can be formulated in terms of arrays in the following way.
Given the set H of periods, let h = |H|; we define an (m x h) array A where
row ¢ is associated to the class ¢; and column k to night k.

For each ¢; we consider integers a(i,1),...,a(i,n) with a(i, j) = 45, i.e. the
number of lectures to be given by teacher t; to c;.

Similarly, for each period k we consider integers a(k,1),...,a(k,n) defined
as follows:

.~ _ | 1 if period k € Tj,
ok, j) = {O otherwise .

This means that a(k, j) is 1 if teacher ¢; is available during period k or 0
else.

A timetable is then given by array A where entry a;; contains the name of
the teacher ¢; giving during a period k a lecture to class ¢; (a; is empty if ¢;
has no lecture during period k).

Then a(i,7) is the number of occurrences of ¢; in row ¢ of A while a(k, )
is the number of occurrences of ¢; in column %k (0 or 1 depending upon the
availability of ¢;).

An example is given in Figure [

t1 ta 3

R o
= T35 ={1,2}
H=1{1,2,3,4}
1 2 3 4 — H
Schedule: c1 |t |t | o 21,0 7 a(i, 1), a(i,2), a(i, 3)
Cco | tg | to to | 0.2.1
Lo1 11,1 11,0 01,0 tme

ak, 1), alk,2), a(k, 3)

Fig. 1. An example of a schedule

It turns out that this formulation is closely related to a problem of image
reconstruction in tomography; we intend to explore here the basic timetabling
model where unavailability constraints are present and exploit the analogy with
image reconstruction in tomography.

We intend in this paper to explore some complexity issues and some reduc-
tions to simple symmetric forms. The purpose is not to describe algorithms for
real-life cases of large size, but rather to formalize some basic problems and to
explore the boundary between easy and difficult problems.
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The reader is referred to [3] for all graph-theoretical notions not defined here
and to [4] for a short introduction to complexity and for basic algorithms in
scheduling.

2 Some Reductions for the Timetabling Problem

For our purposes the basic timetabling problem with unavailability constraints
will be defined by

—aset C'={cy,...,cm} of classes,

— aset T ={t1,...,tm} of teachers,

—aset H=1{1,2,...,h} of periods,

— an (m x n) requirement matrix R = (r;;),

— a collection 7 (resp C) of subsets T; C H (resp. C; C H) of periods of
availability for each teacher t; (resp. each class ¢;).

A graph-theoretical model is often used to represent this problem TT(C, T, H,
R, T,C) of timetabling: it consists of a bipartite multigraph G = (C, T, R) where
each class ¢; (resp. each teacher ¢;) is associated to a node of G; furthermore,
nodes ¢; and t; are linked by 7;; parallel edges.

There is a one-to-one correspondence between solutions of TT(C,T, H, R,
T,C) and edge h-colourings of G where no two adjacent edges have the same
colour and the colour ¢ of each edge [c;,t;] is in C; N Tj.

We shall now show that the problem TT of timetabling can be reduced to
some canonical form.

Figure 2 shows an example of TT with the associated bipartite multigraph G.

Observe that a(k,j) = 0 or 1 is the mazimum number of occurrences of t;
in column k while a(i, j) is the ezact number of occurrences of ¢; in row 4. This
is due to the fact that for some t; we may have |T;| > . r;;, i.e. teacher ¢; is
not tight.

Property 1. TT(C,T,H, R, T,C) can be transformed into a restricted problem
RTT(C',T',H,R',T) such that

(a) RTT has solution if an only if TT has one,

(b) C! = H (i.e. no unavailability) for each class ¢},

(c) |Tj| = >_;ri; (teacher t} is tight) for each teacher t’;,

(d) the sets C',T', R’ of classes, teachers, lectures resp. satisfy
icl < |Cf+1T],
'] < 2T +|C],
BR[| < [H[(T]+1C]) - |R].

Proof. Let us construct problem RTT from TT as follows:

(i) For each class ¢; with C; # H introduce a new teacher ¢; with |H| — |C;|
new lectures to be given by ¢ to ¢; and set T, = H — C;.
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t to t3
Co 1 1 02:{1—3} T2:{1—5}
Cs 2 2 03:{175} T3:{1,273,5}
a2 |1 Cy={3-5}
R /
111 111 111 110 011
Cy 111 tl tg t3
4]
tl Co 110 tl t2
Co
12 c3:022] ta | t3 ta | t3
c3
t3 cq 1 210 |t | t2
“ G time

s timetable
a(i, j)

Fig. 2. An example of a TT

Now for every teacher t; which is not tight, i.e. with d; = |T}| — >, 7; >0,
introduce a new class cj+ and d; new lectures to be given by ¢; to cj+.
These lectures should ideally occur in periods of 7T}; to force this we introduce
a new teacher t; with [H| — [T}j| new lectures to give to class cj and we set
T =H-1Tj.
We rename t; and c; the teachers and classes of the new problem RTT; we
set C! = H for each ¢, and R’ is the new requirement matrix.
One can verify that the resulting RT'T has a solution if and only if 77T has
one. Furthermore, all classes ¢; of RTT have C; = H; in addition every
teacher t’; is tight.
We have introduced in the construction at most |C| new teachers and at
most |C] - |H| — |R| new lectures in (@). Also in (@) we have introduced at
most |T| new classes, at most |T'| new teachers and at most |T|- |H| — |R|
new lectures. Here |R| = ), 7;; = number of lectures. Hence (i) holds.

O

This construction is illustrated in Figure[3 for the example given in Figure
Let us now transform the problem RTT into an equivalent problem RTT*

where each teacher t* will have to meet at most once each class ¢, i.e. the

J

requirement matrix R* = (r;;) will be such that r;; is 0 or 1. For this purpose,
we will use the graph-theoretical model described above.
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o ta ty tF t5 ot C,={1-3} Ty ={1—-4}

al 1|1 ]1]2 Cy={1-3} T, = {1 -5}
el 1] 1 2 Cs={1-5} Tz = {1,2,3,5}

c3 2 |2 Cy={3-5} T =H-0

al 2 |1 2 Ty =H-0y

ey 1 1 T =H-Cy

H={1-5} L=H-T

Fig. 3. Construction of RTT for the example of Figure

So we are given a timetabling problem RTT(C, T, H, R, T ) where as before all
teachers are tight and all classes ¢; satisfy C; = H. G is the associated bipartite
multigraph. When r;; > 1, nodes ¢; and t; are linked by r;; parallel edges

[Ciatj]l s [Ciatj]z yesen
Property 2. RTT(C,T,H,R,T) can be transformed into a restricted problem
RTT (C*,T*,H, R*,T) such that

1. RTT" has a solution if and only if RTT has one;
2. The requirement matriz R* has r;j; =0 or 1 for all i, j;
3. The sets C*, T*, R* of classes, teachers, lectures resp. satisfy

|C*| < |C|+ h* min{|C|, T},
|T*| < |T| +h*min{|C|,|T|},
|R*| < |R| + R®*min{|C|,|T|}.

Proof. We shall describe the transformation directly in the associated graph G.
To keep notation simple, let us consider an edge [c;, t;] belonging to a family of
parallel edges between nodes ¢; and t;. We replace [¢;, t;] by the following graph:

as before let h = |H| be the number of periods; we introduce h new teachers
* * * 3k * k
G tij1 -5ty p—1 and h new classes ¢}, ¢j; 4, ..., ¢}, ,_q. For all these teachers

t; and all classes ¢}, we set T, = Cy = H.

Then each one of these new teachers has to give one lecture to each one of
these new classes (except ¢; which gives a lecture to ¢; instead of cj).

Finally, we replace the lecture of ¢; to ¢; by a lecture of ¢; to c}; so we have
removed one lecture and introduced h? + 1 new lectures. The collection R of
lectures has been increased by an amount of h2.

The construction is illustrated in Figure [ If we repeat this for all but one
lecture in every family of parallel edges of GG, we will get a simple bipartite graph

G* associated with a new problem RTT" with 7}, € {0,1} for all 4, j.
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C; O O tj

* *
Cijh—1 -1

Fig. 4. Transformation of RTT into RTT*

It is easy to see that in any edge h-colouring of G*, edges [¢;,t}] and [c;f, tj]
will have the same colour; so from any h-colouring of G* we can derive an h-
colouring of G and the converse is also true as can be verified easily.

Hence, we will have a problem RTT* having a solution if and only if RTT
has one.

The number of edges [¢;,t;] to transform is at most hmin{|C|,|T|}, so we
have introduced

at most h%2 min{|C|, |T|} new teachers,
at most hZ min{|C|, |T|} new classes,

and at most h® min{|C|, |T|} new lectures. Hence statement [3 holds; since G* is
now simple, we have statement [2 a

With the reduction described above, our timetabling problem RTT*(C, T, H,
R, T) can be stated as follows. We are given sets C, T, H of classes, teachers and
periods respectively; |C| = m, |T| = n, |[H| = h. In addition, we have an (m x n)
requirement matrix R with r;; € {0,1} for all 4, j and a family 7 = (T1,...,T,)
of subsets T; C H giving the availabilities of the teachers t;.

From these data, we define numbers

a(i,j)=mryfori=1,....mand j=1,...,n,
a(k,j){é fls‘;emdkEE’ fork=1,....,hand j=1,....n.

We have to construct an (m x h) array A by introducing one of the symbols
t1,...,t, (teachers) in the entries a;; of A in such a way that forall j =1,...,n
the following hold:



Constraints of Availability in Timetabling 9

1. t; occurs exactly a(4, ) times in row i of A (for i =1,...,m);
2. t;j occurs exactly a(k,j) times in column k of A (for k=1,...,h).

The array A will define a schedule in a unique way: a;;, contains ¢; if and only
if teacher ¢; gives a lecture to class c; at period k.

Notice that due to the fact that all teachers are tight, we have exactly a(k, j)
occurrences of t; in column k. In addition, we now have a(i,j) € {0,1} for all
i,7 (and a(k,j) € {0,1} as before).

3 The Basic Image Reconstruction Problem

In this form the timetabling problem RTT* is very close to the image recon-
struction problem which arises in tomography. We will now give its formulation.
An image is usually decomposed into a collection of pixels of different colours.
Basically it consists of an (m x n) array A where each entry a;; contains a pixel
of some colour s chosen in a set of p colours.

In order to compress the data representing an image, one may for instance
give simply the numbers a(i, s) (resp. a(j, s)) of pixels of colour s occurring in
row 4 (resp. column j) for i =1,...,m,j=1,...,nand s=1,...,p.

The main question is to determine whether to given values a(i, s), a(j, s) for
1<i<m,1<j<n,1<s<pcorresponds an (m x n) array A having exactly
a(i, s) (resp. a(j, s)) pixels of colour s in row 4 (resp. column j). Moreover, the
question of uniqueness of the reconstruction image is important. We shall con-
centrate here on the question of existence of an image. This problem is denoted
by RP(m,n, p) (reconstruction of an (m x n) array from the values a(i, s), a(j, s)
with p colours).

The similarity with the restricted timetabling problem is now obvious: the
p colours correspond to the n teachers of RT'T™, the rows ¢ are associated with
the classes ¢; and the n columns with the h periods of the timetable to be
constructed.

While a(i, s) and «(j, s) are usually non-negative integers in problem RP(m,
n,p), they take values 0 or 1 in the timetabling problem RTT".

As in [6], we call unary the colours s for which a(i, s) and «a(j, s) are 0 or 1
for all 7, j. Problem RP(m,n,p) is denoted by RPU(m, n,p) when all p colours
are unary; so there is equivalence between RPU(m,n,p) and RTT*. This fact
can be exploited for deriving complexity properties of these problems.

At this stage, we should mention a slight difference between RP(m,n,p) and
RTT™: while entry a;; may be empty in the array A associated to a timetabling
problem (at period k class ¢; has no lecture), in the image reconstruction problem
an entry a;; which does not have a pixel of some colour s < p is said to have
the “ground colour” p+ 1. But we can easily forget it and work with the first p
colours.

The analogy between RPU(m,n,p) and RTT" where r;; € {0,1} for all
i,7 suggests the following: in RPU(m,n,p) the rows and the columns play a
symmetric role; it is also the case for RIT'T* (but only when r;; € {0,1} for
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all 7,7). We can interchange the roles of classes and of periods. More precisely,
consider a teacher t; characterized by

— a subset T; C H of periods k where (s)he has to give lectures,
— a subset T} of classes ¢; to which ¢; has to give a lecture,

T; = {Ci"rij = 1} .

We may consider that I is the set of all classes; each teacher t; is characterized
by

— a subset T} of periods ¢; where (s)he has to give lectures,
— a subset T; C H of classes k to which ¢; has to give a lecture.

If RTT** is this last problem, then clearly RTT** has a solution if and only if
RTT™* has one. This simple observation may be useful for deriving complexity
results for RTT in general. One should also remark that when r;; ¢ {0,1} for
some pairs ¢;, t;, then one cannot interchange the role of classes and of periods
in RTT.

Let RTT*(C,T,H, R, T) denote the timetabling problem where all teachers
are tight and r;; € {0,1} for all 4, j. We recall some complexity results.

Proposition 1 ([7]). RTT*(C,T, H, R, T) is NP-complete even when |H| = 3.
From this we derive immediately the following proposition.
Proposition 2 ([6]). RTT*(C,T, H, R, T) is NP-complete even when |C| = 3.

Notice that when |T;| < 2 for each teacher t;, then RTT*(C,T,H,R,T)
can be solved in polynomial time [7] by transforming it to a 2-SAT problem. It
follows that RTT*(C,T, H, R, T) can be solved in polynomial time if |H| = 2.

As above, we may also deduce the following proposition.

Proposition 3 ([6]). RTT*(C,T,H,R,T) can be solved in polynomial time if
|IC| =2.

The following result has been obtained for RPU(m, n, p).
Proposition 4 ([6]). RPU(m,n,p = 3) can be solved in polynomial time.
Interpreting this in terms of timetabling gives the following proposition.

Proposition 5 ([6]). RTT*(C,T,H,R,T) can be solved in polynomial time if
IT| < 3.

One should recall here that while RPU(m,n,p = 3) can be solved in polyno-
mial time, the complexity of RP(m,n,p = 2) is unknown.
Also for RTT*(C, T, H, R, T) with |H| > 4, the complexity is unknown.
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4 More on the Basic Timetabling Problem

We have shown how a basic timetabling problem TT(C,T, H, R,T,C) could be
transformed into a problem RTT where C; = H for each class ¢; and where all
teachers were “tight” (3, r;; = |1} for each teacher t;). We can also transform
the basic problem RTT into other regular forms. We shall just mention the
following property.

Property 3. Problem TT(C,T,H,R,T,C) can be transformed into a problem
RTT(C', T', H, R',P) satisfying the following:

Ci=T;=H foralli,j,
some families of lectures ¢ — t; have to be scheduled at some fixed periods.

1. RTT has a solution if and only if TT has one,
2. [T =T| +1C|,

3.0 =[C|+T1,

4- 2 rgj = jrgj = |H| for all i,j,

.

6.

Proof. Let m = |C|,n = |T|; we construct an (m + n) x (m + n) requirement
matrix R’ by inserting the initial matrix R in the upper left corner and the
transposed matrix RT in the lower right corner of R’. Then we may introduce

in entries (m + 1,1),...,(m +n,n) values 7, ; = [H| =32 rij; >0 (j =
1,...,n) and similarly in entries (1,n + 1),...,(m,n + m) we introduce values
Tint: = [ H| — 2?21 ri; > 0.

We now have a requirement matrix R’ where all row sums and all column
sums are equal to |H]|.

This corresponds to introducing a set of new classes ¢, . .., ¢, (corresponding
to the initial teachers t1,...,t,) and a set of new teachers t1, ..., ,,, (correspond-
ing to the initial classes ¢1,...,¢n).

Weset T; =C; fori=1,...,mand C; =T for j =1,...,n.

Consider now a pair ¢;,t;: by construction ¢; has to give r;n+j7j
6]‘. Let dj = |CJ‘ — Z:il rij S ‘H| — 27;1 Tij = r;n+j,j'

We assign 7/ — dj lectures of t; to ¢; to the r

lectures to

e Mt oy
H — C; = H — Tj; this is the preassignment constraint P;. The remaining d;
lectures of ¢; to ¢; are not preassigned. We repeat this for all pairs ¢;,¢;, thus
obtaining preassignments P, ..., P,.

Similarly, we consider each pair c;,#;: we define e; = |T;| — 2?21 rij <
;,n+i

— dj periods of

|H| — Z?Zl ri; = r§7n+i and preassign r — e; lectures of #; to ¢; to the

T;,n—i—i — e; periods of H — T; = H — C;; the remaining e; lectures of #; to c; are
not preassigned. This gives the preassignment constraint P, ;. Repeating this
for all pairs c;, t; we define preassignment constraints Py, 11, - - ., Pytm. 1t is then

easy to check that the new problem RTT’ satisfies all statements [THG. a

The construction is illustrated in Figure[§ and timetables for RTT and RTT’
are shown in Figure

In terms of the image reconstruction problem, we can interpret RTT’ as fol-
lows. We have an (m x n) array A and p colours (corresponding to the teachers):



12 D. de Werra

oty 3 H={1-4} Ti={1-3}=0C
o | 2 1 Ci={1-4}=T Th={1-2}=0C,
e 1 2 Co={1-3}=T, T3={1-4}=C;
m=2 n=3
Regularization

t to t3 t to

a |2 1 1 e1=4-3=1

e 1| 2 1 e =3-3=0

a | 2 2 d=3-2=1

o 3 1 dy=2—-1=1

3 1 1 2 dz3=4-3=1
R

P, : one lecture ¢; — t; preassigned in H \ C; = {4}
P, : two lectures ¢y — ty preassigned in H \ Cy = {3, 4}
Ps -

Py:-

Ps - one lecture ¢y — &y preassigned in H \ Ty = {4}

Fig. 5. Construction of problem RTT’

the rows correspond to classes and the columns to periods. All colours s satisfy
a(j,s) = 1 for all columns j: each colour occurs exactly once in each column; in
each row 4, colour s occurs exactly a(i, s) times.

Finding such an array would be an easy problem (solvable by classical edge
colouring techniques); but here we have a collection of preassignment require-
ments to take into account: some entries of A have already been assigned some
colour.

This is what makes the problem difficult. Notice that in these requirements
each colour is preassigned in only one row of A (see the timetable of RTT’ in
Figure 6] where for instance colour t, is preassigned only in the row associated
with EQ).
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c t t t3 c ty t1 t1 t3

Co ts to ts Co ts to ts to

_ ~ preassigned
1 2 3 4 time cy ty t t1 t )
meetings
TT j
&) ty to to to
C3 iy t3 ty t
1 2 3 4 time
RTT

Fig. 6. A timetable for TT and the corresponding one for RTT’

10201 3 3 1 5

01012 5 4 5 2
ali, s) 20200 1 1 3 3 a(j,s)=1 Vj,s

01030 4 2 4 4

12001 2 5 2 1

Fig. 7. The solution of problem RP(m,n,p) associated with the solution of TT in
Figure

Let us consider in the example of Figure Bl that the classes ¢y, ¢o, €1, o, C3
correspond to rows 1,...,5 and the teachers ¢, o, t1,t2,t3 to colours 1,...,5.
Then the timetable of Figure [ corresponds to array A of Figure [[] associated
with a problem RP(m,n,p). Notice that in this problem every colour occurs
exactly once in each column (so that p = m); such a problem RP(p,n,p) where
a(j,s) =1 for all j and all s will be called regular. In addition, we notice that
the preassigned meetings are such that each corresponding entry (i, k) contains
colour 7. For instance, entry (4, 3) contains colour 4. We shall say that when an
entry (i, k) of the array contains colour 4, it is a coincidence.

So we have established the following theorem.

Theorem 1. Problem TT(C,T,H,R,C,T) can be polynomially transformed
into a regular problem RP(p,n,p) with a subset S of entries which must have
coincidences.
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In the example of Figure[d, S consists of entries (2,4), (3,4), (4, 3) and (4,4).
We next state an additional result related to the complexity of RTT.

Property 4. RTT(C,T,H,R,T) is NP-complete even if every T; C H is an
interval.

Proof. Tt has been shown that the following problem is NP-complete [2]. Given
a bipartite multigraph G = (C,T, E) with maximum degree A(G) = 3, does
there exist an edge 3-colouring of G such that for each node v € T the colours
are 1,2,...,dg(v) (i.e. the first colours)?

It follows immediately that it is also NP-complete to decide whether in such
a graph G the edges adjacent to node v € T; have colour 2 (if the degree is 1)
or colours 2,3 (if the degree is two), or colours 1,2,3 (for degree three).

We consider the problem RTT(C,T,H,R,T) with |H| = 3 and we may
assume as before that all teachers are “tight”. We transform the above edge
colouring problem into RTT where all T are intervals in H: consider a node
v € T of degree 1 and introduce an edge [v,c1,] and an edge [v,co,] as well as
double edges [c14, t1v]1, [C1v, t1v]2 and [cay, t2v]1, [Cov, t2u]2 Where c1y, Coy, t1y, tou
are new nodes.

Setting T1, = {2,3}, T2, = {1,2},T, = {1, 2, 3}, we get a new bipartite graph
with maximum degree 3 (the construction is given in Figure[§). We repeat this
for all nodes v € T with dg(v) = 1.

O t1y Tl'u = {12}

Cly U

(2

Copy O O toy, Ty, = {2, 3}

Fig. 8. Transformation of a node v of degree 1

Then we get a new bipartite graph G’ with A(G") = 3; we set T}, = {2,3}
for all nodes v of degree 2 in T for which it has not been defined yet. All nodes
in T" have now degree 2 or 3.

G’ corresponds to a timetabling problem RTT(C, T, H, R, T) where all teach-
ers are tight; furthermore, all 7} are intervals {1, 3}, {2,3} or {1, 2, 3}. Further-
more, it follows from the construction of G’ that RTT has a solution if and
only if G has an edge 3-colouring where the colours at each node v € T are
1,2,...,dg(v). The result follows. O

Again in terms of the image reconstruction problem, we notice that RP(m,
n,p) remains NP-complete even if each colour s is known to occur only in a
subset of consecutive colours.
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In some situations, problem TT(C, T, H, R, T) has to be solved while taking
into account availability constraints related to the classrooms. We will also as-
sume that T; = H for each teacher ¢;, so that our problem is simply TT(C,T,
H, R). The availability constraints are defined by values H = (hi,ho,..., hy)
where hj, represents the number of classrooms (they are all identical) available
for lectures at period k.

For TT(C,T,H, R,H) a solution is represented in the associated bipartite
multigraph G = (C, T, R) by an edge colouring (M, ..., M}) where the matching
My, has at most hy edges, i.e. |[Mg| < hg for k=1,...,h.

The following result is a consequence of properties stated in [§].

Property 5. TT(C, T, H, R,H) is NP-complete even if |H| = 3.

The problem can also be reduced to a canonical form which will exhibit its
relation with the other timetabling problems discussed earlier.

Consider TT(C,T, H, R,H) and apply the same transformation as in Prop-
erty Bl Then we call M the set of all parallel edges of the form [c;,?;] and
[¢;,t;]. Such a collection of node disjoint families of parallel edges is called a
multimatching.

Property 6. TT(C,T,H,R,H) can be transformed into problem RTT (C', T",
H,R',H, M) satisfying the following:

Ci=T;=H foralli,j,
In M at least |T| + |C| — 2hy, edges (not specified in advance) receive colour
k (fork=1,...,h).

1. RTT has a solution if and only if TT has one,
2. [T = |T| +[C],

3. |C" = |C| +|T1,

4o 2T = jrgj:|H\:hf0ralli,j,

5.

6.

Proof. We only have to establish statement [l when statement [6] is given as
constraint for RTT’.

Suppose TT has a solution; this means that there exists an edge 4-colouring
(My,...,Mp) of G with | M| < hy for k= 1,..., h. We can extend each M}, to a
perfect matching in G': if an edge [c¢;, ¢;] is in M}, then we also introduce [¢;, ¢;]
into My; then one can introduce |T'|+|C|—2hy, edges of the form [¢;, ¢;] or [c¢;, t;]
into M}, in order to obtain a perfect matching M; of G’ (which contains Mj).

Repeating this for k = 1,..., h, we get an edge h-colouring (Mj,..., M) of
G’ which satisfies the requirement that in M at least |T'| + |C| — 2hy, edges (not
specified in advance in the datal) receive colour k (k=1,...,h).

Conversely, assume that for RT'T’ there is a solution; it is represented by an
edge h-colouring (M7, ..., M]) of G’ where

M. N M| >|T|+|C|—2h (k=1,...,h).

Remove the edges of M N M from Mj; we get a partial matching M)’ in G'.
Furthermore, we observe that [c;,#;] (resp. [¢;,t,]) is in M], iff both ¢; and %,
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131 to t3

H={1,...,4}

H - (hlv h?v h37 h4) = (27 2) 1; 1)
C1 2 1

Is there a timetable with < h;, lectures
Co 1 2

at period k (k=1,...,4) 7
Regularisation

tl t2 t3 1?1 1?2 tl t2 t3 1?1 fg
a | 2 1 1 01 1
¢ 1 2 1 e 1
(:1 2 2 (_?1 2
& 3 1 & 3
& 1 1 2 Z5 1
R M

G’ regular A(G) =4

solution: edge coloring (M7, My, M5, My) of G’ with

IMNM{|>|T|+|C|—2h =1
IM O M| > |T|+|C| —2hy =1
IMNM| > |T|+|C|—2hs =3
IMNM| >|T|+|C| —2hy =3

Fig. 9. Construction of RTT for classroom availabilities

(resp. ¢; and t;) are not adjacent to any edge of M. If [¢;, t;] (resp. [¢;,t;]) is
not in M}, then both ¢; and ¢; (resp. ¢; and t;) are adjacent to some edge of
Mj.. Hence M} contains the same number of edges [c;,t;] with i <m, j <n as
of edges [¢;, ;] with ¢ < m, j < n. Since |M}| = |M}| — |M N M| < 2hy, we
will have |M}'|/2 < hj, edges of M} with endpoints in C' = {cq, ..

T ={t1,...,tn}. Let M} be the set of these edges.

.yCm} and in
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ty 2] t3 ty ty ty to t3 ty ty

(&) @ 1 1 C1 @ 1 1
(&) @ 2 1 Cy @ 1

d o s ©

M| M

ty to t3 t ty ty to t3 tq ty

yo BN Il o

M M;j

Fig. 10. The 4-colouring (M7, ..., M}) of G’

Repeating this for k = 1, ..., h, we will get an edge h-colouring (M, ..., My,)
of G with |My| < hy for kK =1,..., h; this defines a solution of TT. O

This construction is illustrated in Figure [l

Figure [I{ gives a 4-colouring My, ..., M} corresponding to the example in
Figure [ One sees that by considering the submatrix R of R’ (first m rows and
first n columns) we get a 4-colouring (M, ..., My) of G with |My| < hy (k =
1,...,4).

The timetable shown in Figure [l may be viewed as the matrix A of the
associated RP(m,m,p). In each one of the first two columns, we have at least
one row ¢; containing the associated colour ¢;; in each one of the last two columns
of A we have at least two rows ¢; (or ¢;) containing the associated colour ¢; (or
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o t t1 t t3 [€3,t3] in M
) to t3 t3 to [E2,ta] in M}
¢ t 121 t t1 [é1,t1], [Ca, t2) in M]
Cy ts ts to ts [c2,T2], [¢1, 1] and [ég, to] in M}
C3 ts3 1o to 2
1 2 3 4 time

10201 3 3 1 5

01012 4 5 5 2

al(i, s) 20200 1 1 3 3 a(j,s) =1 Vj,s

01030 2 4 4 4

12001 ) 2 2 1

Fig. 12. The solution of problem RP(m,n,p) associated with the solution in Figure[IT]

t;): in column 4 for instance, row cp contains colour ¢y, row ¢; contains colour
t1 and row ¢y contains colour t5. These are precisely coincidences.

Since this timetabling problem is NP-complete, we can observe that it is
also difficult to decide the existence of an edge h-colouring in a regular bipartite
multigraph with A(G) < h and with the constraint that in a given multimatching
M there are at least pp edges (not specified in advance) which must get colour
kE(k=1,...,h).

In terms of image reconstruction problem RP(m,n,p), we have the following
formulation. A multimatching M corresponds to a collection of disjoint pairs
[¢;,t;] or [¢;,t;] where T; (resp. ¢;) is a row and ¢; (resp. {;) is a colour. By calling
1,2,...,m the rows of the array (corresponding to classes ¢1,...,Cm,C1,...,Cm),

and 1,2,...,p the colours (corresponding to teachers ti,...,tm,t1,. . tm), We
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have the following formulation: in a problem RP(m,m,p) where each colour

occurs once in each column (so that p = m), we have to take into account the

additional requirement: given integers pi,...,p, in each column k there are at

least pg rows i which contain precisely colour i (see Figures [[1] and [[2 for an

illustration), i.e. there are at least py entries (i, k) which have a coincidence.
From these observations, we can deduce the following theorem.

Theorem 2. Problem TT(C,T,H,R,H) can be polynomially transformed into
a regular problem RP(p,n,p) with the additional requirement that in each column
k, there must be at least |C| + |T'| — 2hy, coincidences.

In fact we have essentially shown that some basic problems of timetabling
with unavailability constraints can be reduced to edge colourings in bipartite
multigraphs where all nodes have the same degree. In addition, we have to satisfy
some requirements on “horizontal” edges: in a regular problem RP(m,n, p), the
coincidences (entry (i,k) gets colour i) may indeed be viewed as requirements
saying that class ¢ has to get at period k a lecture from teacher ¢} (with the
same index 7). We have shown that unavailabilities of classes, teachers and/or
classrooms can all be formulated in terms of requirements on “horizontal” edges.

It follows from this observation that all these types of unavailability con-
straints may be present simultaneously in the timetabling problem without es-
sentially changing the model RP(m,n,p) which will just have some constraints
of coincidences.

5 Double Lectures

We shall finally examine the case where all lectures do not have the same length.
More precisely, we shall assume that in addition the two one-period lectures given
by a teacher ¢; to a class ¢;, there are also double lectures which are also given
by a single teacher to a single class but they have a length of two periods; they
consist of two normal lectures which have to be scheduled on two consecutive
periods (in general, when we have lunch breaks or even breaks between a day
and the next one, we have to avoid scheduling double lectures on the last period
before a break; we shall not examine this here).

These double lectures may be viewed as creating some type of dynamic un-
availability constraints: if a double lecture of ¢; to ¢; is scheduled to start at
period k, then t; and ¢; become unavailable for other lectures at period k 4+ 1.

We shall assume for the moment that there are no other unavailability
constraints, i.e. given sets C,T,H of classes, teachers and periods, we have
C;=T; = H for all 4, j.

In addition, we are given a requirement matrix R = (r;;); to keep notation
simple we shall suppose that r;; € {0,1,2} and whenever r;; = 2, this means
that ¢; has to give a double lecture to c;.

Let TT(C,T, H, R, M>) be the corresponding timetabling problem where Ms
defines the set of double lectures, i.e. the set of entries (4, j) of R with r;; = 2.
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We shall first transform the problem into a regular form in a similar way to
the reductions described in the previous sections.

Notice that the following reduction is valid also if M} is a set of k-tuple
lectures.

Property 7. TT(C,T,H, R, My) characterized by a requirement matriz R with
ri; < k for all i,j can be transformed into a problem TT'(C',T',H,R', M},)
satisfying the following:

1. TT' has a solution if and only if TT has one,
2.0 = |T"| = [T +|C],
!/ /
3. 32y = |H| for all classes ci,
iTi; = |H| for all teachers t’;,
4 | M| = 2| My|.

Proof. We transform R into R’ exactly as in Property Bl The multiple edges
between ¢;,¢; and between ¢;,t; correspond to single lectures; so statements 2]
Bland @ are satisfied. To show that statement [I] holds, we observe that from any
solution to TT' we can trivially deduce a solution of TT by considering only the
first m rows and the first n columns of R’.

Conversely, if TT has a solution, we can take the symmetric solution for the
submatrix of R’ located in the last n rows and the last m columns:

If t; gives a lecture to ¢; at period k, then ¢; gives a lecture to ¢; at the
same period; moreover, if ¢; (resp. t;) has no lecture at period k, then
¢; meets t; (resp. t; meets ¢;) at this period.
This will give us a solution for TT" which will respect the requirements
of Mj, if those of Mj, are respected. Hence statement [l holds.
(]

We shall restrict the problem to the special case of double lectures in the
following complexity result.

Property 8 ([9]). Consider problem TT(C,T,H,R,Ms) with h = |H| > 4
periods, where TT is reduced as above. It is NP-complete to decide whether TT
has a solution in h periods.

There is, however, a solvable case that can be stated as follows.

Property 9. Consider a reduced problem TT(C,T,H, R, M;_1) with h = |H|
periods. Assume My_1 contains only (h — 1)-tuple lectures. Then TT has a so-
lution in at most 2h — 2 periods. Moreover, there is a polynomial algorithm for
constructing a solution in h periods if there is such a solution.

From this we have immediately the following corollary.

Corollary 1 ([9]). Consider a problem TT(C,T,H, R, Ms) with h = |H| = 3
periods. Then there exists a polynomial algorithm to decide whether TT has a
solution in 8 periods. If there is no such solution, then one can get one in 4
periods.
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Proof (Property [d). Let G be the multigraph associated with the problem
TT(C, T, H, R, M}_1). We can assume that TT has been reduced so that G
is regular; if a teacher ¢; (resp. a class ¢;) has a multiple lecture (i.e. a (h — 1)-
tuple lecture), then it has to be scheduled either in the first A — 1 periods or in
the last h — 1 periods.

In both cases, at periods 2,3,...,h — 1 the multiple lecture will be running.

There will be a timetable in exactly h periods if and only if G contains a
perfect (h — 2)-matching M (i.e. a partial subgraph having exactly h — 2 edges
at each node of G) that uses exactly h — 2 edges of each multiple edge.

This can be seen easily by colouring with colours 2,3,...,h — 1 the edges of
M; the remaining edges of G form a 2-regular graph which can be coloured with
colours 1 and k. This gives a timetable in h periods where each multiple lecture
is scheduled in h consecutive periods. M can be constructed in polynomial time
by using network flow techniques (see [3] or [4]).

If there is no such 2-matching M, we can construct a perfect (h—2)-matching
as before; these edges are the lectures scheduled in periods 2,3,...,h — 1. The
remaining graph has degree 2 and corresponds to periods 1 and h. All lectures
have been scheduled, but some multiple edges do not have consecutive colours.

In fact, each (h — 1)-tuple lecture has been scheduled within an interval of h
periods. There is exactly one period [ where no part of a given multiple lecture
¢; — t; is scheduled. If I = 1 or h, we are done. If 2 <[ < h — 1, we reschedule
the [ — 1 first periods of ¢; —¢; in periods h+1,h+2,...,h 41— 1. This can be
done for all such multiple lectures independently, because from our assumption
no teacher and no class is involved in more than one multiple lecture. Since
I <h—1, we will in all cases get a timetable in at most 2h — 2 periods. O

By using the regularization technique of Property [3] one can obtain the fol-
lowing result; here M, consists of a collection of multiple lectures (whose multi-
plicities, i.e. durations, may be different).

Theorem 3. TT(C,T, H, R, M.) can be polynomially transformed into a regular
problem RP(p,n,p) where in each row i the occurrences of every colour are
consecutive.

Sketch of proof. There are no unavailabilities in the problem TT; we can regu-
larize it as in the proof of Property @ (this doubles the number |M,| of multiple
lectures). Then we can transform the problem in such a way that each teacher
will give at most one lecture (simple or multiple) to any class. This is done by
applying the technique used in the proof of Property 2] for each multiple lec-
ture [c;,t;]; suppose its multiplicity is k: we introduce as before ¢} and c;. In
addition, we have to introduce ¢jj y,...,¢f; ),y and &35 4, ... 07, _p. The ¢f; 4
and t7; ; are linked by k parallel edges (corresponding to k simple lectures) for
d=1,...,h—k. The ¢; and t} (resp. c¢; and t;) are linked by a multiple edge rep-
resenting a multiple lecture with duration k. The remaining edges are introduced
as in the proof of Property [2.
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In order to destroy the multiple edges between nodes ¢j; ; and ¢7; ; we may
again apply the technique of Property [2 to the first k& — 1 parallel edgeb between
these nodes. Then we get a bipartite graph where all nodes have degree h.

It is a simple matter to verify that it has an h-colouring satisfying the require-
ments on the multiple lectures if and only if the initial problem has a solution O

6 Extensions and Conclusions

We have restricted our attention to some variations of the basic timetabling
problem; this has allowed us to exploit the similarity with some elementary
image reconstruction problems, like RP(m,n,p).

We have not mentioned in an explicit way the analogies with other types of
scheduling problems, such as open shop scheduling (see [4]). In particular, from
the timetabling problem TT(C,T, H, R, M3) one may derive the fact that the
open shop problem with processing times of value 0,1 or 2 is difficult (when the
total processing time is at least 4).

Our purpose was to examine the simple variations of the class teacher model,
to reduce them to some “canonical” forms and to derive some complexity prop-
erties.

The knowledge of these properties will be useful when real cases have to be
solved, for instance by decomposing them into smaller problems which can be
solved in polynomial time.

One could as well start from other basic timetabling models like the ones
taking the classroom assignment into account, as in [5] or the models where
group lectures (involving several classes at a time) are present, as in [I]. For
these problems, the image reconstruction RP(m, n, p) may not be the most nat-
ural neighbour problem to consider. It will be an interesting research area to
explore this field with the objective of exploiting analogies either for the design
of heuristics or for complexity studies.

Many other basic timetabling problems could have been discussed here, but
we decided to concentrate on some basic models to explore the boundary between
easy and difficult problems.

References

[1] Asratian, A.S., de Werra, D.: A Generalized Class—Teacher Model for Some
Timetabling Problems. Eur. J. Oper. Res. (2002) (to appear)

[2] Asratian, A.S., Kamalian, R.R.: Interval Edge Coloring of Multigraphs. Appl.
Math. Yerevan University (in Russian) 5 (1987) 21-34

[3] Berge, C.: Graphs and Hypergraphs. North-Holland, Amsterdam (1973)

[4] Blazewicz, J., Ecker, K., Pesch, E., Schmidt, G., Weglarz, J.: Scheduling Com-
puter and Manufacturing Processes. Springer-Verlag, Berlin Heidelberg New York
(1996)

[5] Carter, M.W., Tovey,C.A.: When Is the Classroom Assignment Problem Hard?
Oper. Res. 40 (Suppl. 1) (1996) S28-S39



[6]

Constraints of Availability in Timetabling 23

Costa, M.-C., de Werra, D., Picouleau, C.: On Some Image Reconstruction Prob-
lems. (2002) (submitted)

Even, S., Itai, A., Shamir, A.: On the Complexity of Timetable and Multicom-
modity Flow Problems. SIAM J. Comput. 5 (1976) 691-703

Gabow, T., Nishizeki O., Kariv, D., Leven, O., Terada, O.: Algorithms for Edge-
Coloring Graphs. Unpublished manuscript, University of Colorado (Boulder)
(1983)

Williamson, D.P., Hall, L.A., Hoogeven, J.A., Hurkens, C.A.J., Lenstra, J.K.,
Sevastianov, S.V., Shmoys, D.B.: Short Shop Schedules. Oper. Res. 45 (1997)
288-294



A Standard Framework for Timetabling
Problems

Matthias Grébner!, Peter Wilke?, and Stefan Biittcher!

! Lehrstuhl fiir Informatik IT,
Universitat Erlangen-Niirnberg,
Martensstrasse 3, 91058 Erlangen, Germany
Groebner@informatik.uni-erlangen.de
2 Centre for Intelligent Information Processing Systems (CIIPS),
Department of Electrical & Electronic Engineering,
The University of Western Australia,
35 Stirling Highway, Crawley WA 6009, Australia
wilke@Qee.uwa.edu.au

Abstract. When timetabling experts are faced with a new timetabling
problem, they usually develop a very specialised and optimised solution
for this new underlying problem.

One disadvantage of this strategy is that even slight changes of the prob-
lem description often cause a complete redesign of data structures and
algorithms. Furthermore, other timetabling problems cannot be fit to the
data structures provided.

To avoid this, we have developed a standardised framework which can
describe arbitrary timetabling problems such as university timetabling,
examination timetabling, school timetabling, sports timetabling or em-
ployee timetabling. Thus, a general timetabling language has been devel-
oped which enables the definition of resources, events and constraints.
Furthermore, we provide a way to apply standard problem solving meth-
ods such as branch-and-bound or genetic algorithms to timetabling prob-
lems defined by means of the general timetabling language. These algo-
rithms can be improved by problem-specific user-defined hybrid opera-
tors.

In this paper we present a generalised view on timetabling problems
from which we derive our timetabling framework. The framework imple-
mentation and its application possibilities are shown with some concrete
examples. The paper concludes with some preliminary results and an
outlook.

1 Introduction

There exist many different timetabling problems such as university or examina-
tion timetabling, school timetabling, sports timetabling or employee timetabling.
Furthermore, there exist many problem solving methods, which usually use the
concepts of standard optimisation algorithms such as Backtracking [14] Evolu-
tionary Algorithms [I4J6/8] or Constraint Logic Programming [TOJT3].

E. Burke and P. De Causmaecker (Eds.): PATAT 2002, LNCS 2740, pp. 24-[38, 2003.
© Springer-Verlag Berlin Heidelberg 2003



A Standard Framework for Timetabling Problems 25

Unfortunately, these standard algorithms often do not yield acceptable
timetables or cannot compute solutions within a reasonable amount of time.
So the standard algorithms have to be adapted to be able to handle the spe-
cial concrete timetabling problem. Therefore, the search strategy is changed and
special operators and problem-specific data structures are developed.

The disadvantage of these optimised implementations is that slight changes
of the problem description often cause radical changes of the data structures and
algorithms have to be redesigned to get acceptable solutions again. In addition,
these data structures cannot be used to describe other new timetabling problems.

A further problem of missing standard timetabling descriptions is that new
proposed optimisation algorithms cannot be reliably compared to existing ones
with respect to performance and solution quality.

Moreover, from a theoretical point of view it would be interesting to compare
the structure of different timetabling problems to each other or different problem
solving strategies. Open questions such as the phase transition niche [16] could be
analysed. This could be a step towards a better understanding of the timetabling
research field.

In recent years this problem has been tackled, and first attempts have been
made to standardise the description of timetabling problems [BBITTI2]. In this
paper we present a new way to generalise the timetabling problem that adopts
some ideas from these known approaches and introduces new points of view.
From this general view we derive an object-oriented standard timetabling frame-
work which is able to describe arbitrary timetabling problems and can apply
standard optimisation algorithms to the problem.

2 The General View

2.1 A Generic Timetable Scheme

As mentioned before, many types of timetabling problems exist. But all these
problems have several properties in common.

One of these similarities is that certain entities have to be scheduled. For
example, the German high school timetabling problem [I[I5] has several entities
such as classes or single students, teachers, subjects, lessons and rooms. All
these entities have properties. For example classes are linked to the subject the
students of this class are taught.

Usually, these entities are differentiated into resources and events (or some-
times called meetings). In addition, constraints have to be considered.

In the employee timetabling case, for instance, we find those entities, too.
There are employees with different qualifications and monthly target hours or
there are shifts the employees have to be assigned to.

As already mentioned, some of these entities are linked with others. There
exist links from the shifts to the employees assigned to these shifts or from the
students to their teachers. Some of these links are fixed, such as the links from
the shifts to the employees with the qualifications required to work on these
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Table 1. Different categories of resources in timetabling (TT) problems

High school TT Employee TT  Arbitrary course TT

Classes/Students Employees Participants
Teachers Shifts Courses
Rooms Qualifications  Organiser
Subjects Employer(s) (Rooms)
Lessons

Employer’s production process

Early Shift 1

| Late Shift |

Employee’s day
Night Shift ——— R
Early Shift 2 T tmeoff | Early Shift time off Night shift time off

8am 4 pm 0am 8 am 8am 4 pm 0am 8am

Fig.1. The same time stream from the employer’s point of view and from an em-
ployee’s point of view, respectively

shifts, and cannot be changed. Others have to be assigned during a planning
process, e.g. linking a lesson to a suitable room.

A planning algorithm has to construct a timetable, so we have to define what
a timetable consists of. A timetable can be interpreted as an arbitrary sequence
of events. To every event a certain number of time intervals is assigned, each
having a starting and an ending point.

Each timetable can be seen from different points of view: for example, an
employer has a different view compared to the view of his employees, as shown
in Figure [

2.2 The Object-Oriented View

The considerations of Section 2] can be used to describe timetabling problems
in an object-oriented manner:

There are different resources whose instances have references to each other,
e.g. an instance of the subject class refers to instances of the teacher class who
are able to teach that subject.

Moreover, there are entities with a certain property, called events. This prop-
erty is a certain time interval (or several time intervals) that is assigned to these
events, as shown in Figure 2l

2.3 Planning

An algorithm for constructing a timetable has to assign instances of the differ-
ent resource classes to the event class instances. Some of these assignments are
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EventClass X
TimeTable
startingTime: Date
lendingTime: Date -
1.
— Shift
Qualification . .
1. 0. [MinEmployees: Integer N B Employer
Id: Integer 0.. 0..
: —<> MaxExmploees: Integer
N
* ~
1. N 0.* T , .
N . .
<<fealizg h ’
’
o 0. AN <<re|hlize>> <§éa|ize>>
C N 1 S
N V 2
Employee
L <<Interface>>
MaxWorkingTime: Float <<realize>> > PlanningClass

Fig. 2. Object-oriented view of the employee timetabling problem in Unified Modelling
Language (UML)

Class view Teacher view

1™ B ~ ! B

‘Teacher ‘————J Class ‘ ‘ Room ‘ ‘Teacher ‘————J Class ‘ ‘ Room ‘

<

I
- P - &
‘Subject ‘*" Lesson “*WM ‘Subject ‘*" Lesson “*Wﬂ

Fig. 3. Class view and teacher view. The viewing instance class or teacher is fixed
(black arrows), whereas instances of the other classes to be planned have to be assigned
(light arrows) to the event class lesson. The assignment of a time interval to each event
is mandatory for all timetabling problems

predetermined and cannot be changed, and some have to be done during the
planning phase.

To construct a timetable, one of the views mentioned in Section [2.1]is used.
In the school timetabling case our algorithm might use the class view to assign
a subject, teacher and room to a lesson. In this case the class is fixed and
the other instances have to be assigned to (see Figure Bl). Additionally, a time
interval has to be assigned to each event class instance.

For each viewing perspective there are as many timetables as instances of
this class to be planned exist. If we have ¢ teachers at a high school, for example,
t different teacher timetables belong to them. That is, if there exist [ lessons in a
high school timetabling problem, furthermore ¢ teachers, r rooms and c¢ classes,
the number of instances of event classes including all views will be (t+7r+c¢) x I.
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t Teacher Timetables c Class Timetables

S il
R sl
= i

r Room Timetables

R
-
=

Fig. 4. The different timetables can be mapped to each other

The timetables of the instances of one planning class contain all information
necessary to construct the timetables for the instances of the other planning
classes: i.e. the timetables of the different views can be mapped to timetables
of other views. From the employees’ timetables the employer’s timetable can be
constructed or in the school timetabling case the ¢ teachers’ timetables can be
mapped to the r rooms’ timetables (see Figure M.

That is why it is usually sufficient for a timetabling program to save the
timetables of one resource type only. This avoids data redundancy caused by
storing the same event information in different places, i.e. from different views
(Figure [l). Nevertheless, to be able to check constraint violations (see the next
section), translations to other views have to be done, for example to compute
the number of assigned lessons of a teacher when working with the class view.
Otherwise expensive computing time has to be accepted in order to compute the
necessary information.

2.4 Constraints

Assignments usually cannot be done arbitrarily, but many constraints have to be
considered. We distinguish two different types, namely hard and soft constraints.
A solution is feasible if no hard constraints are violated. A feasible solution is
better than another if fewer soft constraints are violated.

A timetabling algorithm can use different strategies to get a solution without
violations of hard constraints. Violations can either be avoided from the outset
[13/T4] or penalised to lead the algorithm towards better solutions and introduce
repair mechanisms [[7].
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teacher 1 teacher 2 teacher 3

“~._ room1 room 2

% = .

class 1 - class 2 L7 class 3
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Fig. 5. Information redundancy is necessary to compute constraint violations of all re-
sources

3 A General Timetabling Language

To describe the concepts introduced in Section 2, we implemented a general
timetabling language (GTL). A GTL file starts with the declaration of the name
of the timetabling problem, e.g. TimetablingProblem School { ... }.

3.1 Resources and Events

The language describes resources as instances of the Resource class and events
as instances of the Event class. The super-class of both Resource and Event is
the so-called PlanningClass class.

To declare members of these derived classes, the standard data types
boolean, float, double, int, short, long and string are provided. The
reference keyword declares a reference to objects of a certain type, where multi-
dimensional arrays are indicated by the dimension count included in brackets.

To give an impression, the declaration of an employee resource in an employee
timetabling example is shown:

class Staff extends Resource {
string firstName;
double workLoad; // target working hours

// list of shifts the employee cannot be assigned to
reference(Shift) [1] absent;
} // end of class Staff

Additional standard member variables, such as an array containing references
to the assigned events, are automatically provided by the timetabling framework
as described in Section ]

Events are declared in the same way. The concept of links from the events
to the resources is covered by the timetabling framework, thus arrays containing
references to the assigned resources need not be declared, as shown in the shift
example:
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class Shift extends Event {
int shiftType;
} // end of class Shift

3.2 Constraints

In GTL constraints are introduced by a Constraint class. Instances of this
class are assigned at a later stage in the timetabling framework to each planning
class. A constraint can be derived either from the HardConstraint or from
the SoftConstraint class. The declaration of a constraint class itself does not
imply any direct consequences yet, but the different handling of the Constraint
instances as hard or weak has to be managed by the algorithms applied. The
Constraint class has a compute method to compute the constraint violations.
This method must be implemented in the GTL file by the user. It returns a Con-
straintViolation object which contains information about the penalty points
and information for a repair method of the corresponding constraint class that
can be implemented, too. The syntax of GTL is Java-like.

The repair method can be called by timetabling algorithms and uses
problem-specific knowledge, which is usually necessary to get feasible so-
lutions with Genetic Algorithms [2[8I5/17]. The example below shows the
GTL definition of ClashConstraint and its compute method. Methods like
getAssignments and clashes are provided by the standard library of the frame-
work (Section [)):

class ClashConstraint extends HardConstraint {
public ConstraintViolation compute(PlanningClass owner) {
double penalty = 0.0;
List assignments = ((Resource) o).getAssignments();
List clashList = new ArrayList();
for (int j = 0; j < assignments.size() - 1; j++) {
Assignment assl = (Assignment)assignments.get(j);
for (int k = j + 1; k < assignments.size(); k++) {
Assignment ass2 = (Assignment)assignments.get(k);
if (assl.event.clashes(ass2.event)) {
penalty += 10.0; clashList.add(ass2.resList);
oy 3
if (penalty > 0) {
return new ConstraintViolation(this, owner, "Clash at "
+ owner + ": " + clashList, penalty, clashList);
} else return null;
} // end of compute(PlanningClass)
public boolean repair(ConstraintViolation violation) {

} // end of repair(ConstraintViolation)
} // end of class ClashConstraint
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class Teacher extends Resource {

class Clashconstraint extends HardConstraint {
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gti2java

Java program

class Teacher extends Resource {
ArrayList preferredLessons;

public class School extends TTProblem {...

solution in XML format

<event name"Mon1st">
<list name "Teacher" content="Schmidt">

</event>

’
’
4 includes
’
7 reads
’

/
XML data file ﬁ Java timetabling packages

package ttproblem;
package ga;
package branchAndBound;

<Resource name="An"
type="Teacher"
surname="Anzer"
constraints="ClashConstraint, ..."

Fig. 6. The road-map to get a solution for a specific timetabling problem from a GTL
description and an XML data file

4 The Timetabling Framework

All necessary classes of a timetabling problem can be declared with the time-
tabling language GTL. But to be able to store all necessary information about a
specific instance of a timetabling problem, a framework is needed that instanti-
ates the actual resources and events, applies algorithms to get solutions and for
that purpose computes the constraint violations.

In order to ensure this, we developed a framework [9] that is able to read
information about the actual instances of the corresponding timetabling problem
using the GTL class declarations of the underlying GTL file. This information
has to be defined in an XML data file. Thus, in contrast to STTL [12] the
information about the specific instances of the timetabling problem is separated
from problem definition itself.

The framework is then able to apply standardised algorithms to compute a
solution of the timetabling problem, which can be exported to XML, HTML
or text format. The solution contains information about the timetables of the
different views and all remaining constraint violations.

Currently the framework is available in a beta version providing the complete
functionality described in this section. The GTL description file (declaration of
resources and the definition of the constraints) and the XML data file has to
be created by the user. A friendly user interface does not exist at the current
stage of development. Especially for the design of the compute method of the
constraints some understanding of the data structures is required.

4.1 XML Data File

The syntax of the XML input data file is defined as follows. The file starts with
the definition of the timetabling problem, where layout describes the structure
of the timetable. That information is only used for graphical output, e.g. inside
an HTML file. The meaning of the three parameters is Days per Period, Time
Intervals per Day and Periods.
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<TTProblem layout="5,11,1" description="Name of the
school">

Definition of the resources can be done by a Resource tag which contains
arbitrary elements and their values according to the member variables defined in
the GTL file. type describes the special type a resource is of and name is a kind of
ID. The constraints list contains the constraints that have to be considered for
this resource instance. The example shows the definition of a specific employee
of a rostering problem in a hospital:

<Resource type="Staff" name="1126"
description="Schlueter, Anna"
workLoad="15.0" features="Nurse,Chief"
absent="" constraints="ClashConstraint,DiffHourMonthConstraint,
OnlyOneDayFreeConstraint,OnlyOneWorkingDayConstraint,..."/>

There exists a pre-defined resource type TimeSlot with the variables name,
from, until and layout which are defined in the same way. layout defines a posi-
tion in the timetable grid as explained above.

Events also have a name, type (i.e. the event class) and constraints. In addi-
tion, events have a number of resource lists which contain all possible assignable
resources, indicated by the takefrom keyword. In the following example the as-
signed time slot is fixed and cannot be changed, so the variable fixed is set
to true. During the planning process, to all resource lists which are not fixed
arbitrary resources are assigned taking members from the takefrom list. The
minimum and maximum number of resources to be selected for assignment from
the resource list by the timetabling algorithm are described by the min and max
keywords:

<Event type="Shift" name="February 26th (early
shift)"
constraints="0ut0fMinMaxConstraint" shiftType="0">
<ResourceList name="TimeSlot" min="1" max="1"
takeFrom="February 26th 06:30" fixed="true"/>
<ResourceList name="Nurse" min="2" max="4" target="3"
takeFrom="2176,2277,2282,25670,2770,2793,2807,2829,..."/>
<ResourcelList name="Student" min="0" max="2" target="1"
takeFrom="3065,3069,3173,3178,3295,3296,3297" />
<Resourcelist name="Chief" min="0" max="1" target="1" takeFrom="2277"/>
</Event>

4.2 Timetabling Packages

In order to generate an executable program from the GTL description as indi-
cated in Figure [6l we need some standard timetabling packages which provide
the basic timetabling class structures. These packages are included into the main
program.
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TTProblem
FeventList: List PlanningClass
#resources: List +name: String
-constraintViolations: List _constraints: List
+addResource (type:String): ResourceType +computeConstraintViolations(): List
+getResource (type:String): ResourceType [& il
+getComponent (type, name:String) : Resourc1
+getEvents(): List bresources
1 ..
L ResourceType
#name: String
#components: List
Eomgonents +add (res:Resource)
Resource
-assignments: Assignment/[]
-features: String[] constraints
#addAssignment (ass:Assignment) 0. . *
#removeAssignment (ass:Assignment) Constraint
+getEvents ()
+addFeature (f:String) +compute (owner:PlanningClass): ConsViolatio.
+hasFeature (f:String): boolean +repair(violation:ConsViolation): boolean
lventnist +getType () : int
1. . *
Event

+resources: List

+clashes (e:Event) : boolean
+getResourcelList (name:String): ResourceLis

Fig. 7. Data structure of timetabling problem as provided by the ttclasses package

The structure of the ttclasses package is shown in Figure[7. A timetabling
problem TTProblem holds an event list with all events and lists with resources
of different types. Both Resource and Event are derived from the basic class
PlanningClass. Each instance of PlanningClass refers to a number of con-
straints which should not be violated for this instance. The actual resource and
event instances are read from the XML data file, are instantiated and then added
to the corresponding eventList or resourcelist, respectively.

Our implementation has been done in Java. One disadvantage of Java is
its low run time performance. Nevertheless, Java allows straight object-oriented
design of the data structures and provides a lot of useful standard packages
such as lists and containers which facilitate handling complex data as found
in timetabling problems. Furthermore, Java byte code can be executed on any
operating system which allows an easy application of the framework on any
computer. A comparison of the run time performance of the framework and an
optimised implementation for a single problem is made in the next section.

To get an executable Java class file, we implemented a GTL-to-Java compiler
which translates the GTL description into Java source code and adds some
additional code such as import statements, constructors of the classes and a
main method for starting the program.

The framework currently provides the possibility to apply a standard hybrid
Genetic Algorithm and a simple branch-and-bound algorithm to the timetabling
problem. The framework utility packages are included in the main Java file. Both
algorithms use problem-specific knowledge defined by means of the repair opera-
tors of the constraint violations of the corresponding GTL files. Implementation
details of the algorithms are omitted here for lack of space.
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5 Example

5.1 GTL

To demonstrate the ability of our framework to solve real-world problems we
will have a closer look at the time scheduling for a special course week at our
university. The intention of the course is to attract more students to technical-
oriented studies. So a whole week packed with lab classes and social function is
organised. Each participant selects four courses with first priority and another
four with second priority. The participant can also name a friend he would like
to join him in the lab classes. As lab space is limited most courses are run more
than once to give as many participants as possible a chance to attend.
The constraints when setting up a timetable are:

— participants can be assigned only once at the same time (clash constraint),

— participants may join a course of a certain type only once,

— participants should be assigned to their preferred courses,

— participants should be assigned to exactly four courses,

— some participants have to be assigned to courses taking place at the same
time due to car pools,

— the number of participants assigned to the courses must be at least min and
at most maz.

In 2001, 251 participants were registered and 187 courses of 37 different types
were offered. Courses take place either in the morning or in the afternoon, but
there exist two-part courses which comprise two sessions and thus can take place
in the morning and afternoon or even on two different days.

The GTL description of the resource Participant and the event Course is
given as follows:

class Participant extends Resource {
string firstName;

reference(Project) [1] firstChoice;
reference(Project) [1] secondChoice;
reference(Participant) [1] friends;

}

class Project extends Event {
string signature;

}

firstChoice and secondChoice are containers holding the preferred and
alternative projects of the participant. friends are the friends that should be
assigned to courses taking place at the same time as the courses the participant
has been assigned to. Each event has a signature which defines the course type
of the project.

In addition, the constraints presented above have been defined with corre-
sponding compute and repair methods.
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5.2 XML Data File

To get an XML input database of the practical week instances, we wrote a
converter program that translates the available ASCII data into the required
XML input format. This XML file describes a concrete participant my means
of a Resource tag of the type Participant and elements defining the values of
the firstname, name, the selected projects, the friends and the constraints to be
considered.

For each day timeslots are defined for morning and afternoon courses, so 10
timeslots have been defined.

Each Project event has the variables signature, which is used to identify the
type a certain project is of, and name, which specifies the course ID. An event
owns two resource lists. One resource list holds the corresponding time slot and
is fixed, because each course is assigned to one of two (two-part courses) fixed
time slots. The other resource list contains all participants that can be assigned
to that event because the course type is on their selection list.

5.3 Results

We applied the branch-and-bound algorithm as well as the standard hybrid
Genetic Algorithm to the problem. Figure [§ shows several runs of the Genetic
Algorithm with different parameter values. Computing time was 75 min on a
1.2 GHz computer. As expected, the steady-state Genetic Algorithm without
usage of repair operators converges much more slowly and does not reach such
good results as the hybrid runs.

All results computed by the hybrid Genetic Algorithm yielded feasible timeta-
bles with less than 10 courses having few more than mazx participants. Due to
high request for some courses, on average about 30 participants were assigned
to only three instead of four courses. Finally, there remained about 200 partici-
pants who did not get their first-choice courses but had to join at least one of the
alternative courses selected. These constraint violations explain the remaining
penalty points in Figure R

In addition, we applied our simple branch and bound algorithm to the prob-
lem. The final results were only marginally different with respect to penalty
points and number of constraint violations. But the branch and bound algo-
rithm outperformed the Genetic Algorithm with respect to time and computed
the results in only about 25 s.

To get further information about the appropriateness of the Genetic Algo-
rithm we introduced room resources with allocation clashes to be avoided. In
this case the Genetic Algorithm yielded feasible solutions where the branch and
bound algorithm failed to find solutions of the same quality in reasonable time.

Furthermore, we compared the timetables computed by our framework to
those created by a special Genetic Algorithm-based application. The algorithm
has been developed for this specific course timetabling problem in C++ pro-
gramming language. The special application stopped after 10 min computing
time and on average created timetables with about 60 participants assigned to
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Fig. 8. Application of the Genetic Algorithm to the practical week timetabling prob-
lem. Hybrid: hybrid Genetic Algorithm with application of the repair operators; Steady:
steady-state Genetic Algorithm; Standard: without any elitism or hybrid components.
Crossover method is either one-point-crossover (1PC) or uniform. Selection method is
always tournament selection

too few courses and more than 200 participants assigned to some alternative
courses. Thus computing timetables using our framework did not result in a loss
of quality, but computing time clearly increased compared to specially designed
programs.

6 Conclusion and Outlook

In this paper we have presented a general object-oriented view on timetabling
problems and how this description has been realized by means of a timetabling
framework. The framework is able to describe arbitrary timetabling problems
using the general timetabling language GTL. Actual instances are defined by an
XML input file. Furthermore, standardised timetabling algorithms are provided
by the timetabling framework.

One advantage of the framework is that it ensures that the application of
timetabling algorithms to new timetabling problems neither enforces the re-
design of the data structure nor the redesign of the algorithms. Furthermore,
the widespread use of the framework could ensure a better comparability of new
timetabling algorithms because it introduces standardised input and output for-
mats.

However, one disadvantage of the presented timetabling framework is that
the existing timetabling data has to be transformed into the defined XML data
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format which requires some amount of preliminary work. But it is usually much
less costly to convert data to a standard format than developing special data
structures in a programming language.

Our next steps will be the implementation of further algorithms such as Sim-
ulated Annealing or Tabu Search so as to compare the applicability of these
algorithms to different problems. To date, we have defined a school timetabling
problem, a practical week problem and some employee timetabling problems us-
ing GTL and XML input format and successfully applied the Genetic Algorithm.

First results show that it is possible to compare the solubility of timetabling
problems with respect to different timetabling algorithms. As a next project we
want to analyse the structure of arbitrary timetabling problems with the help
of the timetabling framework to get a better understanding of which algorithms
should be preferably used to solve which type of problems.
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Abstract. Timetabling problems have been much studied over the last
decade. Due to the complexity and the variety of such problems, most
work concerns static problems in which activities to schedule and re-
sources are known in advance, and constraints are fixed. However, every
timetabling problem is subject to unexpected events (for example, for
university timetabling problems, a missing teacher, or a slide projec-
tor breakdown). In such a situation, one has to quickly build a new
solution which takes these events into account and which is prefer-
ably not too different from the current one. We introduce in this pa-
per constraint-programming-based tools for solving dynamic timetabling
problems modelled as Resource-Constrained Project Scheduling Prob-
lems. This approach uses explanation-based constraint programming and
operational research techniques.

1 Introduction

Timetabling problems have been much studied over the last decade. Due to the
complexity and the variety of such problems, most work concern static problems
in which activities to schedule and resources are known in advance, and con-
straints are fixed. However, every timetabling problem is subject to unexpected
events (for example, for university timetabling problems, a missing teacher, or a
slide projector breakdown). In such a situation, one has to quickly build a new
solution which takes these events into account and which is preferably not too
different from the current one.

In this paper, we present an exact approach for solving dynamic timetabling
problems which uses explanation-based constraint programming and operational
research techniques. In this approach, timetabling problems are modelled as
Resource-Constrained Project Scheduling Problems (RCPSPs).

The paper is organized as follows. Section [ introduces timetabling prob-
lems and RCPSPs, and explains how timetabling problems can be modelled as

E. Burke and P. De Causmaecker (Eds.): PATAT 2002, LNCS 2740, pp. 39-[59, 2003.
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RCPSPs. Section Bl presents the basics of explanation-based constraint program-
ming. Our approach is presented in Section[dl Dynamic events that can be taken
into account in our system are listed in Section [fland computational results are
reported in Section [6.

2 Timetabling Problems and RCPSPs

2.1 Timetabling Problems

Timetabling problems can be defined as the scheduling of a certain number of
activities (lectures, tasks, etc.) which involve specific groups of people (students,
teacher, employees, etc.) over a finite period of time, requiring certain resources
(rooms, materials, etc.) in conformity with the availability of resources and ful-
filling certain other requirements. A huge variety of timetabling problems exist:
school timetabling, examination timetabling, employee timetabling, university
timetabling, etc.

Due to the complexity and the variety of such problems, most work concerns
static problems in which both activities to schedule and resources are known
in advance, and constraints are fixed. The different techniques used are graph
colouring [g], integer programming [32], genetic algorithms [28], tabu search [17],
etc. Several different authors have presented constraint programming techniques
for solving timetabling problems [4J14/15]23126]. To our knowledge, no work con-
cern the resolution of dynamic timetabling problems.

2.2 The RCPSP

The RCPSP can be defined as follows: let A = {1,2,...,n} be a set of activities,
and R = {1,...,7} a set of renewable resources. Each resource k is available in
a constant amount Ry. A resource k is called disjunctive if Ry = 1. Otherwise
it is called cumulative. Each activity ¢ has a duration p; and requires a constant
amount a;; of the resource k£ during its execution. Pre-emption is not allowed.
Activities are related by precedence constraints, and resource constraints require
that for each period of time and for each resource, the total demand of resource
does not exceed the resource capacity. The objectives considered here are to find
a feasible solution or a solution for which the end of the schedule is minimized
(see for example Figure[d]). The problem is NP-hard [3].

Let S; be the starting time of activity ¢. Several extensions of the RCPSP
can be considered:

— Generalized precedence constraints: such a constraint imposes that an activ-
ity 7 must be executed after another activity ¢ and that there are exactly d
units of time between the end of 7 and the starting of j, or that there are at
least d,,n and at most d,,,q, units of time between them. These constraints
will be denoted i —%j and i%g:j: 7 respectively.
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Fig. 1. One project with eight activities and two resources, and a feasible solution

— Generalized disjunctive constraints: such a constraint imposes that ¢ and j
are in disjunction and that there are exactly d, or at least d,,;, and at most
dymaz units of time between them. These constraints will be noted i ++¢ j and
z<—>§:§j: 7 respectively.

— Generalized overlapping constraints: two activities may have to overlap (be
executed during at least a common unit of time) during exactly d, or at least

Amin and at most d,,q, units of time. These constraints will be noted % ||d j

max

nd . .
and i |[;"** j respectively.

— Generalized resource constraints: the capacity of resources may change dur-
ing certain periods of time.

The static RCPSP has been extensively studied [525]. Currently, the most
competitive exact algorithms for the RCPSP are the ones of Brucker et al. [6],
Demeulemeester and Herroelen [12], Mingozzi et al. [27] and Sprecher [31]. One
of the main difficulty in the RCPSP is to maintain the resource limitation during
the planning period. The classical deduction rules used for that purpose are core
times [24] and task interval [9J10].

The dynamic RCPSP is seldom studied. Two classical methods are used to
solve it:

— Recomputing a new schedule each time an event occurs: this is quite time
consuming and may lead to a solution very different from the previous one.

— Constructing a partial schedule and completing it progressively as time goes
by (like in online scheduling problems) [30]: this is unacceptable in the con-
text of timetabling problems since the complete timetable must be known
in advance.

Recently, Artigues et al. [I] introduced a formulation of the RCPSP based
on a flow network model. The authors developed a polynomial algorithm based
on this model to insert an unexpected activity.
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2.3 Timetabling Problems as RCPSPs

Timetabling problems can be thought of as special cases of RCPSPs. In [7],
Brucker and Knust show that the high school timetabling can easily be formu-
lated as a RCPSP. Dignum et al. [13] translated the particular timetabling prob-
lem of an educational establishment of Maastricht into a Time- and Resource-
Constrained Scheduling Problem, i.e. a RCPSP in which the objective is to de-
termine a schedule which is completed on time and such that the total additional
costs are minimized.

Let us consider the following example of a French university timetable [I5]:
m classes have to follow a set of lectures given by n teachers over an horizon of
T time periods. All lectures are of the same length. Each lecture may require
specific material (slide-projector, specific room, etc.).

The constraints are the following:

— C1: a class cannot follow more than one lecture at a time,

— (C2: a teacher cannot give more than one lecture at a time,

— (C3: some teachers or classes are not available in some periods,

— (C4: material availability must be respected,

— C5: some lectures have to be scheduled at the same time (shared gymnastic
rooms, class divided in several groups for foreign language lectures, etc.),

— C6: two lectures concerning the same subject should not be scheduled on too
close periods,

— C7: some lectures are linked by precedence constraints (prerequisite, etc.).

Clearly, this example can be modelled as a RCPSP in which lectures are the
activities to schedule and resources are teachers, classes and materials. Some
of these resources are disjunctive (teachers, for example), others are cumula-
tive (if several slide-projectors are available, for example). These lectures are
subject to (generalized) precedence constraints (C7), (generalized) overlapping
constraints (C5) and (generalized) disjunctive constraints (C1, C2 and C6). Re-
source constraints must be respected (C4), and some resource capacities are time
dependent (C3).

3 Explanation-Based Constraint Programming

Constraint programming techniques have been widely used to solve scheduling
problems. A constraint satisfaction problem (CSP) consists in a set V' of variables
defined by a corresponding set of possible values (the domains D) and a set C
of constraints. A solution for the network is an assignment of a value to each
variable such that all the constraints are satisfied. An extension of classical
constraint programming has been recently introduced. It is called explanation-
based constraint programming (e-constraints) and it has already proved to be
of interest in many applications [I8] including dynamic constraint solving. We
recall in this section what it is and how it can be used.

In the following, we consider a CSP (V, D, C). Decision making during the
enumeration phase (variable assignments) amounts to add (e.g. upon decision
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making) or remove (e.g. upon backtracking) constraints from the current con-
straint system. Enumeration is therefore considered as a dynamic process.

3.1 Explanations

A contradiction explanation (also known as nogood [29]) is a subset of the current
constraints system of the problem that, left alone, leads to a contradiction. Thus,
no feasible solution contains a mogood. A contradiction explanation is composed
of two parts: a subset of the original set of constraints (C’ C C) and a subset of
decision constraints introduced so far in the search:

C}——|(C’/\v1:a1/\---/\vk:ak). (].)

In a contradiction explanation composed of at least one decision constraint,
a variable v; is selected and the previous formula is rewritten a;

CFC A /\ (Uizai)—>vj7éaj. (2)
i€[l...k]\j

The left-hand side of the implication constitutes an eliminating explana-
tion for the removal of value a; from the domain of variable v; and is denoted
expl(vj # a;).

Classical CSP solvers use domain-reduction techniques (removal of values).
Recording eliminating explanations is sufficient to compute contradiction expla-
nations. Indeed, a contradiction is identified when the domain of a variable v;
is emptied. A contradiction explanation can easily be computed with the elimi-
nating explanations associated with each removed value:

Ck= /\ expl(v; #a) | . (3)

acd(v;)

There exist generally several eliminating explanations for the removal of a
given value. Recording all of them leads to an exponential space complexity.
Another technique relies on forgetting (erasing) eliminating explanations that
are no longer relevantf to the current variable assignment. By doing so, the
space complexity remains polynomial. We keep only one explanation at a time
for a value removal.

3.2 Computing Explanations

During propagation, constraints are awoken (like agents or daemons) each time
a variable domain is reduced (this is an event) possibly generating new events

1A contradiction explanation that does not contain such a constraint denotes an
over-constrained problem.

2 A nogood is said to be relevant if all the decision constraints in it are still valid in
the current search state.
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(value removals). A constraint is fully characterized by its behaviour regarding
the basic events such as value removal from the domain of the variables and
domain bound updates. Explanations for events are computed when the events
are generated.

Explanations for basic constraints. It is easy to provide explanations for
basic constraints. The following example shows how to compute them.

Ezample 1. Let us consider a two-variable toy problem: x and y with the same set
of possible values [1, 2, 3]. Let us state the constraint x > y. The resulting sets of
possible values are [2, 3] for = and [1, 2] for y. An explanation for this situation is
the constraint x > y. Now, let us suppose that we choose to add the constraint
x = 2. The only resulting possible value for = is 2. The explanation of the
modification is the constraint « = 2. The other consequence is that the remaining
value for y is 1. The explanation for this situation is twofold: a direct consequence
of the constraint z > y and also an indirect consequence of constraint x = 2.

Explanations for global constraints. Computing a precise explanation for
global constraints may not be easy because it is necessary to study the algorithms
used for propagation. However, there always exists a generic explanation: the
current state of the domains of each variable of the constraints. In Section 4, we
will describe how to provide more precise explanations for timetabling-related
constraints.

3.3 Using Explanations

Explanations are useful in many situations [18]. The following sections detail
some of them: providing user information, improving search strategies and han-
dling dynamic problems.

Providing User Information

— Explanations can be scanned to determine past effects of selected constraints:
these are the events for which the associated explanation contains one of the
selected constraints;

— Considering the union of the explanations of the currently removed values
in the current solution is a justification of that situation;

— When encountering a contradiction, a contradiction explanation will provide
a subset of the constraint system that justifies the contradiction and that
can be provided to the user;

— etc.
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Improving search strategies. Explanations can also be used to efficiently
guide searches. Indeed, classical backtracking-based searches only proceed by
backtracking to the last choice point when encountering failures. Explanations
can be used to improve standard backtracking and to exploit information gath-
ered to improve the search: to provide intelligent backtracking [16], to replace
standard backtracking with a jump-based approach a la dynamic backtrack-
ing [20], or even to develop new local searches on partial instantiations [21].

The common idea of these techniques is, upon encountering a contradiction,
to determine an explanation from which a constraint will be selected either
to determine a relevant backtracking point (for intelligent backtracking) or to
only be dynamically removed and replaced with its negation (as in dynamic
backtracking).

Dynamically adding/removing constraints. We can use the explanations
for adding or removing constraints because they help in pointing out past effects
of constraints that can be effortlessly undone without a complete re-computation
from scratch. Notice that adding a constraint to a problem is a well known issue
but removing it is not so easy. To dynamically remove constraints [2[T1] one
needs to disconnect the constraint from the constraint network, set back values
by undoing the past events (which are easily accessible thanks to the recorded
explanations, see above) and re-propagate to get back to a consistent state.

4 Solving Dynamic Timetabling Problems

Using explanations provides efficient solving techniques for dynamic prob-
lems [19]. In this section, we describe a branch-and-bound algorithm used to
solve RCPSPs and the addition of explanation capabilities into it in order to
provide a dynamic timetabling problem solver.

4.1 The Principle

We have developed an environment for solving dynamic RCPSP and timetabling
problems which is based upon

— A branch-and-bound algorithm for RCPSPs (inspired by [6]) within a con-
straint programming solver: in each node, deduction rules are applied in
order to determine redundant information (constraintﬁ propagation).

— An extensive use of explanations. Explanations are recorded during search
and propagation (i.e. using the propagation rules — namely core times and
task interval) which has been upgraded in order to provide a precise expla-
nation for every deduction made (see Section {.3)). They are used to handle

3 By constraint we mean each initial constraint of the problem (precedence and re-
source constraints), but also each decision taken by the branching scheme, and each
deduction made (thanks to propagation rules) during the search as mentioned in
Section [
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Fig. 2. Branching scheme

dynamic events. Indeed, an unexpected event leads to addition, modification
or removal of a constraint in the system. In the first two cases, if the cur-
rent solution is no longer valid, then the explanations tell us which are the
constraints responsible for the contradiction. Repairing is done by removing
at least one constraint (preferably a search decision) from the explanation
of the contradiction, and by adding its negation. The resulting solution is
generally quite similar to the previous one, and is found faster than if we
have had solved the problem from scratch.

4.2 Branch-And-Bound Algorithm

The branch-and-bound algorithm used in our approach is inspired by Brucker
et al. [6].

The branching scheme. Each node of the tree search is defined by three
disjoint sets: a conjunction set, a parallel set and a flexible set. The conjunction
set C' contains all pairs of activities (7, ) in conjunction, i.e. that satisfy one of
the relations i — j or j — 4). The parallel set P consists in all pairs of activities
(i,7) that overlap (i.e. that satisfy the relations i || j), and finally the flexible set
F contains all the remaining pairs of activities (4, j).

Branching is done by transferring one pair of activities (i, ) from F either
to set C' by imposing the relation i — j or j — 4, or to set P (see Figure [2).
This branching is repeated until set F' becomes empty.

In each node, constraint propagation updates sets C and P by removing pairs
from set F' when constraints are added. Repairs (or backtracks) put back pairs
from C and P to F.

Simple expression of relations: notion of distance. In order to implement
our approach, it is necessary to be able to easily express both a decision taken in
the search tree and its negation. For example, if we consider a possible decision
i — j, its negation is the disjunction j — ¢V ¢ || j. Disjunctions are not easily
posted or handled when performing a search in constraint programming. To
overcome that problem, we introduced the notion of distanceﬂ?

* This notion is a generalization of the one introduced by Brucker et al. [6].
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Fig. 4. Positions of two activities ¢ and j according to the value of d;;

Definition 1. Let i and j be two distinct activities. The distance d;; between 1
and j is defined as the time between the ending date of i and the starting date
of j. We have d;; =t; —t; — p; (see Figurel3).

The relative positions of activities ¢ and j can easily be deduced according
to the value of the distance d;; (see Figure H):

— dij < —pi —p; iff j — i,
— —p; —pj < d;; <0iff 7 and j overlap.

We can deduce that

— d;j x dj; <0iff 7 and j are in disjunction,
— di; x dj; > 0 iff 7 and j overlap,
— d;; and dj; cannot both take a strictly positive value at the same time.

Using this notion of distance, the decisions taken in the search tree and
their negations can easily be translated in terms of mathematical constraints
(see Table ). Furthermore, as we will see in Section Bl generalized temporal
constraints can also easily be translated using distances.

The next two sections describe how explanations are added in the constraints
that are used to enforce decisions made during search and also in the initial
constraints of the problem (both temporal and resource-related).

4.3 Adding Explanations to Temporal Constraints

Providing explanations for temporal binary constraints is straightforward.
Therefore, here are the explanations for basic temporal constraints (notice that
explanations for generalized temporal constraints can easily be deduced):
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Table 1. Decisions as constraints on distances

Decision ~ Constraint Opposite decision Opposite constraint
g dij 2 0 (BadV] dij <0

J—i di; < —pi—p; ji dij > —pi —
illj dij X dj; >0 =i dij x dji <0

— d;; > 0 (resp. d;; > —p; —p;). The lower bound of the variable d;; is updated
to 0 (resp. —p; —p;+1). This modification is only due to the constraint itself,
and hence the explanation of the modification is the constraint itself.

— d;; < 0 (resp. d;j < —p; —p;). The upper bound of the variable d,; is updated
to —1 (or —p; —p; —1). This modification is only due to the constraint itself,
and hence the explanation of this modification is the constraint itself.

— d;;xdj; > 0. If the upper bound of the variable d;; (resp. dj;) becomes strictly
negative then the upper bound of the variable dj; (resp. d;;) is updated to
—1 (we manipulate here integer variables). This modification is due first to
the use of the constraint itself and second to the previous modification of
the upper bound of variable d;; (resp. d;;), and hence the explanation of this
modification is twofold: the explanation of the previous modification for the
upper bound of the variable d;; (resp. d;;) and the constraint itself.

— d;j x dj; < 0. If the lower bound of the variable d;; (resp. d;;) becomes posi-
tive then the upper bound of the variable d;; (resp. d;;) is updated to 0. This
modification is due to the use of the constraint itself and the previous mod-
ification of the lower bound of the variable d;; (resp. dj;). The explanation
of this modification is twofold: the explanation of the previous modification
for the lower bound of the variable d;; (resp. dj;) and the constraint itself.

4.4 Adding Explanations to Resource Constraints

Explanations for resource management constraints are not that easy. It is nec-
essary to study the algorithms used for propagation. Classical techniques for
maintaining resource limitations for scheduling problems are core times [24],
task interval and resource histogram [9/10].

Resource histogram constraints. The principle of the resource histogram
technique is to associate to each resource k an array level(k) in order to keep
a timetable of the resource requirements. This histogram is used for detecting a
contradiction and reducing the time windows of activities.

The core time technique [24] is used for detecting contradictions. A core
time CT(4) is associated with each activity 4. It is defined as the interval of time
during which a portion of an activity is always executed whether it starts at its
earliest or latest starting time. A lower bound of the schedule is obtained when
considering only the core time of each activity.
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level histogr:
(0,0,2,2,9.7,4,0,0)
2 4 2 4 3
3 4 1 2 2
3 J1{3),{3),{2.3.4),{2,4}.{4}.(},
D s

123 4 5 67 89 123 45 67 89

Fig. 5. Example of timetable

Combining these two techniques provides an efficient resource-conflict de-
tecting constraint. A timetable for each resource is computed as follows: for each
activity 4, its core time CT (i) = [fi,r; + p;) (f; is the latest starting time of i, r;
its earliest starting time) is computed and the amount a;j of resource k for each
time interval [f;, fi +1),...,[ri + pi — 1,7 + p;) is reserved. We associate with
each timetable constraint two histograms (see Figure [0l):

— a level histogram, which contains the amount of resource required at each
time interval [t — 1,t);

— an activity histogram, which contains the sets S; of activities which require
any amount of resource for each time period [t — 1,¢). It will essentially be
used to provide explanations.

These histograms are used in the following ways:

— Detecting resource conflicts when the required level of a resource k at one
time period ¢ exceeds the resource capacity at that time] The conflict set
associated with this contradictory situation is constituted from the set of
activities (S;) stored in slot ¢ of the activity histogram. Let ¢, be the variable
representing the starting time of activity v. The explanation of this conflict
is given by the following equation (¢ being the histogram constraint itself):

/\ /\ expl(t, # a) /\ c. (4)

vES: \a€d(ty)

— Tightening the time window of an activity. It may occur that the current
bounds of the time window of an activity are not compatible with the other
activities. In that situation, the tightening of the time window will be ex-
plained by the set S; of activities requiring the resources during the incom-
patible time period [t — 1,t). The following equation is used to provide an
explanation for the modification of a time window (¢ being the histogram
constraint itself):

/\ /\ expl(t, # a) /\c. (5)

vESt \a€d(ty)

5 It may not be a constant value when considering resources whose capacity is variable
during time.
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Task interval constraints. The technique of task intervals [9]10] used for man-
aging cumulative resources can detect conflicts, deduce precedences and tighten
time windows.

A task interval T = [i, j] is associated with each pair of activities (7, j) which
require the same resource k. It is defined as the set of activities £ which share
the same resource and such that r; <7, and dy < d; (r; being the earliest start-
ing time of the activity ¢ and d; its due date), i.e. that need to be scheduled
between tasks i and j. The set inside(TI) represents the set of activities con-
stituting the task interval, while outside(T'I) contains the remaining activities.
Let energy(TI) = Zleinside(Tl) (de — r¢) X agy, be the energy required by a task
interval.

Several propagations rules can be defined upon task interval. We consider
here the following two.

Integrity rule. If energy(TI) is greater than the total energy (d; — r;) x Ry
available in the interval then a conflict is detected. The conflict explanation set is
built from the set of activities inside the task interval, i.e. (¢ being the constraint
associated with this rule)

/\ /\ expl(t, # a) /\c. (6)

v€inside(TI) \a€d(ty)

Throw rule. This rule consists in tightening the time window of an activity
intersecting a given task interval TI. This is done by comparing the necessary
energy shared by the activities in inside(TI) and another activity u intersecting
T1, and the energy available during the task interval. The explanation of this
update is built from the set of activities inside the task interval (¢ being the
constraint associated with this rule):

/\ /\ expl(t, # a) /\c/\ /\ expl(ty #a)| . (7)

ve€inside(TI) \a€d(ty,) a€d(ty)

5 Dynamic Events Taken into Account

This section lists the various dynamic events taken into account in our system

5.1 Temporal Events

Adding constraints. Adding a new (generalized) precedence, disjunctive or
overlapping constraint between two lectures can be done thanks to the different
following procedures adding temporal events in our system:

5 Notice that events that can be modelled as simple arithmetic constraints (such as
Teacher A cannot give his/her lecture on March 24th) are automatically handled by
the underlying constraint solver we use. Only specific complex constraints introduced
for solving RCPSPs and timetabling problems are presented here.
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Table 2. Constraints added by the procedure add(i, j, Relation) for each possible

relation between ¢ and j

Relation Constraint
i—j dij >0
j—i dij < —pi — pj
1< J dij X dji S 0
IHJ di]’Xdﬂ>O

Table 3. Constraints added by the procedure add(i, j, Relation, d) for each pos-

sible relation between ¢ and j

Relation Constraint
i *)J dij =d
j—=i dij = —d —pi = pj
i di]':d\/dji:d
il dij = —d

Table 4. Constraints added by the procedure add(i, j, Relation, Dmin, Dmax) for
each possible relation between ¢ and j

Relation Constraint
J—i —Dimaz —pi = pj < dij < =Dmin —pi —pj
14> ] D'min S dz] S Dma:c \ _D‘"L(l(L' —Pi —Dj S dLj S _D'min —Pi —Pj
( || .7 _Dmam S dij S _Dmin

— add(i, j, Relation): imposes the relationship “Relation” between activi-
ties ¢ and j. Table Rlgives the constraint added for each possible relationship.

— add(i, j, Relation, d):imposes the relationship “Relation” between ac-
tivities ¢ and j and that there are exactly d units of time between 7 and j.
Table [3] gives the constraint added for each possible relationship.

— add(i, j, Relation, Dmin, Dmax): imposes the relationship “Relation”
between activities ¢ and j and that there are at least D,,;, and at most
D,qz units of time between 7 and j. Table[d] gives the constraint added for
each relationship.

— add(i, Dmin, Dmax): imposes a time window [Din, Dimas| for activity i.
The constraint added is D5 <1 < Dinaz-

Removing constraints. Our system is able to dynamically remove all these
temporal events thanks to the following procedures: remove (i, j, Relation),
remove(i, j, Relation, d), remove(i, j, Relation, Dmin, Dmax) and
remove (i,Dmin, Dmax).
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Modifying constraints. Each of the temporal events that can be added or
removed can also be replaced by another one:

— modify(i, j, 0ld_Relation, New Relation) replaces relation “Old_Rela-
tion” by “New_Relation” between i and j. Actually, this procedure removes
the constraint associated to the relationship “Old_Relation” and adds the
constraint associated to the relationship “New_Relation”.

5.2 Activity-Related Events
The procedures concerning the activity related events are

— add(i, Duration, Res_requirements, Predecessors, Successors): this
procedure adds an activity ¢ with duration “Duration”, resources require-
ments “Res_requirements”. Its predecessors are “Predecessors” and its suc-
cessors “Successors”. This procedure creates a new variable i, connects it to
the constraints network, adds the temporal constraints associated and the
disjunction constraints resulting from the capacity limitations, and inserts
variable ¢ in the timetable and in the task interval constraints.

— remove(i): this procedure removes activity ¢ from the problem. It discon-
nects variable ¢ from the constraints network, removes all the constraints
related to either ¢, any d;; or any d;;. It also removes variable ¢ from the
timetable and the task interval constraints, and removes all task interval
constraints having ¢ as starting or ending activity.

Activity modification is handled as an activity removal followed by an activity
addition (the modified one).

5.3 Resource-Related Events
It is possible to add or remove a resource:

— add(Resource, Capacity, Capacities requirements) adds a new re-
source to the problem and the disjunctive constraints which result from its
capacity limitation. It also adds the timetable and task interval constraints
associated to it.

— remove (Resource) removes a resource from the problem, as well as the
disjunctive constraints which results from the capacity limitation of this
resource, the timetable and all the task interval constraints associated.

As for activities, modifying a resource is handled as a resource removal fol-
lowed by a resource addition.

5.4 Translating Timetabling-Related Events into Our Event System

Obviously, the events described so far are not meant to be directly used by
a final user of our system. A translation between the real-life events and our
events needs to be done. For example, when considering timetabling problems,
the following events could be handled:
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— The addition of new lectures for an existing course, for example because a
teacher needs more hours than expected, can be handled as the addition
of new activities which may be related to other activities by (generalized)
precedence, disjunctive or overlapping constraints.

— The suppression of one or several lectures of a teacher who finishes his/her
course earlier than expected implies the removal of one or several activities.

— The installation of a new classroom equipped with computers, or the pur-
chase of video-conference materials corresponds to the addition of a new
resource or to the modification of the capacity of a resource.

— The fact that a teacher is no longer available on the afternoons can be
handled as a modification (namely its capacity level) of a resource.

— etc.

5.5 The Special Case of Over-Constrained Problems

Uncontrolled addition, removal or modification of constraints can lead to an
over-constrained problem. Our explanation-based system is then able to pro-
vide a contradiction explanation which will help the user either to select a con-
straint/relation to be removed or modified, or to allow an increase of the resulting
makespan of the project.

6 Computational Experiments

We present here our first experimental results. Our experiment consists in com-
paring our dynamic scheduler with a static scheduler: a scheduling problem P
is first optimally solved. Then, an event e is added to this problem. We then
compare a re-execution from scratch (as a static scheduler would do) and the
dynamic addition of the related constraints in terms of CPU time.

All experiment were conducted on RCPSPs as our system was primarily
designed for such problems. Experiments on real-life timetabling problems are
planned in the near future.

6.1 First Benchmark: Patterson RCPSP Instances

We use here some RCPSP test problems introduced by Pattersorf.

For this set of problems, we tried to evaluate the impact of a single modifica-
tion when comparing static and dynamic scheduling approaches. The following
events were evaluated:

— Adding a precedence constraint: add(i, j, —). TableBlpresents the results
obtained on original problems from Patterson from which a single precedence

" Experimental data and results are available at http://www.emn.fr/jussien/RCPSP
8 www.bwl.uni-kiel.de/Prod/psplib/dataob.html
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Table 5. Adding a precedence constraint

Name  #Act #Res tp te tpe tp;%te%
T1Pla 14 3 7.26 1.16 6.96 83.3
T1P1b 22 3 6.75 0.23 6.96 96.7
T1P2 7 3 0.23 0.02 0.19 89.5
T1P3a 13 3 25.82 4.16 12.58 67.0
T1P3b 13 3 15.64 1.21 12.58 90.4
T1P4a 22 3 8.01 1.46 3.63 59.8
T1P4b 22 3 4.50 0.50 3.63 86.2
T1P5a 22 3 20.37 8.70 13.80 37.0
T1P5b 22 3 11.34 1.76 13.80 87.3
T1P6a 22 3 135.11 19.60 78.61 75.1
T1P6b 22 3 36.70 7.81 78.61 90.1
T1P6c 22 3 87.80 0.96 78.61 98.8
T1P8 9 1 2.11 0.32 2.30 86.1
T1P10 8 2 0.34 0.06 0.25 76.0

constraint has been removed (which gives the starting problem) then added
(which gives the final problem — the original Patterson oneEl).

— Adding a generalized precedence constraint: add(i, j, —, d). Table @l
presents the results obtained on original problems from Patterson to which
a generalized precedence constraint is added (this constraint is an exist-
ing precedence in the optimal solution for which the existing time lag is
increased).

— Adding a generalized precedence constraint: add(i, j, —, Dmin, Dmax).
Table [ presents the results obtained on original problems from Patterson
to which a generalized precedence constraint is added (this constraint is an
existing precedence in the optimal solution for which the existing time lag
is increased).

— Adding an overlapping constraint: add(i, j, ||). Table § presents the re-
sults obtained on original problems from Patterson to which a randomly
chosen overlapping constraint is added.

In all the tests, activities ¢ and j are randomly selected. In all the tables, we
designate as follows:

— F#Act: the number of activities of the problem;

— #Res: the number of resources of the problem;

— tp: the CPU time in seconds needed to optimally solve problem P;

— te: the CPU time in seconds spent to solve this problem after dynamically
adding the event e¢;

9 This explains that some results obtained for the static solver are the same: the final
problem is the same but not the original one as a different constraint has been
removed.
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Table 6. Adding a generalized precedence constraint

Name  #Act #Res tp te tpe %%
T2P1a 14 3 7.31  0.87 8.84 90.2
T2P1b 14 3 6.58 0.82 9.55 91.4
T2P5a 22 3 1490 3.45 8.33 58.6
T2P5b 22 3 16.90 3.44 8.19 58.0
T2P5c¢ 22 3 13.82  3.50 8.22 57.4
T2P6a 22 3 62.45 5.14 24.43 79.0
T2P6b 22 3 64.42 1.87 19.56 90.5
T2P6c 22 3 62.50 1.24 23.40 94.7
T2P8 9 1 2.19 0.22 2.58 91.5
T2P10 8 2 0.18 0.02 0.26 92.3
T2P11 8 2 0.39 0.20 0.42 52.4

Table 7. Adding a generalized precedence constraint

Name  #Act #Res tp te tpe tp:p%te%
T3Pla 14 3 712  0.81  8.50 90.5
T3P1b 14 3 9.69 0.61 9.81 93.8
T3P3 13 3 1749 045 14.34 96.9
T3P5a 22 3 14.46  4.82  7.59 36.5
T3P5b 22 3 1525 3.10 7.81 60.3
T3P6a 22 3 68.38  9.63 19.30 50.1
T3P6b 22 3 75.88  2.52 21.12 88.1
T3P6c 22 3 66.00 17.74 27.34 35.1
T3P6d 22 3 65.45 16.25 30.65 47.0
T3P8 9 1 290 012 2.84 95.8
Table 8. Adding an overlapping constraint
Name  #Act #Res tp te tpe tpfp%%
T4P1 14 3 743  0.38 10.62 96.4
T4P5 22 3 15.16 16.39 24.84 34.0
T4P6a 22 3 77.73 844 14.60 42.2
T4P6b 22 3 70.45  6.63 18.59 64.3
T4P6c 22 3 64.87 9.85 12.86 23.4
T4P8a 9 1 237 038 235 83.9
T4P8b 9 1 227 012 264 95.5

55
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Table 9. Some Kolish, Sprecher and Drexl instances (four consecutive dynamic events):
relative speed-up (in %)

12Act/4Res Mod. 1 Mod. 2 Mod. 3 Mod. 4

T1KSD1 12.76 26.09 35.84 35.58
T1KSD2 46.24 54.92 62.68 63.13
T1KSD3 35.88 44.12 45.82 45.87
T1KSD5 32.01 67.90 75.15 75.65
T1KSD6 3.81 26.38 46.62 55.92
T1KSDS8 22.13 10.64 21.08 22.21
T1KSD9 46.72 52.58 47.75 49.27
T1KSD10 —29.21 —0.35 15.74 30.27

— tpe: the CPU time in seconds needed to obtain an optimal solution of the
problem P U {e} from scratch;
tpe—

— T: the overall interest of using a dynamic scheduler compared to a static

scheduler expressed as the percentage of improvement.

These results clearly show that using a dynamic scheduling solver is of great
use compared to solving a series of static problems. In our first experiments, the
improvement is never less than 23% and can even get to 98.8%)!

6.2 Second Benchmark: Kolish, Sprecher and Drexl RCPSP

Instances

Our second set of experiments performed on Kolish, Sprecher and Drex] RCPSP
instanced'¥ considers four consecutive modifications (any kind of event to an
original problem. As can be seen in Table[d our results are quite promising. Even
bad results (instance TIKSD10) get better in the long run. However, notice that
some results (see Table [0l results for five consecutive modifications) show that
dynamic handling is not always a panacea and rescheduling from scratch can be
very quick.

7 Conclusion

In this paper, we have presented the integration of explanations within
scheduling-related global constraints and their interest for solving dynamic
timetabling problems. We presented first experimental results of a system that
we developed using those techniques. These results demonstrate that incremental
constraint solving for scheduling problem is useful.

19 www.wior.uni-karlsruhe.de/RCPSP /ProGen.html
' See http://www.emn.fr/jussien/RCPSP for the details of each instance.
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Table 10. Other Kolish, Sprecher and Drexl instances (five consecutive dynamic
events): relative speed-up (in %)

22Act/4Res Mod. 1 Mod. 2 Mod. 3 Mod. 4 Mod. 5
T2KSD11 47.15 12.49 5.87 6.89 —1.98
T2KSD13a 34.81 43.55 43.04 49.89 50.98
T2KSD13b 39.19 —126.79 —174.22 —216.67 —146.42
T2KSD15 —47.62 —42.50 —41.00 —65.06 —88.20
T2KSD17a —2.40 1.65 —5.90 —16.23 —43.06
T2KSD17b 3.58 13.11 —12.76 —10.51 —74.91
T2KSD18a 30.61 26.76 —52.76 —19.07 0.85
T2KSD18b 40.39 56.09 40.54 42.56 45.15

We are currently improving our system with user-interaction capabilities still
using explanations following [22]. Moreover, our main goal now is to give our
system to the timetabling service in our institution in order to evaluate it in a
real-world situation.
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Abstract. Real sports scheduling problems are difficult to solve due to
the variety of different constraints that might be imposed. Over the last
decade, through the work of a number of researchers, it has become easier
to solve round-robin tournament problems. These tournaments can then
become building blocks for more complicated schedules. For example,
we have worked extensively with Major League Baseball on creating
“what-if” schedules for various league formats. Success in providing those
schedules has depended on breaking the schedule into easily solvable
pieces. Integer programming and constraint programming methods each
have their places in this approach, depending on the constraints and
objective function.

1 Introduction

There has been a lot of work on combinatorial optimization methods for creating
sports schedules (see, for instance, [2BJAIRITITHITIRT22)23]. Much of this work
has revolved around creating single round-robin schedules, where every team
plays every other team once, and double round-robin schedules, where every
team plays every other team twice (generally once at its home venue and once
at each opposing venue).

Round-robin scheduling is interesting in its own right. Some leagues have a
schedule that is a single or double round-robin schedule. Examples of this include
many US college basketball leagues and many European football (soccer) leagues.
For such leagues, the scheduling problem is exactly a constrained round-robin
scheduling problem, where the constraints are generated by team requirements,
league rules, media needs, and so on.

For other leagues, the schedule is not a round-robin schedule but it can be
divided into sections that are round-robins among subsets of teams. There are
good reasons, both algorithmically and operationally, to make these divisions.
By creating these sections, schedulers are able to use results about round-robin
schedules to optimize the pieces. Operationally, such schedules are often appeal-
ing to the leagues since they offer an understandable structure and often are
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perceived as being fairer than unstructured schedules. For instance, by schedul-
ing four consecutive round-robins, each team will see each other in each quarter
of the schedule; an unstructured schedule would not necessarily require that.

This work was originally motivated by looking at a large practical schedul-
ing problem, that of Major League Baseball (MLB). Fully defining the MLB
schedule is a daunting task, requiring the collation of more than 100 pages of
team requirements and requests, along with an extensive set of league practices.
The key insight into effectively scheduling MLB, however, was the recognition
that the complicated schedule could generally be broken into various phases,
where each phase consists of a round-robin schedule, sometimes among subsets
of teams. These round-robin schedules often have additional constraints reflect-
ing team requirements or effects from other phases of the schedule. By better
understanding constrained round-robin scheduling, we are better able to sched-
ule MLB.

2 Round-Robin Scheduling

We begin with the most fundamental problem in sports scheduling: designing
an unconstrained round-robin schedule. In a round-robin schedule, there are an
even number n teams each of whom plays each other team once over the course
of the competition. We will work only with compact schedules: the number of
slots for games equals n — 1, so every team plays one game in every slot. We
refer to this as a Single Round-Robin (SRR) Tournament.

A related problem is the Bipartite SRR (BSRR) Tournament problem. Here,
the teams are divided into two groups X and Y, each with n/2 teams. There are
n/2 slots during which all teams in X need to play all teams in Y, but teams
within X (and within Y") do not play each other.

Henz, Miiller, and Thiel [12] (who we will refer to as HMT) have recently
examined SRR carefully in the constraint programming context. We expand on
their work by examining integer programming formulations and further exploring
the strengths and weaknesses of the different approaches.

HMT point out that the SRR can be formulated with two major types of
constraints. First, the games in every slot correspond to a one-factor (or match-
ing) of the teams. Second, for any team i, its opponents across all of the slots
must be exactly the set of teams except for i. We will call the first the one-factor
constraint and the second the all-different constraint. Different formulations have
different ways of encoding and enforcing these constraints.

3 Integer Programming Formulation

Our basic integer program for SRR begins with binary variables x;;; which is 1
if teams 7 and j play each other in slot ¢, and is 0 otherwise. Since the order of i
and j does not matter, we could either define this only for i > j or set x;;; = % i
for all 4, j, t.

This leads to the formulation (in the OPL language [25])
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int n=...;

range Teams [0..n-1];

range Slots [1..n-1];

range Binary 0..1;

var Binary plays[Teams,Teams,Slots];

solve {
//No team plays itself
forall (i in Teams, t in Slots) plays[i,i,t] = O;

//Every team plays one game per slot
//One-factor constraints
forall (ordered i,j in Teams, t in Slots)
plays[i,j,t] = plays[j,i,t];
forall (i in Teams, t in Slots)
sum (j in Teams) playsl[i,j,t] = 1;

//Every team plays every other team
//All-different constraint
forall (i,j in Teams: i<>j) sum(t in Slots) plays[i,j,t] = 1;

};

We call the above the Base-IP Formulation. We can strengthen this for-
mulation by a stronger modelling of the one-factor constraint. The polyhedral
structure of the one-factor polytope is perhaps the most well-studied polytope
in combinatorial optimization. Edmonds [9] showed that the polytope is defined
by adding odd-set constraints. In this context, the odd set constraints are as
follows. For a particular slot ¢, let .S be a set of teams, |S| odd. Then

Z Tije > 1
i€S,j¢s
is valid for the one-factor constraint. If we add all of these constraints, then the
one-factor constraint is precisely defined in the polyhedral sense (all extreme
points of the polyhedron are integer).

We call the formulation with all of the odd-set constraints the Strong-IP for-
mulation. Of course, there are too many odd-set constraints to simply add them
all to the integer program. We can solve Strong-IP by using a constraint genera-
tion method. In this method, we begin with a limited set of odd-set constraints
and solve the linear relaxation of the instance. We then identify violated odd-set
constraints (this can be done with a method by Padberg and Rao [16] using cut-
trees) and add them to the formulation. We repeat until either we have added
“enough” constraints or until all odd-set constraints are satisfied. At that point,
we then continue our normal branch and bound approach to integer programs.

Strong-IP is not needed for the BSRR problem. In this case, the odd set
constraints are redundant, so need not be added.
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4 Constraint Programming Formulation

HMT extensively analyse constraint programming formulations for SRR. Their
basic variables are opponent [i,t] which gives the opponent 7 plays in slot ¢.
Their formulation can be represented very simply:

int n=...;

range Teams [0..n-1];

range Slots [1..n-1];

var Teams opponent [Teams,Slots];

solve {
//No team plays itself
forall (i in Teams, t in Slots) opponent[i,t] <>i;

//Every team plays one game per slot
//One-factor constraint
forall (t in Slots)

one-factor(all (i in Teams) opponent[i,t]);

//Every team plays every other team
//All-different constraint
forall (i in Teams)

all-different(all (t in Slots) opponent[i,t]);

};

The key issue is to define how the one-factor and all-different constraints
are implemented. There are a variety of propagation algorithms available for
each. HMT argues convincingly that the all-different constraint should use arc-
consistent propagation by the method of Régin [I7]. Briefly, arc-consistency
means that the domains of the variables are such that for any value in a do-
main, setting the variable to that value allows settings for all the other variables
so that the constraint is satisfied. For more details on the fundamentals of con-
straint programming, see [14].

For the one-factor constraint, the main emphasis of HMT, they examine three
different approaches. The first is the simplest. It uses the constraints

forall (i in Teams)
opponent [opponent [1,t]] = i;

This set of constraints is sufficient to define the one-factor constraint, but
its propagation properties are not particularly strong. In particular, the only
domain reduction that is done is when ¢ is in the domain for j for a particular
time period ¢, but j is not in the domain of ¢ for that time period. In that case,
1 can be removed for the domain of j.

The propagation properties of this constraint can be improved by adding the
redundant constraint

all-different(all (i in Teams) opponent[i,t]);
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HMT give an example where adding the all-different constraint leads to im-
proved domain reduction. We call this combination the all-different one-factor
approach.

The combination of these constraints do not create an arc-consistent propa-
gation for the one-factor constraint. HMT provide an arc-consistent propagation
method using results from non-bipartite matchings. In general, this approach
is much better than the all-different approach. The exceptions mimic when the
Strong-IP does not improve on Basic-IP: if the underlying graph is bipartite,
then the all-different approach is arc-consistent.

To prove this, let D; be the feasible opponents for i. We say the D, are
bipartite if we can divide the teams into X and Y such that

1 |X| = Y| =n/2
2.i€X > D;CY
3.ieY - D; CX.

Theorem 1. If the D; are bipartite, then arc-consistency for the constraints

forall (i in Teams)
opponent [opponent [1]] = 1i;
all-different (opponent[i]);

implies arc-consistency for one-factor (opponent).

Proof. Suppose the D; are consistent for the constraints

forall (i in Teams)
opponent [opponent [i]] = i;
all-different (opponent) ;

Let j € D;. We will show there is a one-factor that has j as the opponent
for 7. Without loss of generality, we will assume j € Y, so ¢ € X. By consis-
tency of the all-different constraint, there is a setting of opponent values so that
j=opponent[i], and all-different [opponent]. Create a new setting of the
opponent values opponent’ such that opponent’ [i] = opponent[i] for i € X
and opponent’ [i] = opponent [opponent[i]] for ¢ € Y. By the consistency
requirement, opponent’[i] € D, for all i. opponent’ is therefore a one-factor
that has j=opponent[i] as required. O

Therefore, for either BSRR or for cases where the home/away pattern for a
time slot is fixed (creating a bipartition between teams that need to be home
versus those that need to be away), one-factor propagation can be replaced by
all-different propagation.

5 Computational Tests

If there were no further requirements on the schedules, creating a SRR schedule
would be straightforward. Kirkman (1847) gave a method for creating such a
schedule (outlined in [I]) which also shows there is an ordering of the decision
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variables such that a constraint program would not need to backtrack in assigning
variables (provided arc-consistent approaches to the all-different constraint is
used).

Most league schedules have a number of additional constraints, however. A
few of the most common are

— Fized games. A set of games are fixed to occur in certain slots.

— Prohibited games. A set of games are fixed not to occur in certain slots.

— Home/Away restrictions. Each team has a home venue, and each game must
be assigned to a venue. There are additional constraints on such things as
the permitted number of consecutive home or away games.

It might seem that adding constraints would make the problem easier, since
it reduces the possible search space. In fact, adding fixed games (or, equivalently,
prohibiting games) can make the relatively easy problem of finding a schedule
become an NP-complete problem. This has been shown by Colbourn [5] for the
bipartite SRR case, where a schedule is equivalent to a Latin Square, and by
Easton for the general SRR case. So it is clear that there may be very difficult
instances of these restricted problems.

There may also be an objective function to be optimized. For instance, there
may be an estimate c;j; for the number of people who would attend a game
between ¢ and j during time slot ¢t. Can we maximize the total number of people
who attend games during the tournament?

All the testing in this paper was done using ILOG’s OPL Studio, version
3.5 ([13]) running under Windows XP on a 1.8 GHz Pentium IV processor com-
puter with 512 MB of memory.

5.1 Tightly Constrained Round Robin Tournaments

For our first test, we use a data set from HMT, called “Tightly Constrained
Round-Robin Tournaments”. For these instances, there are random forbidden
opponents, with a sufficient number to lead to instances with very few or no
feasible schedules.

For this test, we compare two codes: Basic-IP and the all-different constraint
program. Our codes were implemented within the OPL system, version 3.5 and
used default branching strategies for the integer program and default search
strategies for the constraint program.

In addition, we repeat the computational results of HMT for their arc-
consistent one-factor method. To offset different machine capabilities, we di-
vided their computation times by 4.5 to represent a rough approximation of the
difference between their 400 MHz machine and our 1.8 GHz machine.

For each instance, we give the number of failures (F) in the search tree
(for the constraint programs) or number of nodes (N) in the search tree (for the
integer program) as well as the computation time in seconds. In the following the
instances that end in “yes” are feasible, though generally with a small number
of solutions; those that end in “no” are infeasible. For feasible problems, the
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Table 1. Benchmarks on tightly constrained SRR

all-different Basic-IP HMT
Problem n F  Time N Time F  Time
s_6_yes 6 5 0.00 0 0.01 4 0.01
s_8_yes 8 17 0.01 4 0.04 10 0.04
s_10_yes 10 4 0.02 1 0.09 1 0.02

s-12_yes 12 376 0.41 57 046 179 1.39
s_14_yes 14 862 1.24 276 554 527 4.53

s_6_no 6 3 0.00 0 0.01 4 0.00
s-8_no 8 11 0.01 10 0.04 6 0.01
s-10_no 10 23 0.02 4 0.10 6 0.03
s-12_no 12 24 0.07 0 014 25 0.17
s-14_no 14 135  0.23 50 1.02 69 0.56
s_16_no 16 79 0.30 0 0.39 86 1.19
s-18_no 18 43 0.32 0 042 30 0.50
s-20_no 20 696.30 5.47 0 078 254 5.11

timing for HMT includes work needed to find all solutions, while those for the
IP and the all-different CP only find the first solution. This suggests that the
“no” instances, where the codes perform the same task, is the fairer comparison.

Basic-IP is competitive with the constraint programming approaches, and
can do markedly better in proving infeasibility (as in s_20_no).

This table might lead to the conclusion that these tightly constrained SRR
problems are relatively easy to solve in this size range. That is not the case. The
instance s_16_no is actually just one of a series of instances, corresponding to
varying numbers of prohibited games. The instance begins with 1192 prohibited
games. The timing above corresponds to prohibiting all but the final seven of
the prohibited games. We can create new instances by varying the number of
prohibited games. The instances remain infeasible through prohibiting all but
the final 54 games, and which point the instance becomes feasible.

The computational effort for these instances varies tremendously for the
Basic-IP and the all-different approaches. Basic-IP does poorly for a broad range
of prohibitions (the good behaviour above is an anomaly). For instance, the com-
putation time for the feasible instance that is created by prohibiting all but the
final 80 games is more than 9000 s. The all-different constraint program never
does that poorly but can still take more than 300 s for various instances. Clearly,
many of these instances are difficult for our codes, even for these relatively small-
sized instances.

5.2 Divisional Schedules

There is a natural set of restrictions that are extremely difficult for the
constraint-based formulations but are solved much more quickly by the inte-
ger programs. Many leagues are divided into two or more divisions. In such
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Table 2. Divisional schedules (30 min time limit)

all-different Basic-IP Strong-I1P
Size F  Time N Time N Time

10 116 020 393 019 0 0.20

14 - - 0 0.34
18 - - - -0 0.32
22 - - - -0 0.38

cases, some leagues like to begin by playing games between divisions and finish
the schedule with games between divisional opponents. For two equally sized
divisions, this approach works fine if n is divisible by 4, but does not work well
for cases where n = 2 mod 4. In that case, divisions have an odd number of
teams, so no compact round-robin schedule is possible with only divisional play
at the end.

We can create difficult instances by fixing a large number of games. Suppose
there are n teams, with n = 2 mod 4, numbered 0 up to n — 1. Divide the teams
into two groups X = [0,...,n/2—1]and Y = [n/2,...,n—1]. For the first n/2—1
slots, play X and Y as a bipartite tournament, leaving one game between X and
Y unplayed for each team. Then, in slot n/2 fix two of the remaining games
between X and Y. For six teams, the schedule might be

Team

1 3 4 5 0 1 2
2 4 5 3 2 0 1
3 5 3 1 0
4
5

With these fixtures, the schedule is infeasible. In the above example, teams
2 and 4 need to play in slot 3, and then 0, 1, and 2 need to play a round-robin
among themselves in the remaining two slots, which is impossible.

The size 6 example is easy for any approach; things get more interesting
for larger problems, as shown in Table 2; the dashes mean that no proof of
infeasibility was found in half an hour of computation time (1800 s).

For the Strong-1P, the only needed constraints are for the odd sets associated
with each division in each time period. That is sufficient for the linear relaxation
to be infeasible for every n, which gives the near-constant computation times.
For the one-factor method of HMT, there is no immediate proof of infeasibility
for n > 10 by domain reduction, so at least some branching is needed (and we
believe the amount of work will be significant).
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Table 3. Maximum value schedules (30 min time limit)

all-different Basic-IP

Size F Time N Time
8 84962 5.33 0 0.03
10 — — 66 0.29
12 - - 402 3.59
14 - - 7263 133.03
8b 1458 0.04 0 0.02
10b 3832 0.36 0 0.04
12b 4800172 216.75 0 0.09
14b — — 0 0.10

5.3 Maximum Value Schedules

As a final test for SRR, we randomly generated values for each game in each
slot and tried to find the maximum value schedule. For an instance of size n,
we independently generated a value uniformly among the integers 1,...,n? for
each game (i,7,t). There were no other restrictions on the schedule. We also
generated bipartite versions of these problems (denoted b in Table 3).

For these sorts of optimizations, the search strategy is critical for constraint
programming. The strategy used was to set the variables slot by slot, beginning
with the first slot. The opponents for each team are ordered in decreasing order
by value, and high-value opponents are tried first.

The results are shown in Table 3. Not surprisingly, the integer programming
based approach does much better at this test. In order for constraint program-
ming to be competitive in this test, some sort of cost-based domain reduction
would have to be done. Note that even the bipartite problems are difficult for
constraint programming despite the arc-consistent propagation we do through
the all-different constraint. HMT’s one-factor constraint is no stronger in the
bipartite case.

6 Home/Away Pattern Restrictions

The final set of constraints we would like to consider is extremely important
in practice. For some leagues, every team has a home venue and every game is
played at the home venue of one of the two teams competing. In this situation,
there are often constraints on the home and away patterns of these teams. These
constraints might include

— Restrictions that a particular team be home (or away) in a particular slot;
— Limitations on the number of consecutive home (or away) games a team may
play;
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— Requirements on the number of home games that must appear in some subset
of the slots. For instance, a team might want to be at home at least half of
the weekend games, or half of the games during the summer;

— Restrictions on pairs of slots. For instance, if a team begins with an away
game, the final game of the tournament might be required to be a home
game.

There has been much work on scheduling with home/away patterns. Much
of this work has concentrated on multiple-phase approaches, where first the
home/away pattern is fixed, and then the games are chosen consistent with this
pattern (see, for example, [6/7)23[20[15|/T1]. Alternatively, some work has reversed
the process where first the games are chosen and then the home/away pattern
chosen [19J24]. While these approaches are often very successful, there are cases
where they do not work very well. For instance, depending on the restrictions
on home/away patterns, there can be a huge number of feasible patterns, and
a correspondingly large number of basic match schedules [23]. Enumerating and
searching through all of them can be a computationally prohibitive task.

Is it possible to have one model that contains both game assignment and
home/away pattern decisions? Conceptually, the models are straightforward to
formulate. We consider a double round-robin (DRR) tournament where every
team plays every other team twice, once at home and once away.

For the integer program, we reinterpret the x;;; variables to mean that ¢
plays at j during slot t. We also create auxiliary variables h;; which is 1 if ¢ is
home in slot ¢ and 0 otherwise. Clearly h;; = > ; Tit-

For the constraint program, there are a number of possible formulations. For
this test, in order to maximize the effect of the all-different constraint, we
used the variables plays[i, j] to be the slot number in which ¢ plays at j. This
gives the basic formulation of

forall (i in Teams)
all-different(all (j in Teams) playsl[i,jl,
all (j in Teams) plays([j,il);

(For notational convenience, we actually created an n by 2n array of variables
with plays[i,j] for j <=n giving the slot where ¢ is at home to j and for j>n
giving the slot where ¢ is away to j — n, but will continue the exposition with
the original variables).

Our home/away variables are given by

forall (i, j in Teams)
home[i,plays[j,i]] = 1;
home[i,plays[i,jl] = 0;

For both the integer and constraint programming approaches, some schedule
requirements are easy to formulate with these variables. Fixing teams to be at
home (or away) at a particular time is simply a matter of fixing the h (or home)
variable to take on the appropriate value. Fixing the number of home games in
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a subset of slots is simply a linear constraint on the sum of the home variables.
Putting an upper bound on the number of consecutive home games can be done
as follows: if no more than k consecutive home games are permitted, then for
every ¢ and t, add a constraint

sum(tl in Slots: t>=t & t<=t+k) home[i,t1] <= k

A similar restriction on consecutive away games can be introduced with the use
of 1-home[i,t1].

OPL has a stronger way of handling these constraints: the sequence con-
straint allows for the explicit bounding of the number of times a value can
appear in a subsequence of an array. We add to the constraint program the re-
dundant constraints that half the teams must be at home in every slot (without
them, the constraint program works very poorly).

Our first test is to simply determine whether our programs can find schedules
in the absence of additional constraints. It was shown in HMT that constraint
programs can find unrestricted schedules quickly for more than 20 teams (and
more than 40 teams with their one-factor improvements). How does adding home
and away requirements affect that?

In Table 4, we give the time to find one schedule with n teams and an upper
bound of k£ consecutive home or away games. For k = 1, there is no feasible
schedule, so the time given is the time to prove infeasibility. With just one
exception, the constraint programming approach did much better, though the
integer program was able to generate solutions in a reasonable amount of time.

The entry for the constraint program for n = 12, kK = 3 is not a misprint:
despite the ease at which the constraint program solved the other instances,
the search went poorly in this case, and no solution was found within one-half
hour. This suggests that either an improved search procedure is needed (we
simply instantiated the play variable before the home variable team-by-team) or
a stronger propagation algorithm is needed to ensure consistency in computation
time. Still, it is clear that constraint programming is by far superior for this type
of instance.

To move closer to the types of schedules needed in practice, we add a con-
straint that there cannot be any length-one home stands or road trips. This is
done by adding constraints of the form

home[i,t] <= home[i,t-1]+home[i,t+1];
(1-home[i,t]) <= (1-homel[i,t-1]1)+(1-homel[i,t+1]);

with the obvious changes for the beginning and end of the schedule. This makes
the k = 2 instances infeasible.

The results are shown in Figure 5. Clearly this approach to limiting the
home/away pattern is not consistent with the rest of the constraint programming
model: constraint programming is unable to find any feasible solutions within
half an hour. The integer programs are slow, but do find solutions. Given the
success the multiple-phase approaches have with instances like this, it is clear
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Table 4. Length-constrained H/A schedules (30 min limit)

Integer program

Constraint program

n k N Time F Time
8 1 4 1.04 40 0.05
8 2 7 1.41 6 0.05
8 3 4 1.04 21 0.04
8 4 0 0.56 4 0.02
10 1 6 8.82 40 0.01
10 2 4 5.92 199 0.24
10 3 1 2.87 462 0.44
10 4 6 3.72 1141 0.98
12 1 6 24.84 220 0.54
12 2 4 17.29 2 0.84
12 3 4 15.11 — —

12 4 17 32.42 0 0.12
14 1 2 59.71 312 1.21
14 2 9 70.10 11 0.20
14 3 11 82.34 3 0.18
14 4 20 169.42 2 0.19
16 1 2 163.52 420 2.48
16 2 35 604.86 184 0.74
16 3 - - 197 0.32
16 4 124 1557.02 1 0.03
18 1 2 669.14 544 4.82
18 2 28 892.64 227 1.16
18 3 - - 9 0.04
18 4 — - 1 0.05

Table 5. Length-constrained H/A schedules, no singles (30 min limit)

Integer program Constraint program

n k N Time F Time
8 2 1427 21.42 2166 0.99
8 3 513 60.12 - -
8 4 750 83.86 - -
10 2 115 111.09 42768 26.18
10 3 1354 921.6 - -
10 4 2214 1290.38 - -

that a smarter search rule (mimicking the multiple-phase approach) or a better
propagation rule should have significant effect on the constraint program.

Finally, we added values for matchups on particular days, generating random
values in the range 1,...,n? for each pairing in each slot. Unfortunately, neither
code at this stage can solve even the n = 8, k = 3 instance with a no-singleton
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Table 6. Length-constrained H/A schedules, maximum value (30 min limit)

Integer program Constraint program

n k N Time F Time
8 3 1516 22.73 - -
8 4 77 0.92 - -
10 3 - — - -
10 4 15268 594.70 - -

constraint within 30 min. The results in the table are without the no-singleton
constraint.

One final set of requirements we have not yet included has to do with travel
requirements on teams. For leagues like MLB where travel is a concern, it is
important to minimize the travel distances of each team. Unfortunately, the
direct formulation of this does not lead to solvable models. More complicated
models involving different variables seems to be needed [10].

We can, within the models given, preclude terrible travel by including con-
straints that require trips from, say, the East Coast to the West Coast to include
at least two West Coast teams before returning. Such constraints are similar to
(for both formulation and computation) the constraints that preclude length-one
homestands and roadtrips.

7 Conclusions

We have shown that round-robin schedules with constraints of practical interest
can be modelled by both constraint and integer programming techniques. The
constraint programs were often faster except when there was an objective func-
tion, or in certain infeasible cases where the propagation was not strong enough
to recognize infeasibility.

Returning to the Major League Baseball example, once the problem has been
divided into smaller pieces, it is clear that IP/CP approaches are reasonable
methods to solve the sections. Computation times are low enough to allow for
multiple iterations of each section. In these iterations, constraints and objectives
can be modified to push the process towards a good overall schedule.

In the course of this study, a number of gaps in current knowledge have been
identified, and these make interesting future research directions.

— Is it worth adding constraints via the Strong-IP formulation? Henz, Miiller,
and Thiel [12] show that stronger propagation is generally a good idea for
constraint programs. Is it also true that stronger relaxations are good for
these integer programs?

— How can costs be better handled for the constraint programs? Handling costs
is an active issue in the constraint programming community, and round-robin
scheduling makes a good test-bed for these approaches.
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— Clearly it would be good to include the strong propagation of HMT to the

home/away models. Is there stronger propagation available combining the
opponents with the home/away structures? Are there additional constraints
that can be added to the integer programs? Is there a better way of handling
home/away models which does not require a multi-phase approach?

— Can the integer programming and constraint programming approaches be

usefully combined for these problems?

Round-robin scheduling makes an interesting test-bed for exploring algorith-

mic issues in combinatorial optimization. Success in this scheduling also provides
the building blocks for scheduling of real-world sports leagues.
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Abstract. In sports timetabling, creating an appropriate timetable for
a round-robin tournament with home—away assignment is a significant
problem. To solve this problem, we need to construct home—away assign-
ment that can be completed into a timetable; such assignment is called a
feasible pattern set. Although finding feasible pattern sets is at the heart
of many timetabling algorithms, good characterization of feasible pattern
sets is not known yet. In this paper, we consider the feasibility of pattern
sets, and propose a new necessary condition for feasible pattern sets. In
the case of a pattern set with a minimum number of breaks, we prove a
theorem leading a polynomial-time algorithm to check whether a given
pattern set satisfies the necessary condition. Computational experiment
shows that, when the number of teams is less than or equal to 26, the
proposed condition characterizes feasible pattern sets with a minimum
number of breaks.

1 Introduction

Constructing a timetable for a sports competition is an important task for the
organizers of the competition because the timetable affects the results of games.
Since creating an appropriate timetable by hand is difficult, demand for auto-
mated timetabling has been increasing.

Sports timetabling is the research region that concerns creating an optimal
timetable for a sports competition, constructing timetabling algorithms, and in-
vestigating mathematical structure of timetabling problems in sports. Recently,
a number of papers on sports timetabling have been published [TJ2I314J5/J61/7,
SITOTTT2T3ITATHTEITTIINITY], and most of them concerned timetabling of a
round-robin tournament.

In this paper, we consider a round-robin tournament with home-away as-
signment. There are mainly two approaches to construct a timetable for such
a tournament. One approach [16] is to fix an opponent of each game first and
then set the place of the game. The other [S[I2I15] is to decide a place of each

E. Burke and P. De Causmaecker (Eds.): PATAT 2002, LNCS 2740, pp. 78-[99, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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1 2 3 4 5 slot
1 3 @4 5 @6 2
2 :@ 6 4 3 @1
3 :@l 5 @6 @2 4
4
5

1@ 1 @2 5 @3
2 @3 @1 @4 6
6 : 4 @2 3 1 @5

team

Fig. 1. Timetable of six teams

game first, i.e. fix a pattern set, then assign an opponent. Each approach has
its advantage and disadvantage compared to the other. When there are many
requirements about places of games, the latter is adequate for timetabling. Con-
structing a timetable with the latter approach, we often encounter the problem
to determine whether it is possible to create a timetable from a fixed pattern
set. We call this problem the pattern set feasibility problem. It is reported that
some enumerative methods, such as integer programming, are fairly effective for
this problem. However, few theoretical results of research on this problem are
known. In this paper, we investigate the pattern set feasibility problem in detail,
and propose a highly efficient algorithm to solve this problem in a particular
case.

This paper consists of five sections, including this introductory one. Section
formally defines the pattern set feasibility problem. Section [3 proposes a new
necessary condition for feasible pattern sets. Section [ contains three subsections,
which concern pattern sets belonging to a particular class and these feasibility.
Section Bl describes future work and conclusions.

2 Pattern Set Feasibility Problem

A round-robin tournament is a tournament in which each team (or player, etc.)
matches in turn against every other team. In this paper, we consider a round-
robin tournament consisting of 2n teams with 2n — 1 slots; each team plays
one game in each slot. Each team has its home, and each game is held at the
home of one of the teams playing. A game between teams ¢, and ¢y played at
the home of t; is called a home game for t; and an away game for t5. In a
timetable, each game with “@” means that the game is an away game and each
game without “@” is a home game for the team corresponding to the row. For
example, in the timetable of Figure [[l team 4 plays against team 3 at the home
of team 3 in slot 5.

A pattern set is a table showing whether each game is a home game or an away
game for each team. Figure[2 is the pattern set corresponding to the timetable of
Figure[D In a pattern set, each “A” means an away game and each “H” means
a home game for the team corresponding to the row.
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Fig. 3. Pattern set of four teams

1 2 3 1 2 3
1: @4 @2 3 1: @3 @2 4
2:@3 1 4 2:@ 1 3
3: 2 4 @1 3:1 4 @2
4: 1 @3 @2 4: 2 @3 @1

Fig. 4. Timetables corresponding to the pattern set of Figure

Assume that we need to construct a timetable from a given pattern set. From
the pattern set of Figure Bl we can construct the two corresponding timetables
of Figure[ If a pattern set has at least one corresponding timetable, we say that
the pattern set is feasible. Usually, one feasible pattern set produces numerous
timetables [12].

Unfortunately, there is a pattern set that cannot generate a timetable; such
a pattern set is called an infeasible pattern set. Figure [ is an example of an
infeasible pattern set. In the pattern set of Figure Bl teams 4, 5 and 6 cannot
play the games among them in slots 3, 4 and 5, because in each of those slots
these teams have the same characters (“A” or “H”). Thus, they have to play the
three games in slots 1 and 2, which is an impossible situation.

The pattern set feasibility problem is to determine the feasibility of a given
pattern set. For this problem, polynomial-size characterization of feasible pattern
sets has not been found yet, and whether this problem is NP-complete or not is
still open. Although a polynomial-time algorithm to solve this problem is not yet
known, this problem is solvable with integer programming [12], and constraint
programming [8]. Theoretical results from graph theory were described in [3J4]
SI6ITHIT].

In the remainder of this paper, we address the pattern set feasibility problem.
First, we give three remarks about this problem.
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Fig. 5. Infeasible pattern set of six teams

Remark 1. Permutation of the rows, i.e. teams, of a pattern set does not change
its feasibility.

Remark 2. Permutation of the columns, i.e. slots, of a pattern set does not
change its feasibility.

Remark 3. Replacing each “A” with “H” and each “H” with “A” of a pattern
set does not change its feasibility.

3 Necessary Condition for Feasible Pattern Sets

In this section, we propose a new necessary condition for feasible pattern sets.
Every feasible pattern set must satisfy the following two conditions [12]:

(i) in each slot, the number of “A”s and “H”s are equal;
(ii) each team has a different row from those of the other teams.

If a given pattern set does not satisfy the above, the pattern set is infeasible.

Assumption. In the remainder of this paper, all pattern sets satisfy condi-
tions (i) and (ii).

Of course, there is an infeasible pattern set that meets conditions (i) and (ii).
Figure Blis an example of such a pattern set. Seeing teams 4, 5 and 6, we find
that the pattern set is infeasible.

We show another infeasible pattern set. Figure[fl is a pattern set of 10 teams,
showing only teams 1-5. We are able to judge that this pattern set is infeasible
without seeing teams 6-10. In each of slots 1, 8 and 9, teams 1, 2, 3, 4 and 5
cannot play against each other. In slot 2, we can hold at most one game among
these five teams because there are one “A” and four “H”s; at most two games
in slot 3, and so on. In total, we can assign at most nine games among the five
teams. However, we need to hold 10 games (= (g)) Hence, this pattern set is
infeasible.

We describe the above procedure for a general case. In a given pattern set,
let T' be an arbitrary subset of teams. In each slot, count the number of “A”s
and that of “H”s in T, then take the minimum of the two. If the sum total of
the minima is strictly less than (lgl), the pattern set is infeasible.
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1 2 3 4 5 6 7 8 9
1: A A HA HAH A H
2 :A HHAHAHAH
3:A H A HHAH A H
4 : A H A HA A HA H
5: A HA HAHA A H
6 :
10 -
#A: 5 1 3 2 2 4 1 5 0
#H: 0 2 3 3 1 0 5

mn: 0 1 2 2 2 1 1 0 0

Fig. 6. Infeasible pattern set of 10 teams, showing only teams 1-5

In the rest of this paper, we denote the set of all teams by U = {1,2,... ,2n}
and the set of all slots by S = {1,2,...,2n —1}. For any T C U and s € S, let
functions A(T, s) and H(T, s) return the number of “A”s and that of “H”s in s
among T, respectively. We define function « as follows:

oT) &S min{A(T, ), H(T, )} — Cal(EA Ry
ses 2

We propose a new necessary condition for feasible pattern sets in the following
theorem.

Theorem 1. For any feasible pattern set, VT C U, a(T) > 0.

Proof. For any pattern set, if there exists 7' C U such that «(T) < 0, the games
among T' cannot be completed. a

Ezample 1. For the pattern set of Figure @] let T C U be {1,2,3,4,5}. Then,
ao(T) =a({1,2,3,4,5}) = (0+14+2+2+2+1+14+0+0)—5(—-1)/2=—1.
Since a(T") < 0, the pattern set is infeasible.

Remark 4. We have already assumed that any pattern set satisfies the following:

(i) in each slot, the number of “A”s and that of “H”s are equal;
(ii) each team has a different row from those of the other teams.

These conditions can be restated in terms of « as follows:

(i) a(U) =0;
(ii) VT C U such that |T| = 2, a(T) > 0.
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We have stated the necessary condition for feasible pattern sets of Theorem [l
In the rest of this section, we show the theorems and a lemma concerning the
condition.

We denote the complement of T C U by T: T = U\ T. The following theorem
shows the relationship between the values of o(T) and «(T).

Theorem 2. For any pattern set, VT C U, a(T) = a(T).

Proof. For each s € S, min{A(T,s), H(T, s)} + max{A(T,s), H(T,s)} =n
because A(T, s) + A(T s)=H(T,s)+ H(T,s)=n.
Thus, min{A(T, s), H(T,s)} = |T| — max{A(T,s), H(T,s)}

(2n —|T]) = (n — min{A(T, s), H(T, s)}) = n—|T| +min{A(T, s), H(T, s)}.
Hence, o(T) = Y, .o min{A(T, s), H(T,s)} — |T|(|T| — 1)/2
=Y ,es(n—|T| +min{A(T,s), H(T,s)}) — (2n— |T|)(2n — |T| — 1)/2
=Y e min{A(T,s), H(T,s)} + (2n — 1)(n — |T|) — 2n — |T|)(2n — |T| — 1)/2
= > e min{A(T,s), H(T,s)} — |T|(|T| = 1)/2 = (T). O

From here, we abbreviate ) .o min{A(T,s), H(T,s)} to min{A(T), H(T)}.

In a pattern set, if a team has the row obtained by substituting “A” for
“H” and “H” for “A” of the row of team ¢, we say that the team is the
complement team of t and vice versa. We represent the complement team of
t as t, and say that {t,t} is a complement pair-.

Lemma 1. For any pattern set, if T' C U contains a complement pair {t,?},
T <n = o(T\{tt}) <a(T).

Proof. In each s € S, exactly one of t and ¢ contributes to the value of
min{A(T,s), H(T,s)}._ N
Hence, min{ A(T"\ {t, t}N)7 H(T\ {t,t})} = min{A(T), H(T)} — (2n —1).
Thus, a(T) — (T \ {t,t})
— - minf A(T), H(T)} - [T|(|T| - 1)/2
— min{ AT\ {t,7), H(T\ {£,i})} + (1T| - 2)(1T| - 3)/2
=—[T|(IT| = 1)/24 2n — 1) + (IT] = 2)(|IT| - 3)/2
=2(n—|T|)+2>0. a

For T' C U, let T C U be the subset that consists of the complement teams of
all teams in 7T, if exists: T def. {t1,t2,. .. j\T\} where T' = {t1,t2,... ,tjp }. The
following theorem shows the relationship between the values of «(T") and «(T).

Theorem 3. For any pattern set, VI C U such that T C U, o(T) = o(T).

Proof. Since A(T,s) = H(T,s) and H(T,s) = A(T, s) in each s € S,
a(T) = min{A(T), H(T)} — |T|(|T| - 1)/2
— min{ H(T), AT)} — [T|(|7] - 1)/2 = a(F). 0



84 R. Miyashiro, H. Iwasaki, and T. Matsui

1 2 3 4 5
: @6 @2 @4 @5 @3
@3 1 @ 4 @5
2 4 @5 @6 1
5 @ 1 @2 @6
1@ @6 3 1 2
1 5 2 3 4

U W N

=efieggaaianiie g
[asffegeganfianfeg I
=== | w
[asljanie g ganfe g S
I = > = | o
o Tl W N =

Fig. 7. Undesirable feasible pattern set of six teams and a corresponding schedule

4 Pattern Set with a Minimum Number of Breaks and
Characterizing Its Feasibility

In practical sports timetabling, organizers of a round-robin tournament often
prefer pattern sets satisfying particular properties. This section concerns the
feasibility of such pattern sets.

In Section 1] we introduce a pattern set with a minimum number of breaks
and its well-known properties, described in [34J6]. In Section B2l we propose
a polynomial-time algorithm to check whether a pattern set with a minimum
number of breaks satisfies the necessary condition of Theorem [l In Section [£.3]
we perform computational experiments that show that the necessary condition
is highly efficient for finding feasible pattern sets with a minimum number of
breaks.

4.1 Pattern Set with a Minimum Number of Breaks

Although the pattern set shown in Figure [ is feasible, it is not desirable for
most of organizers, because team 1 plays five consecutive away games. In gen-
eral, a pattern set in which a particular team has many consecutive away games
is not preferred because the team is at a disadvantage compared to the oth-
ers. Similarly, many consecutive home games are not desirable, such as team 6
in Figure [7}

If a team has two “A”s or two “H”s in slots s and s+ 1, we say that the team
has a break at slot s + 1. In this paper, a break is expressed with an underline
below the letter “A” or “H” in a pattern set. For instance, in the pattern set of
Figure [T, team 4 has consecutive “A”s in slots 4 and 5, and we say that team 4
has a break at slot 5.

Generally, a pattern set with a few breaks is preferred to a pattern set with
many breaks. The following theorem [3] shows the minimum number of breaks
in a feasible pattern set of 2n teams.

Theorem 4. For any feasible pattern set of 2n teams, the number of breaks is
greater than or equal to 2n — 2.

Proof. There are at most two teams without any breaks, “AHAH... AHA” and
“HAHA...HAH”. Hence, the number of breaks is greater than or equal to 2n—2.
O
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Fig. 9. Contradiction to condition (i)

If a pattern set of 2n teams has exactly 2n — 2 breaks, we call the pattern
set a pattern set with a minimum number of breaks (PSMB). In a PSMB, two
teams have no break and other 2n — 2 teams have just one break. Figure[§is an
example of a PSMB.

For any PSMB, the following theorem holds [3].

Theorem 5. At each slot of any PSMB, there are exactly two breaks or no
breaks.

Proof. In a PSMB, each team has at most one break. Thus, there are at most two
teams with a break at slot s, as “AH... AHHA...A” and “HA.. . HAAH.. . H".
Assume that only team ¢ has a break at slot s. Then the number of “A”s and
that of “H”s are different in slot s — 1 because all teams except ¢ have no break
at slot s (see Figure[]). This contradicts condition (i). O

From Theorem Bl a PSMB of 2n teams consists of n complement pairs, and is
characterized by the slots at which breaks occur [3].

When each team in a pattern set has exactly one break, the pattern set is
called an equitable pattern set [3]. Figure[Iis an example of an equitable pattern
set. Although each PSMB is an optimal pattern set in terms of minimizing the
number of breaks, some organizers prefer an equitable pattern set because each
team evenly has one break in it.

In fact, an equitable pattern set is essentially equivalent to a PSMB when
we consider the feasibility, because every equitable pattern set is obtained by
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Fig.11. PSMB before and after sorting of its rows

cyclic rotation of the slots of a PSMB. For example, the equitable pattern set of
Figure [10]is constructed from the PSMB of Figure B] by letting the slot s of the
PSMB be slot s+ 1 (s =1,2,...,6), and slot 7 be slot 1. Thus, it is natural to
count a team with no break for having a break at slot 1, as “AHAHAHA”.

For a PSMB, let function o take team ¢ and return the slot at which ¢ has a
break. From Remark [Il without loss of generality, we may assume that a PSMB
satisfies the following conditions:

—o(l)<o(2)<---<o(n)and o(1) = 1;
— teams 1,2,..., and n have “H”s in slot 2n — 1;

— team ¢ + n is the complement team of ¢ (t =1,2,... ,n).

If a given PSMB does not satisfy the above, we sort its rows first to meet
them (see Figure [[T). The sorting procedure takes O(n?) steps.

In the remainder of this paper, we regard a team with no break as a team
having a break at slot 1, and assume that the rows of a PSMB have already been
sorted.
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4.2 Necessary Condition for Feasible Pattern Sets with a Minimum
Number of Breaks

In Section [3] we proposed the necessary condition for feasible pattern sets: VI' C
U, a(T) > 0. However, to check the inequality for all 7' C U takes exponential
steps. In this section, we consider this condition in the case of a PSMB.

The objective is to show that the following proposition holds.

Proposition 1. For any PSMB, whether the PSMB satisfies VT C U, a(T) > 0
or not can be checked in polynomial steps.

To show that Proposition [lis true, we define several terms and show a number
of lemmas. Note that we now consider a PSMB whose rows have been already
sorted.

On the assumption that the next team of 2n is 1, if we can construct a
consecutive sequence of all elements in T' C U, we say that T is consecutive.
For example, when 2n = 8, both {2,3,4} and {7,8, 1,2} are consecutive, while
{1,3,4} is not.

For T C U, if there exists P such that T C P C U, |P| = n, and P is
consecutive, we say that T is narrow. For example, when 2n = 8, both {3,4,5,6}
and {7,8,2} are narrow, while {1,3,6} is not. In particular, if 7' contains a
complement pair, T is not narrow.

Lemma 2. For any PSMB, a subset T C U is narrow if and only if there exists
a slot at which all teams in T have the same characters (“A” or “H”).

Proof. Let subsets Py, Py, ... , Py, CU be {1,2,...,n}, {2,3,... ,n+1},...,
{2n,1,... ,n—1}, respectively. For each i € {1,2,...,2n}, P; is consecutive and
|Pz| =n.

If T is narrow, there exists P such that T C P C U, |P| = n, and P is con-
secutive. Then, P € {Pl,PQ, - ,Pgn}. For Pl, PQ, - ,fjn_,_l7 Pn_;,_g, - ,P2n,
all teams in T have the same characters in slot o(n), o(n + 1),...,0(2n),
a(1),...,0(n — 1), respectively (see Figure [[1] right).

If there exists a slot at which all teams in T have the same characters, let
the slot be s. Then, the following holds:

— if there exists t € {1,2,... ,n — 1} such that o(t) < s < o(t + 1),
then T’ g Pt+1 or 1T g Pt+n+1;
—ifo(n) <s,then TC Py or T C Pyy;.

Thus, there exists a subset P such that T C P C U, |P| =n, and P is con-
secutive, i.e. T' is narrow. O

Next, we define partition of 2V as below:
Ti={T CU:|T| <nand T is consecutive};
To={T CU:|T| <nand T is not consecutive but narrow};

Ts ={T CU:|T| <nand T is neither consecutive nor narrow };
T.={T CU:|T|>n}.



88 R. Miyashiro, H. Iwasaki, and T. Matsui

Table 1. Partition of 2Y

Consecutive  Not consecutive

narrow
7| <n T T2
Ts not narrow
IT| >n Ta not narrow

From the definition, 7; U To U T3 U Ty = 2Y and T, N'T; = 0 for i # j. Table
illustrates the partition of 2V.

Here we give a precise description of Proposition[dl It consists of the following
proposition.

Proposition 2. Forany PSMB,NT € T1,a(T) >0 < VT CU,«a(T) > 0.

For each T C U of any pattern set, we can check whether T satisfies «(T) > 0
or not in polynomial steps. Since |71| = O(n?), Proposition B directly implies
Proposition 0l In order to prove that Proposition 2 is true, we show several
lemmas in the remainder of this section.

Lemma 3. For any PSMB, VT € T1, a(T) >0 = VT € T3, a(T) > 0.

Proof. We show that VT' € To, 3T* € T1, a(T*) < a(T).

For T € T3 of a given PSMB, find P’ such that T C P’ C U, |P'| =n, P’ is
consecutive, and P’ N{2n,1} < 1. If there is no such P’, consider T instead of T
in the rest of this proof. Theorem Bl justifies this replacement.

We represent T' as a general form T = {t1, o, ... 71f|T|} where t] < to < --- <
ti7|- By cyclically rotating the slots of the given PSMB, let ¢; be having a break
at slot 1. Since 7" is narrow, now 1 = o(t;) < o(tz) < --- < o(tjp) < 2n —1
holds. By the following procedure, we construct T such that 7% € Ty, |T*| = |T)|
and a(T™) < a(T).

Let m € T be the element satisfying m = t[ 71 Define T* C U as follows:

el 2] B m s [])

We also represent T as T = {t},3,... ,t’fmW e ,tTT‘} where t] <t5 <.-- <
2

t"f‘%] << tI*TI'

The subset T* belongs to T; because T* is consecutive and |T*| = |T] < n.

Thus, it is sufficient to show min{A(T*), H(T*)} < min{A(T), H(T)} instead

of a(T*) < a(T).

In order to make the proof easy, we introduce another expression of a PSMB.
For a PSMB, replace each “A” with 0 and each “H” with 1 in all odd slots, and
each “A” with 1 and each “H” with 0 in all even slots, respectively. For example,
the PSMB of Figure [[2] changes to Figure [[3] In the new expression of a PSMB,
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1: H A HA HAHAUH A H A H A H
2: A A HA HAWHAUHAH A H A H
3:A HA A HA HAUH A H A H A H
4: A HA HA A HAH A H A H A H
5: A HA HA HA A H A H A H A H
6: A HA HA HAHA A H A H A H
7: A H A HA HA HA HH A H A H
8: AH A HA HA HAH A H A A H
9: A H A HA HA HA H A H A H A
10: H H A HA HA HA H A H A H A
1: H A H H A HA HA H A H A H A
12: H A H A HHAHAH A H A H A
13: H A H A HA HHAH A H A H A
4: H A H A HA HA HH A H A H A
15: H A H A HA HA H A A H A H A
166: H A H A HA HA HA H A H H A

Fig. 12. PSMB of A—H expression

counting the number of “A”s and “H”s in each slot corresponds to counting the
number of “0”s and “1”s.
This 0-1 expression clarifies that the following equalities hold (see Figures [4]

and [[H):
win{A(D), HD)} = £ (00m) — 0(6)) + 57y, (010 = om):

winfA(T), HT)} = 215 (olm) = o) + £y (06 - o).

[
From the definition of T%, if i < [%], then o(t;) < o(tf), otherwise o(t;) >
o(t¥). Note that t[m] =m =17 i

Hence, II‘I;‘H{A( ), H(T)} — mm{A T),H(T*)}
—+ 517 (otm) = o(69) + X7 g, (016) = o(m)

Z[‘Tq (o(m) —o(t})) — ZZI[@1+1(U(7§:) —a(m))
=2l o) - o) + 527, (o) = 0(21) 2 0. -

Ezample 2. Figures [[4 and [TH are subsets of Figure 3l For T' = {1,3,5,6,8} €
T3 of Figure [[4], we construct T* = {3,4,5,6,7} € 77 of Figure 3 and «(T) =
a({1,3,5,6,8}) = 9> 1 = a({3,4,5,6,7}) = a(T*).

Proposition 3. For any PSMB,

VI'eThUTe, a(T) >0 = VT €T3, a(T) >0.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
t1:1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2:0 11 1 1 1 1 1 1 1 1 1 1 1 1
3: 0 o0 o0 1 1 1 1 1 1 1 1 1 1 1 1
4:0 0 0 0 01 1 1 1 1 1 1 1 1 1
5:.0 0 0o 0 0 0 0O 1 1 1 1 1 1 1 1
6: 0 0 0 0 0 OO O O 1 1 1 1 1 1
70 0 0O O O O O o0 o0 o0 1 1 1 1 1
8§: 0 0 0 0O OO OO O O OCO O 1 1
9:0 0 0 0 0 O OO O O O O O 0 O
:1 0 0 0 0 OO O O O O O O O0 O
1:1 1 1 0 0 0 O O O O O O O O O
2:1 1 1 1 1 0 0 O O O O O O O O
3.1 1 1 1 1 1 1 0 O O O O O O O
4:1 1 1 1 1 1 1 1 1 O O O O O O
5:1 1 1 1 1 1 1 1 1 1 O O O O O
%6:1 1 1 1 1 1 1 1 1 1 1 1 1 0 O

Fig.13. PSMB of 0-1 expression

12 3 4 5 6 7 8 9 10 11 12 13 14 15
1.1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
3: 0 0 o0 1121 1 1 1 1 1 1 1 1 1
5:0 0 0 0 0 0O 0O 1 1 1 1 1 1 1 1
6: 0 0 0000 00 0 1 1 1 1 1 1
80 0 0 0O O O OO O O O O o0 1 1

Fig.14. T = {1,3,5,6,8} € T2, a(T) = 9

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
30 o o 1 1 1 1 1 1 1 1 1 1 1 1
4: 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1
5:0 0 0 0 0 0O 0 1 1 1 1 1 1 1 1
6: 0 0 06 000 000 1 1 1 1 1 1
rT+0 0 0O 0 0 o0 o0 o0 o o0 1 1 1 1 1

Fig.15. T* = {3,4,5,6,7} € T1, a(T*) = 1

To show that Proposition [Bis correct, we divide 73 into two subsets. Let T3nc
consist of the subsets that contain no complement pairs, and Tzwe = T3 \ Tanec-
Note that if 7' C U contains a complement pair and |T'| < n, T belongs to Tswe.

Lemma 4. For any PSMB,
VI € TiUTe, o(T) >0 = VT € Tape, o(T) > 0.

Proof. We show that VT € Tane, 3T € T1 U T3, a(T*) < a(T). In this proof, we
have much help from graphical expression of a subset of a PSMB defined below.
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Draw a regular 2(2n — 1)-gon, and name the vertices of the polygon 1, 2. .. ,
2n —1,1,2,...,2n — 1 clockwise. For a given T' € T UT2U73yc of 0-1 expression,
we colour some vertices black or grey. Recall that |T| < n and T includes no
complement pairs. If T contains a team that has “1” in slot 2n—1 and a break at
slot s, we colour 5 black and s grey. If T' contains a team that has “0” in slot 2n—1
and a break at slot s, we colour s black and 5 grey. Then, 2|T| vertices of the
polygon are coloured, while the remaining vertices are still uncoloured. Note
that each pair of vertices {T,v} is a pair of black and grey vertices, or of two
uncoloured vertices. For T' € T1 UT2U T3¢, f(T') denotes the corresponding set of
all black vertices generated by the colouring method. For any V' C f(T'), there
exists the subset 77 C T satisfying f(77) = V.

Next, we define a black run. A black run is a maximal subset of neighbouring
vertices of the polygon satisfying that all contained vertices are black or un-
coloured, and both end vertices are black. We also define a grey run in a similar
way. Black runs and grey runs are called runs for simplicity. The size of a run is
the number of coloured vertices in the run.

In the following, we introduce some functions that take a vertex of the
2(2n — 1)-gon or a subset of the vertices:

by def. [ 1 (ifv=2n-1),
shift” (v) = {v +1 (otherwise),

T (fv=2n-1),
v+ 1 (otherwise),

shift™ (v) < {

e def. [2n—1 (ffv=1),
shift~(v) = {v —1 (otherwise),

e def. [2n—1 (ifT=T),
shift™(v) = {v —1 (otherwise),
wshift™ (V) L {shift™ (v) v € VY, wshift= (V) L {shift~(v) :v € V},
opp(T) € v, opp(v) € T, vopp(V) € {opp(v) v €V},

del(v) ey, del(v) def-

v.

For a vertex subset V', we construct a 0-1 matrix M = g(V') whose rows are
indexed by V', columns are indexed by S. An element of M = (m,) is indexed
by (v,s) € V x S. Each element m, is defined by

0 (ifve{l,2,...,2n—1} and s < del(v)),
mes = 40 (ifve{l,2,...,2n—1} and s > del(v)),
1 (otherwise) .

For M = g(V), we define function v as follows:

~(M) def. Zmin{vas, Z(l mvs)} - w

sES veV veV

Also, function f is defined by 5(V) = (M) where M = g(V'). The definition
of 7 directly implies that, for all T € 71 U T2 U Tane, a(T) = (V) holds when
V= f(T).
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Now we construct T* € 71 UTs such that a(T*) < «(T) for a given T € Tapc.
Input the set of black vertices V' = f(T) into the following procedure, which
consists of outermost, middle and innermost loops. This procedure outputs
V* CV such that V* = f(T™):

begin

V=V
let all the vertices of the 2(2n — 1)-gon uncoloured
colour all the vertices in V' black and all the vertices in vopp(V') grey
repeat
choose a minimum size black run R’ from the 2(2n — 1)-gon
put V. be the set of black vertices in R’

repeat
if 6((‘/’\ V! i) U wshift™( mm)) < B(V’') then
repeat
V/ = (V/ \ mm) U UShth ( mm)
‘/Iiun : UShth ( mln)
else
repeat
V= (VI\ VL) Uwshift T (VL)
‘/Iiun = UShth+( mm)
until vopp(Viis,) N (V' Vi) # 0
endif
‘/temp Uopp(vmln) (V/ \ mln)
VI Vl\ temp
Vain = Vinin \ 0002 (Viemp)

until V., =0

let all the vertices of the 2(2n — 1)-gon uncoloured

colour all the vertices in V' black and all the vertices in vopp(V"’) grey
until the number of runs in 2(2n — 1)-gon is less than or equal to two

V.=V
output V*
end

Before showing that the above procedure correctly runs for any subset T' €
T3nc, we describe how it works with a running example. Let T € T3, be T =
{1, 2,3,6,7,8,12,13}, which is a subset of the PSMB of Figure [[3] Accordingly,

= f(T) = {1,2,4,6,8,10,11,14} and o(T) = B(V) = 20. Inputted V, the

procedure returns V* = {1 10, 11,14} as follows:

1. In Figure [I6] (before the first 1terat10n of middle loop),
V=V = {1 2,1,6,8,10,11, T4}, V.. = {6,8} and B(V"') = 20;
2. In Figure [[7] (after the first 1terat10n of the innermost loop),
= {1,2,4,5,7,10,11, T4}, V. = {5,7} and B(V") = 20;
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10 11 12 13 14 15

O IO W~
R OO0 OO
== 0 00O =N
= O OO O FW
= _= 0 O Ol
— = O OO KR WL
RO oo R KR
=Rl N |
oo ook~ KR
OO O OO O
OO OO
O OO R H R
OO = PR = ==
OO R R R P = =

—_ =
w N

Fig.16. T = {1,2,3,6,7,8,12,13} € Tane, a(T) = 20, V = {1, 2,4, 6,8,10, 11, 14}

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1:1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2:0 1 1 1 1 1 1 1 1 1 1 1 1 1 1
4:0 0 0 1 1 1 1 1 1 1 1 1 1 1 1
0:0 0 0 0 00 0OO O 1 1 1 1 1 1
1:0 0 0 0 0 0 OO O O 1 1 1 1 1
4: 0 0 0 0 0 O OO O O O O O 1 1
5:1 1 1 1 0 0 O O O O O O O O O
r:1 1 1 1 1 1 0 O O O O O O O O

Fig.17. V' = {1,2,4,5,7,10, 11, 14}, B(V") = 20

3. In Figure [I8] (after the second iteration of the innermost loop),
V' ={1,2,4,4,6,10,11,14}, V.. = {4,6} and S(V') = 20;

4. In Figure [[9] (after the ﬁrst iteration of the middle loop),
V'={1,2,6,10,11,14}, V. = {6} and 3(V') = 18;

5. In Figure[20 (after the 1nnermost loop in the second iteration of the middle),
V' ={1,2,2,10,11,14}, V., = {2} and B(V’') = 14;

6. In F1gure (at the end of the procedure),

v = {1,10,11, T4}, V/;,, = 0 and B(V') =

The procedure returns V* = {1,10,11,14} for V = {1,2,4,6,8,10,11,14}.
Since V* C V = f(T), the subset T* is a subset of T. In thls example,
T ={1,6,7,8} CT1UT; and o(T*) = 8 < 20 = o(T).

To prove the correctness of the procedure for a general case, we need to show
the following:

— the finiteness of the procedure;

= V") < BV);
— V*CV,and T* € T U Ty where V* = f(T%).

The iterations in the innermost and middle loops of the procedure terminate
finitely because V.. corresponds to a minimum size black run. At the end of

each iteration of the outermost loop, the number of black and grey runs decreases
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
T:1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2:0 1 1 1 1 1 1 1 1 1 1 1 1 1 1
i:0 0 0 1 1 1 1 1 1 1 1 1 1 1 1
i:0 0 0 0 000 0O O 1 1 1 1 1 1
iT:0 0 0 0 0 0O O O O 1 1 1 1 1
i4:0 0 0 0 00O O OO 0 0 0 1 1
4:1 1 1 0 0 0 0 0 0 0 0 0O 0O 0 O
6:1 1 1 1 1 00 00 0 0 0 0O O O

Fig. 18. V' = {1,2,1,4,6,10, 11, T4}, B(V') = 20

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
T:1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2:0 1 1 1 1 1 1 1 1 1 1 1 1 1 1
:0 0 0 0 00O O O 1 1 1 1 1 1
it:0 0 0 0 000 OO O 1 1 1 1 1
i4:0 0 0 0 00O OO OO 0 O 0 1 1
6:1 1 1 1 1 0 0 0 0 0 0 0 0O 0 O

Fig.19. V' = {1,2,6,10,11,14}, (V') = 18

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
T:1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2:0 1 1 1 1 1 1 1 1 1 1 1 1 1 1
i:0 0 0 0 000 00 1 1 1 1 1 1
it:0 0 0 0 000 OO O 1 1 1 1 1
:0 0 0 0 00O OO OO 0 O 0 1 1
2:1 0 0 0 0 0 0 0O O 0O 0 O O O

Fig. 20. V' = {1,2,2,10, 11, T4}, B(V') = 14

by four. Since the number of the runs is finite, this procedure terminates after a
finite number of steps.

In each iteration of the innermost loop in a iteration of the middle loop, the
value of 3(V') decreases by a non-negative constant, because only V..  affects
the decrement. At the end of each iteration of the middle loop, where two vertices
are removed from V’, the value of 3(V,,;,) decreases; this can be shown a similar
way to the proof of Lemmal[Il Thus, the value 3(V”) is non-increasing throughout
this procedure, and therefore S(V*) < (V).

At the end of each iteration of the middle loop, V' is contained in V' because
Vi corresponds to a minimum size black run throughout this procedure. Hence
V* C V and there exists T* C T such that f(7%) = V*. After running the
procedure, the number of runs becomes two; one is black and the other is grey.

Thus T is narrow, i.e. T* € T3 U 7.
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12 3 4 5 6 7 8 9 10 11 12 13 14 15
1.1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
6: 0 0 06 000 0 00 1 1 1 1 1 1
rT+0 0 0O 0 0 o0 o0 0 o o0 1 1 1 1 1
80 0 0 0 0O O OO O O O O O 1 1

Fig. 21. V* = {1,10,11, T4}, T* = {1,6,7,8} € Tz, a(T*) = 8

From the above consideration, we conclude a(T*) = (V*) < (V) = a(T)
and T* € T{ U Ta. a

Lemma 5. For any PSMB,

VT € i UToUTsne, a(T) >0 = VT € Tawe, a(T) > 0.

Proof. We prove that VT' € Tawe, 37* € T1 U T2 U Tane, a(T™) < a(T).

For a given T' € Taye, remove a complement pair {t,¢} from T. If T'\ {t,}
still contains another complement pair, repeat this procedure until there exists
no complement pairs. Let T be the finally obtained set of teams. By applying
Lemma [ repeatedly, we have a(T) > (T \ {t,t}) > --- > «(T*). Since T*
includes no complement pairs and |T7*| < n, T* € T U T2 U Tane- O

Lemma 6. For any PSMB,

VI'eThUTe, a(T) >0 = VT €T3, a(T) >0.

Proof. From Lemma ll VT' € T; U Tz, «(T) > 0 = VT € Tane, o(T) > 0.
Lemma [ shows VT' € T U Ta U Tane, @(T) > 0 = VT € Tawe, a(T) > 0.
Since T3 = T3ne U Tawe, the proposition holds. a
Lemma 7. For any PSMB,

VI €e TUTLUTs, «(T) >0 < VT €Ty, a(T) > 0.
Proof. Theorem [ gives direct proof of this lemma. O

Theorem 6. For any PSMB,VT € T1, a(T) > 0 < VYT C U, o(T) > 0.
Proof. From Lemmas Bl@ and [ VT € T3, a(T) >0 = VT C U, (T) > 0
O

holds. The converse is trivial.

Theorem 7. For any PSMB, whether the PSMB satisfies VT C U, «(T) > 0
or not can be tested in O(n*) steps.
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Proof. For each T C U, we can judge whether a(T) > 0 or «(T) < 0 in
O(n?) steps (see Figure [6). Theorem [f] states that we need to check only sub-
sets T € T;. Since |T1| = O(n?), the overall steps take O(n?*). O

Remark 5. In fact, we do not need to examine all subsets T' € 7;. Since The-

orem Bl shows a(T) = «(T), it is sufficient to observe one of the values (T
and «(T) for each T € T;.

Remark 6. From Remark [, the proposition VT' € Ty, a(T) > 0 < VT C
U, a(T) > 0 holds for any equitable pattern set, and whether an equitable
pattern set satisfies VI' C U, a(T) > 0 or not can be tested in O(n*) steps.

Remark 7. In Section 1], we have already seen that each PSMB is characterized
by the slots at which breaks occur [3]. By making effective use of this fact, we can
check whether each T' € T satisfies VT' C U, a(T) > 0 or not in O(n) steps. This
leads an O(n?) algorithm to examine whether a PSMB satisfies the condition.

4.3 Computational Experiment

In the previous section, we showed that whether a PSMB satisfies the condition
of Theorem [ can be checked in polynomial steps. If we find 7" C U such that
a(T) < 0 for a given PSMB, we conclude that the PSMB is infeasible. However,
if the PSMB satisfies the condition, we have no additional information about
the feasibility. If there are many infeasible PSMBs satisfying the condition, the
condition is not strong enough for finding feasible PSMBs. In this section, we
show the strength of the condition by computational experiment in the following.

First, we enumerated all PSMBs, including both feasible and infeasible ones.
The number of PSMBs is (277__12), by choosing the slots with breaks. Next, we
examined whether each PSMB satisfies the condition VI' C U, a(T) > 0, by
checking VT' € T1, a(T) > 0. Then, for each PSMB satisfying the condition, we
decided its feasibility by solving an integer programming problem with ILOG
CPLEX 7.0 [9]. (See [12[11] for formulation of the pattern set feasibility problem
with integer programming.)

Table Bl is the results of the experiment. The experiment shows that, when
the number of teams is less than or equal to 26, the number of PSMBs satisfying
the condition and that of feasible PSMBs are equal.

Corollary 1. When the number of teams is less than or equal to 26, a PSMB
is feasible if and only if YT C U, o(T) > 0.

The number of PSMBs that satisfy the condition is surprisingly small compared
with the number of all PSMBs. We did not perform computational experiment
for more than 26 teams because it would take too much time to solve the integer
programming problems.
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Table 2. Results of computational experiment. #candidates: the number of PSMBs
satisfying VT' C U, a(T') > 0; #feasible: the number of feasible PSMBs

#teams #PSMBs #candidates #feasible

4 2 2 2

6 6 3 3

8 20 8 8
10 70 10 10
12 252 30 30
14 924 49 49
16 3432 136 136
18 12870 216 216
20 48620 580 580
22 184 756 1045 1045
24 705432 2772 2772
26 2704156 5122 5122

Remark 8. In fact, we did not solve all the integer programming problems in
Table 2l Since cyclic rotation of the slots does not change the feasibility of a
pattern set, we solved (#candidates/n) integer programming problems. Also, it
is sufficient to check the necessary condition for ((21?_712) /n) PSMBs.

Remark 9. From Remark [2 and Corollary [, when the number of teams is less
than or equal to 26, VI' C U, «(T) > 0 is a necessary and sufficient condition
for feasible equitable pattern sets.

5 Future Work and Conclusions

There are many extensions of the pattern set feasibility problem.

The computational experiment showed that, when the number of teams is
less than or equal to 26, the proposed condition VI' C U, «(T') > 0 is a necessary
and sufficient condition for feasible PSMBs. We have the following conjecture.

Congecture 1. A PSMB of an arbitrary number of teams is feasible if and only if
VYT CU, o(T) > 0.

Although there is a possibility of this conjecture failing, our results are practical
enough in terms of the number of teams for a real timetabling problem of a
PSMB.

We proposed a necessary condition for feasible pattern sets. In the case of
a PSMB, we proved that the necessary condition can be checked in polyno-
mial steps, and showed the strength of the condition by the computational ex-
periment. Then how does the condition work for a general pattern set? For a
general pattern set, it is conjectured that pattern set feasibility problem is NP-
complete [I2]. To the best of our knowledge, this conjecture is still open.
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1 2 3 4 5 6 7
1:H 2 H A A A H
2: A @ H H A @ H
3:H A A A HHH
4: 7 H A H A A H
5: H A H @ H H A
6: H A H 5 H A A
7:@4 H A A A H A
8: A H A H H 2 A

Fig. 22. Pattern set with partial assignment of games

1 2 3 4 5 6 7
1: A @4 2 H 8
2: H A Q1 7
3: 8 A H
4: A 1 A H A
5: A H A @6 H
6:@ H H 5 @1
7: A @2 H
8: 6 H @3 H A H

Fig. 23. Incomplete pattern set with partial assignment of games

The pattern set feasibility problem with partial assignment of games is also a
challenging one. In the pattern set of Figure 221 some games have already fixed.
Is the pattern set feasible? Furthermore, there is a feasibility problem of an
incomplete pattern set with or without fixed games (Figure 23]). Such situations
often appear in the field of real timetabling [12]. With a few modification, the
proposed condition is applicable to these problems.

In this paper, we considered the pattern set feasibility problem. We proposed
a new necessary condition for feasible pattern sets. For a pattern set with a
minimum number of breaks (PSMB), we proved a theorem leading a polynomial-
time algorithm to check the proposed condition. The computational experiment
showed that the condition is a necessary and sufficient condition for feasible
PSMBs of up to 26 teams. We conjecture that the condition is a necessary
and sufficient condition for feasible PSMBs of an arbitrary number of teams.
Considering the feasibility of pattern sets yields various interesting problems,
and is still significant in sports timetabling.
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Abstract. The Travelling Tournament Problem is a sports timetabling
problem requiring production of a minimum distance double round-robin
tournament for a group of n teams. Even small instances of this prob-
lem seem to be very difficult to solve. In this paper, we present the
first provably optimal solution for an instance of eight teams. The so-
lution methodology is a parallel implementation of a branch-and-price
algorithm that uses integer programming to solve the master problem
and constraint programming to solve the pricing problem. Additionally,
constraint programming is used as a primal heuristic.

1 Introduction

The Travelling Tournament Problem (TTP) represents the fundamental issues
involved in creating a schedule for sports leagues where the amount of team
travel is an issue. For many of these leagues, the scheduling problem includes
a myriad of constraints based on thousands of games and hundreds of team
idiosyncrasies that vary in their content and importance from year to year, but
at its heart are two basic requirements. The first is a feasibility issue in that
the home and away pattern must be sufficiently varied so as to avoid long home
stands and road trips. The second is the goal of preventing excessive travel. For
simplicity, we state this objective as minimize total travel distance.

While each issue has been addressed by either the integer programming or
constraint programming communities (and sometimes both), their combination
is a relatively new problem for both groups. Constraint programming has been
successfully used to solve complex sets of home and away pattern constraints.
Integer programming methods have been used to solve large travelling salesman
and vehicle routing problems that require minimizing travel distance. It might
seem that insights from these solution methodologies would make the TTP rela-
tively easy to solve. However, even very small instances of the TTP have proven
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difficult for traditional methods. Thus the TTP seems to be a good problem for
a combined approach.

The TTP was introduced in [6], where we gave results for some basic formu-
lations. Here, we outline an approach that combines integer and constraint pro-
gramming methods to solve larger problems much more quickly. This approach
is appealing not just for its application to the TTP, but for the possibilities
inherent for other difficult combinatorial problems.

In the following section, we give a formal definition for the Travelling Tour-
nament Problem. In Section 3, we discuss the single-team problem, show its
complexity, and discuss how that problem can be used to bound solutions on
the TTP. In Section 4, we present our solution methodology. We then conclude
with some computational results and a discussion of future research.

2 The Travelling Tournament Problem

Given n teams, n even, a double round-robin tournament (DRRT) is a set of
games in which each team plays each other team once at home and once away.
A schedule for a DRRT is a mapping of games to slots, or time periods, such
that each team plays exactly once in each slot. A DRRT schedule covers exactly
2(n — 1) slots. The distances between the team venues are given by an n by n
matrix D. For the distance calculations, it is important to note that each team
starts and finishes the tournament at its home venue.

A road trip, or trip, is defined as a series of consecutive away games. Similarly,
a home stand is defined as a series of consecutive home games. The length of
a road trip or home stand is the number of games in the series (not the travel

distance).
The TTP is defined as follows:
Input. A set of n teams T = {t1,...,t,} with n even; D a symmetric n by n

integer distances matrix with elements d;;; [, u integer parameters, I < u.
Output. A double round-robin tournament on the teams in 7" such that

— the length of every home stand and road trip is between ! and u inclusive
and
— the total distance travelled by the teams is minimized.

For v = n — 1, the maximum value for u, a team may visit every opponent
without returning home, which is equivalent to a travelling salesman tour. For
small u, a team must return home often, and consequently, its travel distance
increases. For u = 1, the objective becomes constant, and the problem is solely
one of feasibility. In practice, [ = 1 and u = 3 or u = 2 are most commonly used.
Additional background on these parameters and a description of other instances
appear in [6].

Although we do not have a formal proof, we strongly believe that the TTP
is NP-hard. Indeed, computationally, it appears to be much harder than the
Travelling Salesman Problem (TSP). As shown in the next section, some simple
relaxations of TTP are provably hard.
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3 The Single Team Problem

Fundamental to our solution methodology is the idea of a tour. A tour is a
vector that describes the travel of a single team. Each element in the vector is
associated with a slot in the schedule and gives the venue for the game in that
slot. For example, in an instance with n = 6, a tour for team 1 could be (1, 2,
3,4,1,1,5,1, 6, 1). Note that each opponent’s venue appears exactly once and
the home venue appears exactly n — 1 times.

A team’s optimal tour minimizes the travel distance for that team exclusive
of the other teams in the schedule. The sum over n teams of the distances
associated with their optimal tours provides a simple but strong lower bound on
the TTP. We call this the Independent Lower Bound (ILB).

For most values of [ and u, simply generating an optimal tour for a single
team is NP-hard, although there exist some polynomial solvable special cases.
Here we study the complexity of generating a minimum distance tour for each
(feasible) combination of ! and w. We will assume that the triangle inequality
holds for the distances. The decision form of the Single Team Problem (STP) is
formally defined as
Input. A set of n teams T' = {t1,...,t,} with n even; a designated team ¢, € T}
D a symmetric n by n integer distance matrix with elements d;; satisfying the
triangle inequality; [, u integer parameters; integer threshold k.

Output. Does there exist a tour for ¢, such that

— the length of every home stand and road trip is between [ and u inclusive
and
— the sum of the distance travelled by ¢, is less than or equal to k?

For specified | and u, we use the notation STP(, ).

At the extremes of | and wu, the complexity of STP(l,u) is obvious. For
STP(1,1), the objective is constant, and a solution can be obtained by alter-
nating away and home games. For STP(I,n — 1), the problem is a TSP and is
NP-complete. In fact, as long as u is proportional to n® for a fixed constant «,
there is an immediate reduction from the TSP to prove completeness.

The STP is also NP-complete for any constant v > 2 and [ < u. The re-
duction is from the NP-complete problem Partition into Isomorphic Subgraphs
Restricted to Paths [9]. The proof of this is given in [5].

In the special case where u = 2 (I = 1 is the only feasible assignment for I
since n is even), an O(n?) algorithm can be obtained using weighted matchings
to find the optimal tour. To see this first note that there will always be an
optimal tour with the minimum number of trips. Two single team trips may be
combined into one two team trip with a distance no more than the sum of the
two single team trips by the triangle inequality. Secondly, since we are working
with even n, a minimum set of trips will always include exactly one single team
trip. Given these observations, the following algorithm finds a minimum distance
tour.
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Algorithm STP(1, 2).

1. Given team t,., generate a complete graph G = (V, E) with n nodes. Let
vertex ¢ represent team ¢; for all ¢ € {1,...,n}. Assign weights to the edges
as follows: Let wpq = dyp + dpg +dgr for all p,g € {1,...,n}\ {r},p # q. Set
Wpp = 2% dyp for allp e {1,...,n}\ {r}.

2. Find a minimum weight perfect matching on G.

3. Create a minimum distance tour from the matching. For each matched pair
of nodes (p,q) such that p,q € {1,...,n} \ {r}, create a two game road
trip with ¢, playing at ¢, then at ¢,. For the node p that is matched to 7,
create a single team trip in which ¢, plays at ¢,. In addition, create a set
of home stands mimicking the trips, i.e. one home stand with one slot and
n/2—1 home stands with two trips. Finally, schedule the tour by alternately
selecting trips and home stands and scheduling them consecutively in the
slots of the tournament.

Theorem 1. Algorithm STP(1,2) yields an optimal solution.

Proof. Every feasible tour with a minimum number of trips corresponds to a
perfect matching in G with the distance of the tour equal to the weight of the
matching. Therefore, finding a minimum weight perfect matching in G yields an
optimal solution to STP(1,2). O

The running time of this algorithm is dominated by the work required to
solve the matching. A weighted perfect matching on a general graph can be
found in O(|E||V] + log(|]V])|V|?) = O(n®) [7]. Therefore, the algorithm runs
in O(n3). This algorithm can be easily generalized in the case the triangle in-
equality does not hold by using b-matchings instead of perfect matchings. This
use of matchings in the case where trips consist of at most a pair of teams is
fundamental to the approaches of [2] and [L1].

4 Solution Methodology

The TTP has feasibility elements (the home and away pattern) and optimization
elements (the travel distance). Constraint programming has been successfully
used to solve complex timetabling feasibility problems [8] while integer program-
ming has been successfully used to solve difficult optimality problems like the
TSP [1]. The combination of feasibility and optimality in a timetabling problem
seems to be difficult for either method, thus we chose a combined approach.
Our solution methodology for the TTP is a branch-and-price (column gener-
ation) algorithm in which individual team tours are the columns. In branch-and-
price, the linear programming (LP) relaxation at the root node of the branch-
and-bound tree includes only a small subset of the columns. To check the LP
objective, a subproblem, called a pricing problem, is solved to determine whether
there are any additional columns available to enter the basis. If the pricing prob-
lem returns one or more columns, the LP is reoptimized. If no more columns can



104 K. Easton, G. Nemhauser, and M. Trick

be found to enter the basis and the LP solution is fractional, the algorithm
branches. Branch-and-price is a generalization of branch-and-bound with LP
relaxations. In our combined integer programming-constraint programming ap-
proach, we use constraint programming to solve the pricing problem.

Although the numbers of teams in the instances of the TTP that we have
been able to solve seem small, these problems are actually quite large in terms
of the numbers of possible columns. For an instance with eight teams there
are roughly a total of 4.5 million tours. In order to solve these instances in a
reasonable amount of time, we run a parallel version of our branch-and-price
algorithm. We use the master—slave paradigm. After generating an initial set
of nodes, the master processor passes one node to each slave along with the
best known solution (if any). Each slave evaluates a fixed number of nodes and
passes back its best solution and all the nodes it has generated, specifying which
nodes have been evaluated and which have not. If a slave completely fathoms its
portion of the tree, no nodes are returned to the master. The master maintains
the best solution reported by the slaves and a list of all unevaluated nodes. A
single node from this list and the current best solution are passed to the now
idle slave for processing. When the master’s list is empty and all the processors
are idle, the algorithm is complete and the current best solution is an optimum.

At the root node, we start with a small set of columns P = {1,2,...,m}
composed of the optimal tours for each team. Let the vector ¢ represent the
distances associated with the tours, T' be the set of teams in the tournament
and S be the set of slots. Let P; be the indices of tours for team ¢t € T and x
be a binary decision variable that represents the tours. This leads to an integer
program:

Minimize » ;. p civ;
subject to

ZiEPtxi:17 VteT,

Z{iEP:igPt and t is opponent in slot s in 4} Ti
+Z{iEPt:tis away in slot s in i} =1, VS657Vt€T7
x; binary for i € P.

The first set of constraints forces exactly one tour to be selected for each team in
the tournament. The second set of constraints requires each team to play exactly
once in each slot.

In some branch-and-price algorithms, columns are generated until no more
negative reduced cost columns remain. In others, columns are generated only
if a node is about to be cut off. The branch-and-price routine described here
falls into the latter category. One reason for this is that if fewer columns are
generated, the master problem will solve more quickly. More importantly, the
pricing problem is easier to solve in the latter case. So generating columns only
if necessary reduces the time it takes to solve both the master and the pricing
problem. By not always generating all columns, however, we are unable to use
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a best bound node selection strategy. With parallel programming, however, it is
difficult to assess the best bound at any given time, so this disadvantage is not
key.

Prior research using branch-and-price algorithms indicates that it is most
efficient to generate a pool of columns, select from this pool at each node, then
generate a new pool when necessary [3]. Thus at each node in our search tree,
we first check to see if there are any negative reduced-cost columns in the pool.
If so, we select up to 10 columns for each team. If not, we refill the pool. The
pricing problem is solved using constraint programming.

When invoked, the constraint program for the subproblem is run once for
each team. It generates all negative reduced-cost tours. The variables are the
venues at which the team’s games are played in each slot. The domains of these
variables are the teams in the tournament. Two dummy variables are added for
slots 0 and 2(n— 1)+ 1. These variables are both set equal to the home team and
are used for distance calculations. The distances between consecutive venues are
also variables but are used strictly for calculating the objective or goal. Before
the CP is run, the variable domains are reduced according to prior branching.

The constraints in this model are as follows (for the [ = 1,u = 3 case):

each opponent venue appears exactly once,

the home venue appears n — 1 times,

no more than three home venues may appear consecutively,

no more than three non-home venues may appear consecutively,

— the sum of the distances and the dual values associated with the games in
the tour must be negative (equivalently, the reduced cost of the resulting
tour must be negative).

Variables are selected in order of domain size. In the case that all uninstan-
tiated variables have domains of equal size, the variable closest to an end of the
tournament (either the first or the last uninstantiated slot) is selected. Ties in
this second criteria are broken arbitrarily. Once a variable is selected, it is in-
stantiated with the team in its domain that will make the most negative (or least
positive) contribution to the total cost of the tour which includes the distances
between consecutive venues and the reduced costs associated with opponents
and slots.

A variable instantiation triggers domain reduction for the remaining unin-
stantiated variables. If an away game is being scheduled, the algorithm first
eliminates that opponent from further consideration. Otherwise, a home game
is being scheduled, and the home venue is eliminated from further consideration
only if the home game tally reaches n — 1. Secondly, the pattern constraints
are considered. Any members of the remaining domains that would create road
trips or home stands longer than three slots are eliminated. Finally, the contri-
bution to the objective of potential assignments is considered. Generating new
columns is a fairly simple procedure, and we have observed no runtime savings
from adding a degree of look ahead to our algorithm. If a domain is reduced
to no remaining elements, we backtrack to the last decision point. If a domain
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is reduced to one, the variable is marked. At the completion of an iteration
of constraint propagation, the algorithm selects a marked variable (if there are
any), instantiates it with the single member of its domain, and begins another
iteration of constraint propagation. We use our own code to solve the pricing
problem, but a model in OPL is given below for clarity.

int home = 1;

int nbTeams = 8;
range Teams 1..nbTeams;

int nbSlots = 14;

range Slots 1..nbSlots;

float EPS = 0.0001;

int Distance[Teams,Teams] = ...;

float rc[Teams,Slots] = ...;

var int travel[0..nbSlots] in 0..1380;

var int venue[0..nbSlots+1] in 1..nbTeams;
var float totcost;

solve {

/* Venue variables */
forall (i in Teams: i <> home) sum (s in Slots) (venuel[s]=i)=1;
sum (s in Slots) (venue[s]=home)=0.5*nbSlots;
venue [0] =home;
venue [nbSlots+1]=home;
forall (s in 1..nbSlots-4) sum (j in 0..3) (venue[s+jl=home) <= 3;
forall (s in 1..nbSlots-4) sum (j in 0..3) (venue[s+j] <> home) <= 3;

/* Distance calculations */
forall (s in O..nbSlots) travel[s]=Distance[venue[s],venue[s+1]];

/* Generate only negative reduced cost columns */
totcost = sum (s in O..nbSlots) travel[s] +sum (s in Slots) rc[venuel[s],s];
totcost <= -EPS;

3

We have found that it is helpful to populate the column pool with “good”
tours (relatively small distances) in addition to tours with negative reduced costs.
Thus we add tours to the pool with distances within an increment of the ILB,
increasing this increment iteratively. This reduces the number of times we need
to refill the column pool.

As discussed above, parallel programming makes it difficult to determine the
current best bound at any given time. For this reason, we use a simple depth
first node selection strategy.

Rather than branching on a tour, we use higher-order branching variables.
Our higher-order variables are the patterns indexed by team and slot. In other
words, at any given node in which the master LP value is less than our current
best solution, we divide the solution space into schedules in which team ¢ is
home in slot s and schedules in which team ¢ is away in slot s. In order to select
a higher order variable on which to branch, we use a strategy known as strong
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branching. We create a candidate list by selecting the 10 higher order variables
with total weight closest to 0.5. For each variable in the candidate list, we do 50
iterations of the simplex method, setting the variable equal to 0 in one case and
equal to 1 in a second case. We then select the variable with the largest total
change in objective value summed over both cases. A similar strong branching
strategy was used successfully in [10].

The final component of our solution methodology is a primal heuristic that
makes use of an expanded version of the constraint program for the pricing
problem. The primal heuristic works on the whole schedule, as opposed to just
one tour, and the model is modified accordingly. Specifically, the variable arrays
are expanded to include n teams, and the following constraints are added:

— No more than two teams can play at one venue in one slot;
— If a team plays away, its opponent must play at home.

The objective is to minimize the distances summed over all teams and slots.

Simply running this model does not produce “good” solutions quickly enough;
however, by fixing certain elements we can generate solutions within 5-6% of the
ILB in a reasonable amount of time. Specifically, we select n/2 teams that are
each forced to play one of their optimal tours. Note this does not mean that we
select n/2 columns to fix. A team’s set of optimal tours includes all tours with
minimum distance. “Fixing” a team amounts to adding a set of constraints to
the model regarding trips the selected team may play. Once we have chosen a
set of “fixed” teams, we run the constraint program for a specific time interval,
outputting solutions and improved solutions as they are generated. Variable and
value selection strategies are similar to those used in the pricing problem. We
instantiate the variables associated with the fixed teams first. Domain reduction
considers the inter-team constraints after the intra-team constraints and before
considering objective contribution.

At the end of the set time interval, we chose a new set of n/2 teams and run
the model again. Fixed teams are chosen in order of proximity to the estimated
center of the geographical region defined by the teams participating in the tour-
nament. One processor is dedicated to running the primal heuristic. The master
processor checks the primal heuristic output file at intervals that depend on the
size of the instance. If a better integer solution has been found, it is sent to the
slave processors along with the next nodes they are given to process.

5 Computational Results

The TTP was created to capture the essence of real sports leagues, Major League
Baseball (MLB) in particular. Unfortunately, MLB has far too many teams for
the current state-of-the-art for finding optimal solutions. MLB is divided into
two leagues: the National League and the American League. Almost all of the
games each team plays are against teams in its own league, so it is reasonable
to limit analysis to an individual league.
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Table 1. Results for TTP Instances

Name [ wu ILB  Optimal solution  Processors  Time (s)
NL4 1 3 8276 8276 1 30
NL6 1 3 22969 23552 20 912
NL8 1 3 38670 39479 20 362630

We have generated the National League distance matrices by using “air dis-
tances” from the city centres. To generate smaller instances, we simply take
subsets of the teams. In doing so, we create instances NL4, NL6, NL8, NL10,
NL12, NL14 and NL16, in which the number indicates the number of teams in
the instance. All of these instances are on the challenge page associated with this
work: http://mat.gsia.cmu.edu/TOURN. In this work, however, we do not im-
pose the “no back-to-back” games constraint, so the values here are not directly
comparable to those on the web page.

Instances with n = 4 are nearly trivial to solve. Instances with n = 6 are
more challenging. We have found several models that can solve these instances in
a reasonable amount of time without parallel programming. When 20 processors
are used to solve instances with n = 6, the computation time is on the order of
minutes. Finally, we have found that it is necessary to use parallel programming
to solve instances with n = 8 teams. On 20 processors, these problems take
approximately four days.

The first table gives wall-clock times for finding and proving optimal solutions
to NL4, NL6 and NLS8. These problems were solved on a network of PCs with
300 MHz Pentium II processors and 512 MB RAM running Redhat Linux 7.1.

Another approach for combining constraint programming and integer pro-
gramming for this problem was presented in [4]. Their work was able to solve
the size 6 instance but could not solve the size 8 instance.

Additionally, we have obtained the bounds for NL16 by running the con-
straint program from our primal heuristic on a single processor for 24 hours
of computation time. We get a lower bound of 248 852 and an upper bound of
312 623.

6 Future Research

While the large increase in solution time between NL6 and NLS8 leads us to
believe that we will not be able to solve NL16 to optimality, we do hope to solve
at least NL10. More broadly, however, we believe the framework underlying our
solution methodology may be used to develop algorithms for solving a wide range
of difficult timetabling and other scheduling problems with competing feasibility
and optimality features.
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Abstract. We describe an assignment problem particular to the per-
sonnel scheduling of organisations such as laboratories. Here we have to
assign tasks to employees. We focus on the situation where this assign-
ment problem reduces to constructing maximal matchings in a set of
interrelated bipartite graphs. We describe in detail how the continuity of
tasks over the week is achieved to suit the wishes of the planner. Finally,
we discuss the implementation of the algorithm in the package IPS. Its
main characteristic is the introduction of profiles, which easily allows the
user to steer the algorithm.

1 Introduction

Our topic is the scheduling of tasks or workplaces of workers in laboratories,
chemists, x-ray departments and operation departments. In such laboratories the
employees usually have fixed working hours (between 8AM and 5PM); irregular
shifts do not play an important role. During working hours, a number of tasks are
to be carried out by skilled employees during a period of at least half a day. To do
this planning by hand for 50 employees is very time-consuming. The system IPS
originally provided a priority-based algorithm for the task scheduling. It turned
out to be hard to steer this algorithm to an acceptable result. The principal idea
of the generator we will describe is the use of profiles. In a profile a subset of
employees and tasks is fixed, and the generator tries to find as good as possible
match between them. However, even in this stage we take into account the other
tasks. A final wish is that the generator should provide a quick result (in one or
two minutes).

2 Problem Description and Model

2.1 Basic Model

We assume that we have a set of W workers, numbered by ¢ = 1,..., W, with
T tasks indexed by j = 1,...,T and P periods, k =1,..., P. In each period k a
worker i can be available or not for task j. There are two principal reasons for
unavailability: first, it can be that a worker is not present (most of the workers
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are part-time workers). Another reason for unavailability for a task, is that a
worker is not skilled for it. We introduce the 0-1 variables a;;;, to denote this:

{ 1 if 4 is available for task j in period &,
Qijk =

0 otherwise.

Our assumption is that a;j is known in advance.
Next we introduce the 0-1 decision variables x;;1, by

1 if ¢ is assigned to task j in period k,
Tijk = .
0 otherwise.

Our first condition is then
Zijk < Qijk for all , j, k (1)

which represents the availabilities. We assume that a worker can do only one
task in each period, leading to the condition

T
> wgp <1 forallik. (2)
j=1

Finally, for each task j and period k we have demands, such as the number
of employees bj), that are needed to work on task j in period k. These can be
formulated as

w
> @i > by forall jk. (3)
i=1

We put > here and not equality; it is easy to remove some assignments to obtain
equality.

Equations ([[H3) constitute our basic model. Note that for each period k we
essentially search for a maximal matching in a bipartite graph. The bipartite
graph has “task nodes”: we have b;;, copies for task j. Moreover, there are “re-
source nodes”: i.e. all workers 4 that are available in period k; those with a;;, # 0
for a j. We connect a task node with a resource node when the worker (corre-
sponding to the resource node) is available for the task (corresponding to the
task node).

2.2 Objectives

In practice, there are a number of factors influencing which task is done by which
employee. An important aspect we have to cope with is the “history”. By this
we mean how often a person has worked on each of the tasks in the previous
period. The tasks for the week we want to plan are usually aimed to provide
variation from the previous weeks, but one can also aim to maintain workers in
the same tasks. Moreover, in certain professions there are legal regulations that
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require an employee to maintain his skills. This means that in the period of, say,
a year an employee must perform a certain task a number of times. The history
can be incorporated in the bipartite graph formulation. To each edge we add
costs which are related to the history: in our implementation we simply count
the number of times a task was executed by an employee; the corresponding
edge gets this number as its cost. If we denote the costs that employee i works
on task j by ¢;;, the cost function f(x) becomes

flz) = Z CijTijk - (4)

.5,k

The Hungarian method for finding a maximal matching can be adjusted in order
to minimise this cost function: see for example [1].

This does not, however, take into account the practice of how these tasks are
assigned. Specifically the continuity of the planning is built upon how the tasks
are shared over the week. At present three types of tasks are implemented in
IPS:

half-day task: This kind of task is required to circulate as much as possible
among all people that are qualified to do it. Hence in the morning and the
afternoon different people should do this task.

day task: This task should be assigned to the same person during the morning
and the afternoon, but the next day a different task for this person is required.
week task: This task should be assigned for the whole week to one person.

The individual situation determines which type of task “day task” or “week task”
is allocated to each task: there is sometimes a preference to give the employees
the same task during the day, or in other situations for the whole week. The
first type, the “half-day task”, is usually connected with the boring tasks. As an
example one can think of the task of answering the telephone.

The introduction of the types of tasks complicates our problem. If we have
week tasks, an idea would be to require that z;ji, = ik, for all 4,7, k1, ko
(worker i is doing the same task in all periods). Our IP problem (I)—(#) is now
in most cases infeasible: as we have said, most workers are part-time workers,
and it is very unlikely that the demands can be fulfilled with workers assigned
to a single task. If by chance a feasible solution exists, it is probably one of few:
consequently the costs are hardly taken into account. Note that this problem is
a binpacking problem: the tasks during the week can be seen as the bins, while
each employee is an item of size s, where s is the number of half-days, that the
employee of available. Binpacking is an NP-hard problem, see for instance [2].

2.3 Profiles

There are usually further limitations in finding an acceptable planning. We men-
tion two important ones, though the mechanism of “profiles” (see below) is gen-
eral enough to incorporate additional limitations.
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1. Priorities. Some tasks are more important than other tasks. This means that
these tasks should be assigned first to cater for cases where not all tasks can
be assigned.

2. Supervisors. There are tasks that require the presence of extra qualified
employees. The task is accomplished by a team, one member of which acts
as a supervisor without the task “supervisor” being separately specified.

To incorporate the extra requirements we work with “profiles”. A profile
consists of

— a number of tasks;

— a number of employees;

— type of tasks (half-day, day or week);

— relation to history (same tasks as before or not);
— next profile.

The chain of profiles is treated consecutively, thus creating a multi-objective
function. At first the top profile is active. We select all tasks and employees
in it, and give to the combination of task and employee the cost depending on
history, and the relation to the history, as specified in the profile. The tasks and
employees in the lower profiles are also incorporated; however, these get very
high costs, equal for all of them. This expresses the fact that, at the moment,
we are not interested where these employees are scheduled, but only that it is
possible to schedule them. The actual scheduling of these lower profiles will be
done at a later stage.

The profiles give the user an excellent possibility to steer the algorithm. For
instance, suppose we have a week task 1 and a day task 2 that can be assigned
to employee A. If we first assign task 1 (thus filling the whole week), it will not
be possible to assign employee A to task 2. This might be undesirable. This can
be avoided by putting task 2 and employee A in the first profile, and task 1 (and
once again employee A) in the next profile. In this way we defer the assignment
of task 1 to employee A.

3 The Algorithm

The algorithm we have designed consists of two steps: the first step is finding
a maximal matching in all periods, the second phase consists of improving this
matching. The working of the algorithm is described below. In practice, a period
corresponds to a half-day, and the set of all periods corresponds to a week.

3.1 Phase I. Matching

We use the bipartite graph model as starting point for our algorithm, and im-
prove it by local search. In each period we use the weighted Hungarian method
to find the maximal matching with minimal costs. At this point it is good to
recall some properties of the Hungarian method.
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— We can make the Hungarian method work from top to bottom. So we ar-
range the tasks as they occur in the profiles (top profile first), and start the
Hungarian method. In this way we first assign the most important tasks.
Hence, the maximal matching we obtain contains the most important tasks
(if this is possible).

— What is assigned once, always stays assigned. In the local search phase we
can remove some assignments to obtain a better solution. We can be sure
that all other assignments remain: i.e. all tasks (employees) remain assigned,
though not necessarily to the same employee (task).

program
initialize costs due to history;
profile := top_profile;
while non-empty (profile) do
type := type_of (profile) ;
make all costs outside profile high;
for £ := 1 to P do
calculate maximal matching;
adjust costs in next periods depending on type;
end for;
improve matching within profile according to type;
fix assignments within profile;
profile := next (profile) ;
end while
end program

If the top profile contains half-day tasks, we adjust the costs belonging to this
profile after a matching for a half-day is made. Hence, after the Monday morning
is matched (task A to employee 1), we put the Monday afternoon cost for this
combination A—1 at a very high level. Moreover, the costs for the next days are
also increased. After the matching is completed for the whole week, we check
whether any tasks are scheduled in the morning and afternoon to the same
employee. If so, we try to change the morning assignment, by increasing the
corresponding cost.

If the top profile consists of day tasks we proceed more or less the same as
with half-day tasks. However, the afternoon should be the same as the morning,
so that we decrease the afternoon cost. The next days’ costs are raised as above.

3.2 Phase II. Improvement

The algorithm in phase I traverses each of the half-days, from beginning to the
end of the week. Some costs for future possibilities can be adjusted during this
process when dealing with half-day and day tasks. In phase II we aim to improve
the matching, depending on the type of task. Hence, the original costs are dis-
carded. For half-day tasks and day tasks, we try to adjust morning assignments,
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so that morning and afternoon tasks are the same, by adjusting the costs for the
morning.

The procedure for week tasks is more intricate and interesting. In phase II a
new score is considered; we call it score to distinguish it from the costs of phase I
(moreover, a high score is better than a low one). This score is composed of two
parts: the first part is the number of half-days that the employee is available for
tasks. The second part is the number of times that the task is assigned to the
employee. We proceed then in a greedy way: first the combination task—employee
with the highest score is found. We check if it is possible, without losing maximal
matching, to assign this combination during the whole week. If so, we assign the
combination permanently (we fix it), and we proceed with the next best task—
employee combination:

procedure improve(profile, weektask)
matrix S(i: worker; j: task);
for all (i, 7) in profile do
if SkilledForTask(, 5)
then S(i, ) := #(available periods of i) + #(j assigned to i)
else S(i,7) := —o0;
end if;
end for all;
while max; ; S(i,j) > —oo do
Find *, j* with S(i*, j*) = max; ; S(4, j);
Remove availabilities and assignments of i* for other tasks;
if Can match all tasks
then Fix assignments of ¢*
else Restore original matching
end if;
S(Z*vj*) =00
end while;
end procedure.

In practical situations this procedure works quite well: usually the tasks for
several persons are already the same or “almost” the same during the week.
Employees that work the most during the week we are trying to plan, are assigned
the week tasks first, due to the score we introduced. This seems quite reasonable,
since these employees are the most difficult to fit in at the end.

When all task—employee combinations have been tried, we come to the fi-
nal step. We repeat the procedure above, but now without the requirement of
assignment for the whole week. So we calculate the scores in the same way as
above, discarding all that was already fixed in the previous round, and find the
best task—employee combination. We assign this combination, and lower all other
scores of this employee. This forces the algorithm to consider first other employ-
ees, i.e. those for which no tasks have been found so far. Once all employees have
been considered, we continue with the tasks that are left over. In this way we
try to diminish the number of different tasks per employee.
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4 Conclusion

The algorithm has been rigorously tested (and is now in daily use over several
departments) at Canisius Wilhelmina Ziekenhuis Nijmegen administration and
x-ray departments and in the Medisch Laboratorium Noord, Groningen in two
laboratory departments. Critical points on which the algorithm has been judged
are the sharing of unwanted shifts such as telephone duty and the continuity
in the allocation of standard tasks, workers doing where possible the same task
over a week. Use is made of the profiles (up to six) to generate a planning over
the various task-sorts.

The algorithm has become an integral part of the planning process. In the
summary written by MLN about their method of working, item 6 is “generator
plans tasks in per week”. By an ingenious use of the possibilities of the profiles,
MLN have tailored the generator to routinely solve a part of their planning
puzzle.

The success of the algorithm lies in the fact that the generator improves the
success of task planning, while providing an enormous saving in the time previ-
ously needed to make the plan. The planner is able to trust that the algorithm
provides a solution that both planner and workers can happily accept. Following
on the success of the above-mentioned test-sites, the generator is also in increas-
ing use in the growing number (now over 30) of hospital departments where IPS
is used.
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Abstract. Hospitals must be staffed 24 hours a day, seven days a week
by teams of doctors having certain combinations of skills. The construc-
tion of schedules for these doctors and the medical students who work
with them is known to be a difficult NP-complete problem known as per-
sonnel scheduling, employee timetabling, labour scheduling or rostering.
We have constructed a program that uses a constraint logic formalism to
enforce certain scheduling rules followed by a tabu search heuristic opti-
mizing algorithm to produce a call schedule that is used at the Ottawa
Hospital. This call schedule can be later changed by the chief resident to
accommodate last-minute personnel changes by means of a spreadsheet-
based program.

1 Introduction

At the Ottawa Hospital Clinical Teaching Unit, the chief resident is responsi-
ble for casting and posting the call schedule that assigns medical staff to their
overnight duty rosters. A poll of former chief residents reported that the single
most unpleasant duty they faced was the creation of these schedules by hand
and the reaction of the staff when they were posted. It was suggested that a
scheduling program might be able to provide better-quality solutions than can
be done manually, and with a good deal less time and effort.

Schedules that are intended to be used in a real setting have to be solved
in their entirety, without omission of anything relevant. This includes the so-
called soft constraints which take into account religious holidays, family affairs,
vacations and training sessions. These soft constraints or side constraints can de-
termine whether the schedule is widely acceptable to both staff and management
or whether it will be damaging to institutional morale. Therefore, the common
practice of eliminating awkward side constraints is not permissible. Because of
the difficulty of finding solutions that are acceptable to those concerned, a num-
ber of heuristic techniques have been brought to bear on these problems by
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several groups of researchers, and results have been reported for several similar
problem instances in both medical and non-medical settings.

Carter and Lapierre [5] have listed the constraints that govern the scheduling
of physicians in an emergency ward. Cowling et al. [4] have employed a hyper-
heuristic approach to personnel scheduling by means of a mechanism to guide
the specific heuristic optimization method used depending on the properties of
the solution space being examined at a given time. Chan and Weil [8] have gener-
ated solutions to problems similar to ours using a constraint logic programming
(CLP) approach implemented in CHIP. Harald Meyer auf’m Hofe [I8] investi-
gated the incorporation of fuzzy constraints and branch & bound procedures
into a constraint logic approach in his generation of solutions for nurse rostering
in German hospitals. Similar approaches using constraint logic have described
by Abdennadher and Schlenker [Il2]. Cheng et al. [6] used what they termed
redundant modelling within a CLP formulation to reduce search time. A genetic
algorithm approach was used by Kragelund [T6] and an evolutionary algorithm
approach has been studied by Jan et al. [13].

Franses and Post [10] have recently constructed a system for the staffing
of health care laboratories that creates an optimal schedule for certain criteria
and then improves it by local search. The optimal schedule uses the weighted
Hungarian method and subsequent treatment implements local search in a two-
part process. Solutions generated by networks of scheduling agents have been
investigated by Meisels and Kaplansky [17]. The agents use an exhaustive search
on a portion of the solution space and send messages to a central agent that looks
for global constraint violations. Case-based reasoning has been used by Petrovic
et al. [T9] for nurse rostering. The possibility of relaxing “hard” constraints has
been investigated by De Causmaecker and Vanden Berghe [3]. Sometimes the
specific scheduling instance is found to be overconstrained and when this is
discovered, some of the hard constraints are relaxed. This appears to increase
the satisfaction of personnel.

2 The Rostering Problem

There are many possible schedules for the rounds of medical personnel in a hospi-
tal that do not violate any “hard” constraints, for example that a person cannot
be scheduled to do two different tasks simultaneously. These are called feasible
schedules. However, feasible schedules can have very pronounced differences that
can lead to one being considered much better than another. Some of these sched-
ules may be considered quite bad. A schedule that required someone to work two
consecutive rounds or to work every weekend would not be well regarded. Some
of the constraints are imposed by conservation laws, others by union rules and
others by cherished traditions that flourish within the unit. It seems that no
two hospitals have the same set of constraints [5IT1]. Basic circadian rhythms
must also be considered. Costa [7] and Knauth [I4JT5] summarize some useful
guidelines for casting duty rosters.
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Table 1. Conditions and their penalties

Condition Penalty
One student missing 5
Student replaces missing junior; senior is on student’s team 10
Two students missing 20
Junior and student missing;

student takes junior’s place; senior is on student’s team 40
Student replaces missing junior; senior is not on student’s team 80
Junior and student missing;

student takes junior’s place; senior is not on student’s team 100
Two juniors missing; replaced by two students 300
Anything else 500

In the end, the “best” schedule is the one that pleases most of the people
involved the most of the time.

For our purposes, medical personnel are experienced doctors, newer doctors
and medical students, classified by rank, seniors, juniors and students, and by
unit, team A, team B, GM-consult, Ambulatory, Float, second year, and third
year (for seniors), team A and team B (for juniors and students). During any
round, medical duties are supported by a senior and two teams consisting of a
junior (if available) and a student (if available). The most desirable situation
occurs when the unit is staffed by a senior, two juniors and two students; unfor-
tunately this occurs rarely because of the continuing shortage of medical staff.
Usually, the round is supported by a mandatory senior and either two juniors
and a student, a junior and two students or two students with an additional
Float senior. If a student is on duty without a junior from the same team, the
senior’s unit should be the same as that of the junior to provide additional sup-
port. Each of these possible combinations is assigned a penalty ranging from 0
for the best case, a senior, two juniors and two students, to 300 for the worst
case, a senior, no juniors and two students, accompanied by an additional Float
senior. The penalties and the condition that causes them to be applied are shown
in Table 1.

These penalties can be adjusted at run time by the operator to represent the
perceived seriousness of personnel deficiencies at various times. These may vary
depending on the mix of available staff.

The medical staff may take vacations at random times and are required to
work a maximum of seven calls in any 28 day scheduling block. This maximum
number of calls may be reduced depending on the number of vacation days taken,
and the rank of the person involved.

Calls should be spaced out evenly over the period and weekends should be
assigned fairly to all personnel respecting a pattern that groups a Friday and a
Sunday call in one weekend and a Saturday call in another. Staff must not work
two consecutive shifts and the number of patterns of two shifts in three days
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should be minimized. The penalty for consecutive shifts is set to 500 currently
but can be adjusted at run time. Some other rules are in effect dealing with long
weekends and certain other personnel matters.

The penalties can be divided into two broad classes. The composition of staff
on duty during a given call is governed by rank and team considerations that
are referred to as horizontal constraints. The penalties that are incurred because
the weekend shifts are not as they should be or because a member has to work
two shifts in three days are due to wvertical constraints. These two sets conflict
directly with each other and are the chief obstacle to casting perfect schedules.
Depending on the number and the mix of the medical staff on duty during a block
the operator may choose to favour the vertical constraints over the horizontal
constraints or vice versa. A constraint can be effectively eliminated by setting
its penalty to zero.

3 The Algorithm

An automatic scheduler has been developed that uses tabu search [12] to perform
an heuristic optimization of the scheduling space in an attempt to find the least
objectionable schedule. An initial call schedule is generated by a combination
of constraint logic that satisfies the weekend requirement followed by a simple
bin packing procedure that satisfies the requirements of the rest of the week and
considers vacation and rank factors. The weekend requirement specifies that a
Friday and the following Sunday plus a Saturday from a different weekend be
assigned to staff where possible. This would be very simple to do if it were not
for holidays, vacations and days off which can occur any time. The weekend
requirement is enforced by a simple chronological backtracking algorithm. The
weekday slots are then filled in turn by finding a suitable staff member who is
not already working, is available, and has not yet completed the required number
of calls.

Then a multiphase tabu search is performed that heuristically reduces a
penalty function by considering the seniors, juniors and students in sequence. A
similar strategy has been used to obtain heuristally optimal examination sched-
ules [9)20]. The first of two basic moves that define the neighbourhood is a swap,
exchanging the places of two seniors, juniors or students as appropriate. As there
are five persons on duty during a call, there are five neighbourhoods generated:
one for the seniors, one for the juniors on team A, one for the juniors on team B,
one for the students on team A and one for the students on team B. This is com-
plicated by the requirement that when a junior is not available, the place must
be taken by a student from the missing junior’s team. This implies that a second
junior from the same team should not be placed on the call. The entire space was
partitioned into five sub-spaces to reduce the amount of time required to com-
plete an evaluation of the neighbourhood. Since there are 28 days in a schedule,
there are 28 x 27/2 = 378 possible swaps, each of which must be evaluated for
each tabu move. If one larger neighbourhood is used, there are 378% = 7.7 x 10'2
possible swaps.
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Senior Junior A Junior B Student A Student B
Tue: Narayan Seidler Holdenx* Firozx = ------
Wed: Schneider_A Trottier*  Amhalal = ---—--- Dickie*
Thu: Al_Qassabi  Aggarwal* Charlebois -----—- Davidson*
Fri: Davis Seidler Kay Matar* Pintox*
Sat: Schneider_A Stewart Amhalal Lundx* Davidson*
Sun: Davis Seidler Kay Aggarwal* Holden*
Mon: Al_Qassabi Lundx* Davidson* ------ = —————-—
Tue: Ling_B Abdelgader Holdenx Matar* = ------
Wed: White Firoz* Kay  -—————- Pinto*
Thu: Al_Qassabi  Aggarwal*  Amhalal = ------ Holdenx*
Fri: Ling_ B Abdelgader Dickiex* Firozx = ------
Sat: Al_Qassabi  Seidler Kay Aggarwal* Davidson*
Sun: Ling B Abdelgader Dickiex* Lund* ------
Mon: White Stewart Pintox Trottierx ------
Tue: Schneider_A Firoz* Amhalal ~ ----—-—- Dickiex
Wed: Davis Matar* Charlebois ---——-- Davidson*
Thu: Narayan Seidler Pintox* Trottierx ------
Fri: Schneider_A Lundx Charlebois —------ Holdenx
Sat: Davis Trottier*  Dickiex - ---—--- = -————-
Sun: Schneider_A Aggarwal* Charlebois ------ Pintox*
Mon: White Abdelgader Davidson* Matar* = ------
Tue: Narayan Stewart Amhalal Aggarwal* Dickiex*
Wed: Ling_B Seidler Holdenx* Matar* = ----—-
Thu: Al_Qassabi Lundx* Dickiex - =—-===== —————=
Fri: Narayan Stewart Amhalal Trottier* Davidson*
Sat: Ling_B Abdelgader Charlebois Firoz* Pintox*
Sun: Narayan Stewart Amhalal Matar* Holdenx*
Mon: Davis Trottierx Kay = = --—-——- Pintox*

Final penalty is: 4976

Fig. 1. An example of a call schedule

A tabu minimization is performed using each of the five neighbourhoods in
turn. When this is completed, the schedule is examined to discover whether the
solution could be improved by removing one of the students. Curiously, in this
environment, more is not always better. In spite of the chronic understaffing of
the hospital, if there are too many students on duty and too few seniors and
juniors to supervise their work, the situation is deemed worse than if there were
fewer students. Therefore, during this part of the algorithm, surplus students
are removed from the schedule if this would reduce the total schedule penalty.

At this point, the neighbourhood is again redefined. The juniors and students
from team A and the juniors and students of team B are joined to produce a
larger neighbourhood created by redefining the move to be a rotation across two
lines of the schedule. This involves changing the “slots” of four persons. This is
done for the A team followed by the B team.
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Fig. 2. Total penalty versus move number

Finally, the original moves and neighbourhoods are restored and the tabu
optimization is recycled through the five neighbourhoods until no further im-
provement can be found. An example of a call schedule is presented in Figure 1.
An asterisk shown after a name indicates that the person is a student. This has
no computational significance and is used here only to aid in interpreting the
results.

In this instance, there are five seniors, six juniors and nine students. The
block extends over 28 days.

The effectiveness of the algorithm and the influence of neighbourhood redef-
inition is shown in Figure 2 where the total penalty is reduced from its initial
value of 43 715 to 5075. The sharp reduction in penalty resulting from neighbour
redefinition and the emptying of tabu lists is clearly visible. Approximately 20
sets of data have been examined so far and they all exhibit the same kind of
behaviour.

4 Post-optimization Processing

When the tabu algorithm has terminated, the optimized call schedule can be
further processed by hand. This may seem counter-productive since manual pro-
cessing at this stage is likely to make the call schedule less, rather than more,
optimized. However, there are several reasons why post-optimization processing
may be desirable:
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(a) Tllness or some other reason may make one of the medical staff unavailable
to work at the required time.

(b) Other considerations that are not reflected in the tabu optimization program
may be enforced at this point: for example, some staff members may not work
well with other staff members.

(¢) New staff members may arrive and must be inserted in the schedule with
minimum disruption to the calls of the other staff.

A spreadsheet, augmented with add-ins, has been created to assist in this
processing. The tabu-optimized call schedule is loaded into the spreadsheet where
specialized functions, swap, triple swap and add new member functions permit
the call schedule to be manipulated. When the calls of the medical staff are
being changed in this way, certain statistics are continually being monitored and
displayed to the user. Thus the total number of calls and the weekend placements
are always visible to the user who can then ensure that the changes do not violate
the corresponding rules.

The add-ins were coded in Visual Basic and appended to the Excel spread-
sheet. Although the end result is never more optimal than the solution generated
by the tabu procedure, on-the-spot modifications can be made by the chief res-
ident as required. Somewhat to our surprise, this facility has proven to be the
most popular feature of the system.

5 Conclusions

Many experiments were done during the construction of this system to evaluate
the effectiveness of certain strategies. Special attention was paid to the con-
struction of the initial schedule. A simple bin packing algorithm that avoided
the obvious vacation clashes was tried in the hope that the tabu optimization
phase would be powerful enough to produce good schedules. It was found that
although the tabu phase did improve the initial schedules greatly, the results
were still not good enough for use in the hospital. The use of constraint logic to
enforce the complicated weekend requirements and vacation requests was tried
later and found to give much better results when combined in the same way with
tabu search. It appears that the shape of the optimization surface is such that
tabu alone cannot find regions of great improvement when started from regions
that are not fairly good already with moderate run times. Our run times are
about one minute in length. Work in this area is continuing.

The length of the tabu list was also investigated. It was found that results
improved with increasing tabu list fixed length up to a value of about 40. Beyond
this value, run lengths increased while the quality of the solution levelled off. A
value of 40 was used for all the results reported here.

Our most important conclusions are

(a) the initial solution has a great influence on the quality of the final solution,
(b) modifying the neighbourhood definition by modifying the move leads to
improved solutions,
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(¢) unifying two disjoint neighbourhoods (a form of ejection chain) by redefining
the basic move improves the solution quality,
(d) a fixed tabu tenure of 40 results in good behaviour of the algorithm.

We would like to compare our algorithm with others using similar constraints
and data but we have been unable to find a sufficiently equivalent problem.

A working implementation has been developed in Java using the abstract
window toolkit (AWT) to build the user interface. Specially written tabu classes
have been developed to implement evaluation functions, moves and tabu lists.
The program runs in a Windows 2000 environment. The call schedule shown
above took about one minute to cast on an IBM ThinkPad, model A2le. The
program has been used on two campuses of the Ottawa Hospital for about a
year and a half. Work is continuing on

(a) improving the quality of the initial solution,
(b) changing the user interface toolkit from AWT to SWT,
(¢) compiling the Java code for increased security and execution speed.
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Abstract. Hospital personnel scheduling deals with a large number of
constraints of a different nature, some of which need to be satisfied at
all costs. It is, for example, unacceptable not to fully support patient
care needs and therefore a sufficient number of skilled personnel has to
be scheduled at any time. In addition to personnel coverage constraints,
nurse rostering problems deal with time-related constraints arranging
work load, free time, and personal requests for the staff.

Real-world nurse rostering problems are usually over-constrained but
schedulers in hospitals manage to produce solutions anyway. In practice,
coverage constraints, which are generally defined as hard constraints, are
often relaxed by the head nurse or personnel manager.

The work presented in this paper builds upon a previously developed
nurse rostering system that is used in several Belgian hospitals. In order
to deal with widely varying problems and objectives, all the data in the
model are modifiable by the users.

We introduce a set of specific algorithms for handling and even relaxing
coverage constraints, some of which were not supposed to be violated in
the original model. The motivation is that such practices are common
in real scheduling environments. Relaxations enable the generation of
better-quality schedules without enlarging the search space or the com-
putation time.

1 Introduction

Automating the personnel scheduling process of large organisations increases
the quality of the personal schedules [2I3/4T4]. Compared to manual scheduling
approaches, timetabling heuristics reduce the computation time considerably [6]
RITH].

The relaxation of coverage constraints is part of the development of a nurse
rostering package which was designed to meet the requirements of personnel
rostering in Belgian hospitals [4J6l8]. Cyclical scheduling is very unusual in
these practical health care environments for several reasons. The round-the-clock
work is irregular, part-time contracts are common, nurses want the freedom to
choose days off and holiday periods freely, and the personnel requirements fluc-
tuate more than in most other personnel scheduling problems (such as employee
scheduling in banks, shops, and crew scheduling in public transport).

E. Burke and P. De Causmaecker (Eds.): PATAT 2002, LNCS 2740, pp. 129-{147] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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The modifiable constraints and objectives allow for a wide applicability
among very diverse hospital teams, while the model offers a general approach
for calculating solutions. Drawbacks are the possibilities for users to define parts
of their problems in such a way that they cause difficulties for the algorithms to
find good-quality or even feasible solutions.

In real rostering environments, feasible schedules are very rare and are often
less attractive than under- or overstaffed schedules with lower soft-constraint
violations. A careful observation of how experienced planners deal with infeasi-
bilities in practice lies at the basis of this research. We present a set of flexible
algorithms for increasing the quality of the solutions by relaxing appropriate
hard constraints. Some of the algorithms are interactive, others co-operate with
the meta-heuristics that generate the solutions. The methodology can be adapted
to different practical contexts of hospitals and it can be extended towards other
timetabling and scheduling approaches.

Section [ schematically introduces the sort of problems tackled in this re-
search. The constraints and their contribution to the quality of the schedule are
explained briefly. The scheduling options and planning algorithms contributing
to better satisfying the constraints on personal schedules, provided that some
hard constraints can be relaxed, are explained in Section Bl Section H] presents
test results of the relaxation algorithms for real-world problems. We draw con-
clusions on the approaches in Section [l

2 Problem Description

Different personnel scheduling approaches can have widely varying objectives.
The nurse rostering problem in this paper concerns finding a good-quality sched-
ule that satisfies the coverage constraints. The quality of a schedule is expressed
by its value of the cost function, counting the violations of time-related con-
straints.

We briefly explain the terminology used in this nurse rostering approach:

— A shift type is a personnel task with a fixed start and end time. Unlike
in other organisations, hospitals require more shift types than the regular
early, late, and night shift. The number of different shift types is .S. In the
representation of the problem, we define a different assignment unit ¢ for
each shift type. For more details about the representation we refer to [6].

— Skill category: Personnel members in a ward belong to skill categories that
are based upon the level of qualification, the experience, and the responsibil-
ity of the nurses. The number of different skill categories in the model is Q.
Examples of skill categories are head nurse, regular nurse, junior nurse, care-
taker, etc. When personnel members are allowed to replace people belonging
to other skill categories, they are said to have alternative skills. This allows
for a more complex replacement model than the hierarchical skill categories
(as in [21TYT4]).

— Work regulation: Hospital personnel have work regulations or contracts with
their employer. Most healthcare organisations allow several job descriptions
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such as part-time work, night nurses, weekend workers, etc. Each of these
regulations is subject to a different set of constraints.

— A schedule is a two-dimensional structure in which the rows p (1,...,P)
represent the timetables for all the personnel members. The columns denote
the assignment units. There is one assignment unit per shift type and per
day t (1,...,T), where T = S x D and D is the number of days in the
planning period.

We define the coverage constraints as the required number, minimum or
preferred, of people of each skill category at any time in the planning period.
Coverage constraints belong to the category of hard constraints so they must
always be satisfied, i.e. at least the minimum number of personnel and at most
the preferred number should be scheduled at any time.

All the time-related constraints on personal schedules are soft constraints.
They will preferably be satisfied but violations can be accepted to a certain
extent. Examples of such constraints are overtime, undertime, maximum number
of assignments per week, minimum number of consecutive working days and
free days, personal requests for days or shifts off, personal requests for working
a specific shift on a particular day, cyclical patterns, etc. An extended list of
such constraints can be found at [T19]. In our approach, planners can set the cost
parameters of the soft constraints and even modify the constraint definition. The
modular cost function sums all the violations (of soft constraints) multiplied by
the corresponding cost parameter. For details about the evaluation function, we
refer to [6].

In Figure [l we briefly introduce a few examples of soft constraints that,
in our approach, play an important role in the relaxation of hard constraints.
The set contains mainly constraints for which the point in time is relevant, such
as special personal requests for a duty or absence on specific days. Although
these constraints are soft, violations often considerably reduce the quality of the
schedule “sensed” by individual nurses. For the search algorithms that attempt
to generate schedules within the feasible part of the search space, such violations
might be unavoidable. The dominant influence of this category of soft constraints
on the satisfaction of coverage constraints, and vice versa, makes it worthwhile
pre-evaluating them. Other soft constraints for evaluating maximum values or
consecutiveness cannot be easily pre-evaluated. The constraints on overtime and
undertime are exceptional. They only determine one of the post-planning options
in our model (see “add hours” in Figure [2).

When comparing a set of nurse rostering approaches in the literature, we
can distinguish two main objectives: solving coverage constraints and the time-
related constraints on personal schedules. Some models allow the scheduling al-
gorithms to make coverage decisions by incorporating them as soft constraints [9
T5IT6I7I2T]. Other approaches consider a fixed number of staff, which is sup-
posed to be sufficient for satisfying the coverage constraints [2J4J6/STTIT3ITA2T].
Approaches that require a strict application of the time-related constraints are
rare and solve smaller-size problems than those tackled in this paper. Berrada
et al. [3], for example, define fewer time-related constraints than we do, but some
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— Day off: This constraint is a personal request for a day off. Personnel
members can have a list of such requests.

— Shift off: Unlike the previous constraint, this one only forbids the assign-
ment of a particular shift type on a certain day.

— Assignment: Nurses can list their personal requests for carrying out certain
shifts on particular days.

For each of the previous constraints, a high or low priority can be set.
It determines the penalty for violating the constraint.

— A pattern is a complex cyclical constraint that is built with a combination
of different pattern types. Each pattern has a predefined length, equal to a
number of days. Per pattern day, one of the following restrictions holds:

PAT-1 no free day (at least one shift type must be assigned),

PAT-2 assignment of a particular shift type,

PAT-3 assignment of a shift type of a certain duration (a small devia-
tion of that duration, generally 15 minutes, is allowed),

PAT-4 no restriction on that day,

PAT-5 free day,

PAT-6 day off,

PAT-7 forbidden shift types.

Although both PAT-5 and PAT-6 do not allow assignments on the
corresponding days, there is a difference in interpretation. PAT-6 rep-
resents a day off that influences the evaluation of some other constraints
(e.g. when it is a compensation day, holiday, refresher course, etc.) by
contributing to the working hours.

— QOwertime: According to their work agreement or contract, personnel mem-
bers have a different maximum working time per planning period. The
constraint is cumulative. For the evaluation, access hours in the previous
planning period are added to the work in the current period.

— Undertime: Similarly, a minimum number of working hours can be defined
per work agreement. Schedules with fewer hours assigned are penalised.
However, holiday periods and illness leave will induce a recalculation of
the minimum number of hours that a member of personnel should work.
Note that undertime is not related to undercoverage, which is a shortage
in personnel.

Fig. 1. Set of time-related soft constraints that can easily be pre-evaluated

of them are hard (e.g. weekend working patterns and the number of weekly
working days). Miller et al. [I6] define the personnel requirements as a mini-
mum and preferred number of people per day (and not per shift type, as in
our approach). They divide the time-related constraints into two categories: a
feasibility set (maximum number of assignments, minimum/maximum number
of consecutive working days) and non-binding constraints (examples are number
of working weekends, working complete weekends, consecutive free days, in ad-
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dition to stricter formulations of the constraints in the feasibility set). The total
number of constraints is very low compared to the set used in this research.

There is a range of different ways to tackle coverage constraints. Isken and
Hancock [12] allow variable starting times for the personnel members instead of
working strictly defined shifts. Over- and understaffing can occur in solutions,
but they are penalised. The method proposed by Ozkarahan [I8] aims at min-
imising over- and understaffing. Although there is a defined range of feasible
personnel attendance, solutions generated by Miller et al. [16] do not neces-
sarily satisfy all the coverage constraints. Warner [20] allows the scheduling of
more nurses than strictly required in order to compensate for unwanted personal
schedules.

The goal function in Warner and Prawda’s work [2I] aims at minimising
the difference between a given lower limit for the number of nurses, and their
actual number. The difference must not be under zero. Ahmad et al. [I] only
search solutions in the feasible domain, which includes the satisfaction of some
time-related constraints in addition to personnel coverage. Scheduling too many
personnel members is not penalised. Meyer auf’m Hofe [L5] defines minimum and
standard staffing levels which are treated as fuzzy constraints. Understaffing is
considerably more penalised than overstaffing in [15].

The observation of the behaviour of manual planners revealed that certain
circumstances can permit the relaxation of some hard constraints. Undertime
is often considered as a worse violation than overtime, whereas overcoverage is
generally less wanted than understaffing, etc. It is not possible to incorporate this
knowledge in the problem description because it reflects implicit dissatisfaction
rather than countable violations. Moreover, it differs strongly from one hospital
to another. It is therefore important to provide interactive scheduling relaxation
tools.

3 Algorithms for Relaxing the Hard Constraints

3.1 Overview of the Algorithms

The relaxation algorithms are pre- and post-planning heuristics, which can be
combined with different meta-heuristic approaches. Examples of such meta-
heuristics for the nurse rostering problem are variable neighbourhood search [7],
tabu search [§], and memetic algorithms [4].

The relaxation heuristics are presented as separate planning options, in or-
der to isolate the meta-heuristics from typical shortcomings of the model when
applied in practice. Figure [2] schematically demonstrates the order in which the
relaxation heuristics (presented in bold) appear in the total planning process.

Certain circumstances require a reduced search space, as is schematically
presented in the box between the consistency check and the initialisation. It is
the case when a previously generated schedule can or must be partly reused.
The large box “per skill category” denotes that the nurse rostering problem
in our approach can be divided into sub-problems that are related to the skill
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CONSISTENCY CHECK |

!

infeasible

’ accept ‘ ’ repair ‘

!

[CONFINE THE SEARCH SPACE]

INITIALISATION

’previous‘ ’ current ‘ ’ empty ‘

PER SKILL CATEGORY

’ make feasible ‘

COVERAGE OPTIONS

’minimum‘ ’ preferred ‘ ’post proc‘

META-HEURISTICS

POST PLANNING

add shifts | | add hours |

| RESULT |

Fig. 2. Overview of the relaxation algorithms which are applied in combination with
the meta-heuristics

categories. Planners define a hierarchy determining the planning order of the
skill categories. The large solution space can thus be split into smaller regions
for each separate skill category. Search spaces for different categories are not
necessarily completely disjunctive (see Section 2.

The meta-heuristics are not specified in Figure 2 because any search algo-
rithm maintaining the coverage is allowed. Boxes presented on the same level
denote exclusive options. Examples are “accept” and “repair” in case the consis-
tency check discovers infeasibilities. The “post-planning” options start after fin-
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— the days off in personal schedules
— the assignment units corresponding to shifts off in personal schedules
— the assignment units corresponding to other than requested assignments
on the same day in personal schedules
— in case a pattern is defined in a person’s work regulation:
e the assignment units that do not correspond to the specified shift type
in case of PAT-2
e the assignment units corresponding with shift types having a duration
that differs from the specified duration in case of PAT-3
e the entire day corresponding to PAT-5 and PAT-6
e the assignment units that correspond to the specified shift types in
case of PAT-7

Fig. 3. Schedule positions that should remain empty according to the list of soft con-
straints presented in Figure [I] The set of schedule positions is denoted by SE

ishing the meta-heuristics but they often involve the need to reiterate the meta-
heuristics. Additional assignments made during these options will be “marked”
in order to highlight them for later possible search actions (Sections[3.3]and [3.4]).

3.2 Consistency Check on Available People

In order not to expect too much insight from the hospital planners who set up
the data, we developed a simple consistency check that is performed before the
planning starts. The procedure warns users for infeasible problems, by checking
relevant constraints.

In the pre-planning process, the number of available people of a certain skill
category is compared with the number of requested people for that skill cat-
egory at any time during the planning period. Apart from this obvious check
on the hard constraints, planners in practice expect an extra check on some
“precedence” soft constraints (Figure[d).

The consistency check respects the planning order of the skill categories.
For every personnel member, a list of available time slots (shift types or time
intervals) is constructed. Time slots that are not available when satisfying these
soft constraints are presented in Figure[Bl The personal requests for assignments
and the requested shifts in patterns should be satisfied. Figure ] presents a list
of these necessary assignments.

The term “requirements” will be used instead of the more specific coverage
constraints called minimum or preferred personnel requirements. We explain in
Section B how the (hard) coverage constraints for the scheduling algorithm are
derived from the personnel requirements and the planning options.

The entire consistency check procedure is presented schematically in Figure
The variable occupied has been introduced in the model in order to keep track
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the assignment units corresponding to:
— personal requests for the assignment of shifts
and in case a pattern is defined in a person’s work regulation:

— one of the assignment units corresponding to the day in case of PAT-1

— the assignment units corresponding to the specified shift type in case of
PAT-2

— one of the assignment units corresponding to shift types having the spec-
ified duration in case of PAT-3

Fig. 4. Schedule positions that should have assignments, according to the list of soft
constraints presented in Figure [I. This set of schedule positions is denoted by SA

of areas in the schedule that are not free for assignments. All the free days
in patterns (type PAT-5), for example, render the corresponding days in the
schedule occupied. When estimating the number of assignments in a schedule,
the algorithm starts with calculating all the personal requests (and requested
assignments in patterns) for particular shifts. Afterwards, the algorithm searches
positions where extra assignments can be made. All the assignments in this step
render the other schedule positions on the corresponding days occupied. When
there is still an excess of requirements, the algorithm continues by assigning the
shifts to personal schedules which are still unoccupied on the particular day. If
there are not enough such locations, the value inconsistent, ; equals the number
of assignments minus the number of requirements.

Blocking the entire day on which an assignment is made is often more strict
than necessary. However, in real-world situations, it rarely occurs that a person-
nel member in healthcare environments is assigned to more than one shift per
day. We found it better to mark such problems as inconsistent.

Hospital planners are free to accept or ignore the diagnosis. The more flexibil-
ity the algorithm allows for doing the imaginary assignments, the more accurate
the diagnosis will be. In our model, alternative skill categories are also taken into
account. Assignments for alternative skill categories can often help to satisfy the
pattern constraint (PAT-1, PAT-2 and PAT-3) when the problem is inconsistent
for the main skill category.

At the start of a planning, the algorithm only informs the planner about
inconsistencies in the coverage constraints and/or preceding soft constraints. The
consistency check does not make any actual assignments. It reports whether the
requirements should be increased or decreased by a certain amount. Either users
agree to relax the personnel requirements or they accept unavoidable violations
of the checked soft constraints. These options determine whether the search
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Vg(1<q¢<Q):Vp,t (1<p<P1<t<T):

IF {p,t} € SE (see Figurel3)
scheduleg, +} = ‘occupied’
IF {p,t} € SA (see Figure )
scheduleg, sy = ‘assignable’
stop = false
WHILE (assignableq,: < requiredq A !stop)
search, in the following order, a schedule position that is not
occupied and not yet assignable
- p with skill category g, PAT-1 type for the day,
and not yet assignable for ¢
- p with skill category ¢ and not yet assignable for ¢
- p with alternative skill category g, PAT-1 type for the day, and
not yet assignable for ¢
- p with alternative skill category ¢ and not yet assignable for ¢
IF (found)
Vi (1 <i<8):scheduleqy, t/s)+s+i} = ‘occupied’
schedulegy, 1y = ‘assignable’
ELSE
stop = true
inconsistenty,: = assignableq,s — requiredq ¢

RESULT

IF (3_, , linconsistentq,| > 0)
inconsistent = true

ELSE
inconsistent = false

WHERE assignableq: = Y {p £ 1 <p < P Apg A scheduleg, 1 = assignable}|
and pq reflects that p can carry out work for skill class ¢

Fig. 5. Procedure for consistency check
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algorithms will respect the original or the relaxed coverage constraints. Both

options are mentioned in the overview of Figure 2.

3.3 Initialisation

The initialisation of the scheduling algorithm consists of constructing a feasible
initial solution. It suffices for a schedule to satisfy all the hard constraints (or
the relaxed hard constraints proposed by the consistency check) to be called
feasible. We have split the initialisation into two phases. After an input option
has been selected, the first phase loads the input. The second phase creates a

feasible schedule.
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Input options for the initialisation. Three possible strategies are introduced
for practical planning problems.

Current schedule. The initialisation starts from the currently available sched-
ule, which can either be the result of a previous attempt to generate a solution,
or the planning that existed before certain extra restrictions appeared.

Schedule of the previous planning period. This option is only useful when
the schedule for the previous planning period is of a very high quality and when
the current and the previous planning period have similar constraints. It is not
recommended to take the previous schedule as an input when the number of
personnel is not the same in both periods (when the planning periods includes
bank holidays, or when, for some personnel members, the pattern period differs
from the planning period).

Empty schedule. The simplest input option starts the initialisation from an
empty schedule.

Although the first two initial schedule constructors may seem very attractive,
our experiments show that it is not too difficult for good meta-heuristics to
produce schedules of comparable quality starting from a random initial schedule.
Indeed, it is often the case that with the two latter initialisation options, the
solution represents a local minimum in the search space and the algorithm has
problems escaping from it.

Create a feasible solution. In order to satisfy the hard constraints in the
initial schedule, an algorithm is applied that adds and/or removes shifts until
the personnel requirements (according to the planning options of Section B2
are met. The process is mainly randomly driven, although it takes some of the
soft constraints into account. Users in practice suggested to initially force sat-
isfaction of the personal requests for days and shifts off, and satisfaction of the
patterns. These are precisely the soft constraints that play a role in determining
the consistency of the data (Section B.2). It seems contradictory to the previ-
ously explained concept of treating the cost function (which sums violations of
all the constraints [6]) as the only evaluation means. However, even though the
planners can freely set cost parameters, a schedule with fewer violations of per-
sonal constraints will often be preferred to better-quality schedules (with respect
to the cost function) containing more violations of these particular constraints.
The main procedure of the initialisation algorithm is comparable to the con-
sistency check. The initialisation is always executed per skill category. The group
of people belonging to the skill category is extended with the people who have
that skill as an alternative qualification. The initialisation algorithm first makes
an attempt, only in the case when the Empty schedule option is selected, to
satisfy the pattern constraints. When a pattern requires a shift, the algorithm
assigns a randomly chosen shift to the corresponding people, provided the as-
signment never violates the hard constraint on the number of people required.
In case the shift type is specified (building block PAT-2 of the pattern), the
shift will be assigned to the person if there is a shortage in the schedule for
the shift on the particular pattern day. For the third building block, PAT-3, the
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algorithm randomly chooses a shift type of the specified duration for which the
personnel requirements are not yet met.

The algorithm afterwards moves to an iterative phase that stops when the
personnel requirements are fulfilled for every shift type, or when a maximum
number of attempts to assign randomly is reached. The maximum number of
attempts is a function of the number of people authorised to carry out jobs for
the skill category. In case the number of scheduled personnel on a particular
day is too low to meet the requirements, the algorithm assigns the lacking shift
type randomly to a personal schedule, provided that the person is skilled and
available. The people are divided into groups with equal eagerness for the as-
signment. The algorithm stops if a random assignment is possible in a group,
that is if a person of the group has no assignment. If no such person exists, the
algorithm moves to the next group. Only when there is nobody available in any
of the groups will the initialisation algorithm report a failure. The groups of
appropriate people considered for adding assignments are listed below in order.

ADD-1 All the people having a personal request for the shift corresponding
to the assignment unit to be scheduled and having no assignment
yet.

ADD-2 All the people working according to a predefined pattern, for which
a PAT-2 type corresponds to the day, and the detail to the shift to
be scheduled, having an empty schedule for that assignment unit.

ADD-3 All the people working according to a predefined pattern, for which a
PAT-3 type corresponds to the day and the detail to the duration of
the shift to be scheduled (+/- the deviation), and an empty schedule
for the corresponding assignment unit.

ADD-4 All the people who belong to the scheduled skill category (main skill)
and do not have a personal request (with a high importance) for a
day off or shift off at the time to be scheduled, and have an empty
schedule at that time.

ADD-5 All the people who have the skill as alternative and do not have a
personal request (with a high importance) for a day off or shift off at
the time to be scheduled, and have an empty schedule at that time.

ADD-6 All the people who belong to the skill category, and have an assign-
ment for another skill category, which has not been scheduled in this
run, i.e. a skill category which is lower in the planning order hierarchy
(Section B).

ADD-7 All the people who have the skill as alternative, and have an assign-
ment for another skill category, which has not been scheduled in this
run (a skill category that is lower in the planning order hierarchy)
and differs from the main skill of these people.

ADD-8 All the people who are authorised for the skill category and have an
empty schedule for the shift.

An analogous procedure has been developed for removing shifts when a sched-
ule exceeds the requirements for certain shifts. The hierarchy of the groups to
which the removal of a shift is applied is listed below:
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REM-1 All the people who have the skill as alternative and have a marked
(see Section [3.4)) assignment for the skill category being scheduled.

REM-2 All the people who belong to the skill category and have a marked
assignment for it.

REM-3 All the people who have the skill as alternative and have an assign-
ment for the skill category being scheduled.

REM-4 All the people who belong to the skill category and have an assign-
ment for it.

In Section B4l we explain how the personnel requirements for the initialisa-
tion depend on the coverage options.

3.4 Coverage Options

In practice, the number of required personnel on a certain day is not completely
strict. Experienced planners know very well when it is reasonable to plan more
or less personnel than required. However, there are no clear rules for decisions
like this. Therefore our model allows users to choose among different coverage
strategies. There is a feasible range between minimum and preferred person-
nel requirements. Any solution with fewer assignments than the minimum re-
quirements, or with more than the maximum requirements, violates the hard
constraints.

Our model provides options to set the coverage constraints, which will func-
tion as hard constraints for the rostering algorithms. It is also possible to allow a
few post-planning algorithms that modify the coverage after a solution has been
generated.

Minimum/Preferred requirements. The hospital scheduler can choose to
consider the minimum or the preferred requirements as hard constraints. During
the entire meta-heuristic planning process, the number of planned shifts (mini-
mum or preferred) will not change.

Plan towards preferred requirements. Instead of strictly setting the hard
constraints, this option allows a range in which the hard constraints are con-
sidered satisfied. In Figure [ the procedure for this option is schematically pre-
sented.

The algorithm first takes the minimum requirements as hard constraints. Af-
ter a result has been computed by the scheduling meta-heuristics, the system
tries to add shifts to the schedule wherever this does not involve extra viola-
tions of soft constraints. When the actual coverage is lower than the preferred
requirements, the algorithm selects the personal schedule for which an additional
assignment improves the overall quality of the schedule most. Adding a pair of
identical shifts on consecutive days in a personal schedule is often less harmful
than adding an isolated shift. In the competition for the best candidates to as-
sign extra shifts to, “twin” assignments are also considered (provided none of
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Vg (1<q¢<Q):

initialise a solution schedule, that satisfies the minimum personnel
requirements (whether consistent or not) for ¢

improve the solution schedule, by applying meta-heuristics until (1)
a stop criterion is met

quality(scheduleq) = Zp ¢ pg=a quality(schedulegy, 1)

Vg (1<q<Q):

stop = false
WHILE (assigned, < preferredq A lstop)
select best (the least worsening with respect to the quality) assignment
position schedule(, ;3 (or ‘twins’ scheduley, ;3 + scheduley, ;1 sy) for which
scheduleg, 13 =0 (A scheduleg, 115y = 0) A assignedq,. < preferredg,
IF (best < quality(scheduley) V quality(scheduley) < thresholdspifts)
scheduley, sy = assigned
assignedq + = assignedg: + 1
IF (twins)
scheduley, 1 sy = assigned
assignedg ++s = assignedq ++s+1
ELSE
stop = true

WITH

assigned, = |{t,p & pq = q A scheduley, ;3 = assigned}|
assignedq: = |{p & pq = q A scheduley, ;; = assigned}|

Fig. 6. Procedure for adding shift types after planning

the assigned shifts causes excess coverage). “Twin” assignments are often more
beneficial for the quality of the schedule because they influence many soft con-
straints (such as constraints on complete weekends, identical shifts in weekends,
a minimum number of consecutive shifts or days, etc. [I9]). Since the complexity
of finding optimal “twins” is exponential, we reduced the search to the selection
of the best set of equal shift types on two consecutive days for each personal
schedule.

The system allows for a more flexible approach by providing a threshold value
for the individual cost function: threshold.,s;. In the case that the threshold is
positive, the algorithm will add extra shifts whenever the personal cost function
does not exceed that threshold.

Every additional assignment in the post-planning phase is marked in the
schedule. The other assignments occurred while considering the entire solution
space during the regular search. It is recommended during some planning activi-
ties to remember which shift removals will harm the schedule less. We explained
the importance of marking in Section [3:3]
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Vg (1<q¢<Q):

identical to (1) in Figure
Vg (1<q¢<Q):

Vp (1 < p < P): FOR each personnel member p belonging to ¢
stop = false
WHILE (undertime, > 0 A lstop)
select best (the least worsening with respect to the quality) assignment
position scheduleg, y (or twin scheduley, ;3 + scheduleg, ysy) for
which the preferred personnel requirements at ¢ (and ¢ + .S) are not 0
and for which (best, < thresholdpours)
IF (found)
scheduley, ¢y = schedule(y 115y = assigned
ELSE
stop = true

WITH

undertime, = the difference between the number of hours that p should work
and the number of hours that is scheduled for p

Fig. 7. Procedure for adding hours to a schedule after planning

Add hours. This option attempts to add shifts to personal schedules with
undertime. It is a pure post-planning option that does not necessarily respect
the (hard) preferred personnel coverage constraints. After a schedule has been
generated, an algorithm searches, for every personal schedule, the best points in
time for adding extra shifts. A shift cannot be added to a schedule unless such
shift already occurs in the personnel requirements for that day and skill cate-
gory. By applying this option, the coverage can exceed the level of the preferred
requirements unless when that level is 0.

By default, this algorithm will not modify the schedule if that generates
overtime. As explained in the previous option, there is a possibility for setting
a parameter thresholdpo,s for the cost function value of the personal schedule.
When a personal schedule has reached this number, the algorithm will not add
extra shifts. As explained in the previous section, the extra shifts are marked.
Figure [0 schematically demonstrates the procedure.

Since it might be better in terms of the cost function to add a pair of shift
types on consecutive days, we also consider twins when searching for the best
schedule positions for assigning extra shifts. As explained in Section [3.4] we
restrict multiple assignments to “twins” in order to keep the search space small.
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4 Test Results

We explain the tests of the relaxation algorithms on a few real-world problems.
All the experiments make use of the hybrid tabu search approach introduced
in [8]. It consists of a simple tabu search algorithm that moves single shifts
between personal schedules while maintaining the coverage. The local search is
combined with greedier algorithms concentrating on weekend constraints and
improving the worst personal schedule.

We briefly describe the difference between two sample problems. In Prob-
lem I, there is a cyclic pattern for every personnel member. Some of the people
have loose patterns. The constraints are rather strict for others. We have tested
different paths in the planning procedure (Figure[). The results are presented
in Table[. Problem II is a completely different real-world problem, with fewer
strict patterns but more people on leave. The same tests have been carried out
and the results are shown in Table

For each experiment, represented by a row in the tables, the planning option
is presented in the first column. We distinguish, according to Section B4l “min-
imum” and “preferred” coverage, “shifts” for planning towards the preferred
requirements, and “hours” for adding hours. The columns “<M” and “>P” re-
fer to the shortage and excess coverage. “>M” and “<P” denote excess coverage
compared to the minimum personnel requirements and shortage compared to the
preferred requirements. Violations of the hard coverage constraints are presented
in bold. When the planning option “minimum?” is selected, excesses of personnel
assignments (even if they do not exceed the preferred requirements) are consid-
ered violations of the coverage. The same holds for a shortage of assignments
when “preferred” is selected. We have carried out experiments with two different
cost functions. In the first, undertime does not contribute to the value of the cost
function (results are in the upper part of the tables). The second cost function
has a penalty of 1 per hour undertime (lower part of the tables).

Obviously, we only present the results of problems that are inconsistent with
respect to the hard constraints and precedence soft constraints of Figure[Il Most
experiments in which the “repair” option is selected after detecting inconsisten-
cies, produce better-quality results (with respect to the cost function) than the
schedules generated with the original hard constraints. This is especially remark-
able for the experiments with Problem II, in which many people take days off.
However, the solutions for the original requirements (accept option) do not have
violations of hard constraints. Relaxing the coverage constraints simplifies solv-
ing constraints on personal requests for days off. Exceptions to this finding are
the tests with the option “preferred” in Table[l In these cases, “repair” leads to
higher values of the cost function because many other than the soft constraints
checked by the consistency procedure are violated due to the increased work-
load after repairing. The option of planning towards the preferred requirements
(denoted by “shifts” in the first column) does not violate hard constraints (un-
less combined with “repair”). Moreover, it approaches the satisfaction of the
preferred personnel coverage better than the option “minimum”, and it pro-
duces better-quality schedules in all cases. That option is default for most users
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Table 1. Test results for problem I

Coverage

Options Threshold Consistent Quality <M >M <P >P

No penalty for undertime

Minimum accept 790 0 0 19— 0
Minimum repair 625 0 7+ 16— 4+
Shifts accept 608 0 6+ 13— 0
Shifts 100 accept 608 0 6+ 13— 0
Shifts 200 accept 608 0 6+ 13— 0
Shifts repair 550 0 9+ 14— 4+
Hours accept 849 0 20+ 0 1+
Hours repair 709 0 13+ 13- 7+
Preferred accept 938 0 19+ 0 0
Preferred repair 947 0 23+ 0 4+
Penalty 1 per hour undertime

Minimum accept 1457 0 0 19— 0
Minimum repair 1249 0 7T+ 16— 4+
Shifts accept 1209 0 6+ 13— 0
Shifts 200 accept 1209 0 12+ 7— 0
Shifts repair 1138 0 16+ 7— 4+
Shifts 200 repair 1138 0 16+ 7— 4+
Hours accept 1298 0 24+ 0 5+
Hours 20 accept 1298 0 24+ 0 5+
Hours 50 accept 1305 0 25+ 0 6+
Hours 100 accept 1348 0 19+ 0 T+
Hours 200 accept 1348 0 20+ 0 0
Hours repair 1178 0 18+ 11— 10+
Hours 200 repair 1249 0 7+ 16— 4+
Preferred accept 938 0 19+ 0 0
Preferred repair 1291 0 23+ 0 4+

in practice. It is very difficult to evaluate the results for the option “hours”
without knowing the subjective wishes of the personnel and the hospital. The
schedules obtained with this option all have many violations of soft constraints.
Attempts to better satisfy the constraint on undertime induce violations of other
soft, constraints. We have carried out a few tests with a threshold for the cost
function value per person. In the case of the “shift” option, only one result was
influenced by increasing the threshold (Problem I, threshold 200: more shifts
are assigned but the value of the cost function remains unchanged in the end).
Higher thresholds have not been considered because they would deteriorate the
quality too much. Setting a threshold value for adding hours has a bigger effect
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Table 2. Test results for problem II

Coverage
Options Threshold Consistent Quality <M >M <P >P
No penalty for undertime
Minimum accept 311 0 0 18— 0
Minimum repair 8% 4-— 14 21— O
Shifts accept 261 0 24+ 16— 0
Shifts 100 accept 261 0 2+ 16— 0
Shifts repair 8 4— 1+ 13— 0
Hours accept 824 0 18+ 0 0
Hours repair 8 4- 3+ 21— 2+
Preferred accept 836 0 19+ 0 0
Preferred repair 373 44— 15+ - 0
Penalty 1 per hour undertime
Minimum accept 379 44— 1+ 21— 0
Minimum repair 199 0 0 18— 0
Shifts accept 310 O 44+ 14— 0
Shifts repair 168 4-— 5+ 17— 0
Hours accept 878 0 18+ 0 0
Hours repair 180 4— 44+ 21— 34+
Preferred accept 923 0 18+ 0 0
Preferred repair 388 5— 15+ 8- O

than adding shifts towards the preferred requirements. The results in both test
sets suffer from undertime, as can be noticed when comparing the results with
and without a penalty for undertime.

Relaxing the hard constraints does not necessarily lead to better-quality
schedules with respect to the evaluation algorithm, although in most cases it
does. It is clear that none of the relaxation algorithms outperforms all the oth-
ers. They all aim at different goals, and their results strongly depend on the
particular needs and wishes of the hospital and its staff.

5 Conclusions

The nurse rostering model developed for application in Belgian hospitals is very
flexible. It provides many possibilities for setting constraints and requirements.
However, the main drawback of allowing users to define and set their problem is
the danger of creating over-constrained and unsolvable problems. Experienced
hospital planners often deal with infeasibilities in practice. They know which
constraints to relax in difficult circumstances.

By observing the reaction of hospital planners to the results of the schedul-
ing algorithms for nurse rostering, we developed algorithms for addressing over-
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constrained and even infeasible problems, without drastically changing the ob-
jective of giving high priority to coverage constraints. The consistency check
algorithm not only considers the hard constraints, but pre-evaluates a few of the
most touchy soft constraints, such as personal preferences for days off and for
assignments. This interactive tool allows the users to adapt their requirements
to the given recommendations in order to create feasible problems.

The other relaxation algorithms are pre- or post-scheduling algorithms which
do not necessarily interfere with the meta-heuristic approaches. Depending on
the goal chosen by the user (to aim at meeting the minimum or the preferred
coverage), these algorithms adapt the overall objective before or after generating
the schedule. Adding more hours to some personal schedules is a typical example
of a real-world habit, which is not revealed when looking at the formulation of
the requirements. We developed interactive ways of adapting the schedule to the
soft constraint on “undertime” while ignoring the hard constraint on coverage
to a controlled extent.

Experiments have pointed out that relaxing the hard constraints leads to a
much higher overall satisfaction for the personnel members. Many infeasible, but
not unwanted, solutions are within reach of the modified goals. The interactive
software based on the proposed model provides enough feedback for guiding
the planners and it allows them to specify their own solution strategy. All the
relaxation algorithms described in this paper are applied in practice. They have
considerably increased the applicability of our nurse rostering model to various
kinds of hospital settings with varying requirements and scheduling habits.

Although the effect of the relaxation procedures is not necessarily clearly
visible in terms of the cost function value, they have dramatically contributed
to modelling specific wishes and rostering customs, and to solving real-world
problems.

Our future work includes applying the relaxation algorithms to automated
school timetabling.
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Abstract. The production of effective workforce rosters is a common
management problem. Rostering problems are highly constrained and
require extensive experience to solve manually. The decisions made by
expert rosterers are often subjective and are difficult to represent system-
atically. This paper presents a formal description of a new technique for
capturing rostering experience using case-based reasoning methodology.
Examples of previously encountered constraint violations and their cor-
responding repairs are used to solve new rostering problems. We apply
the technique to real-world data from a UK hospital.

1 Introduction

The rostering of employees within an organisation must satisfy operational, legal
and management requirements whilst taking into account the conflicting consid-
erations of staff morale and sensible working practice. Manual rostering experts
develop strategies for balancing these requirements, drawing on their extensive
experience to make rostering decisions. This paper describes a method for cap-
turing this experience for re-use in an automated setting.

Capturing such rostering knowledge in the form of logical rules (e.g. IF THEN
rules) is difficult and can lead to incomplete and inflexible domain models [15].
This is because rostering decisions are made by often subjective interpretations
of the subtle interactions of a number of parameters. We move away from ex-
plicit representations of rostering rules and introduce a system that stores them
implicitly in a history of past experience.

Case-based reasoning (CBR) [I1] is an artificial intelligence methodology that
aims to imitate human style decision making by solving new problems using
knowledge about the solutions to similar problems. CBR methodology operates
under the premise that similar problems will require similar solutions. Previous
problems and solutions are stored in a case-base and accessed during reasoning by
processes of identification, retrieval, adaptation and storage. The identification
and retrieval phases search the case-base for cases containing problems that are
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© Springer-Verlag Berlin Heidelberg 2003



Storing and Adapting Repair Experiences in Employee Rostering 149

most similar to the current problem in terms of a set of characteristic features
called indices. The solutions from these retrieved cases are then adapted and
applied to the context of the current problem. If the new solution might be
useful for solving future problems then it is stored as a new case in the case-
base. CBR is suited to the problem of capturing rostering knowledge because it
enables us to build a history of correspondences between constraint violations
and their solutions.

A number of different approaches have been used for solving employee roster-
ing problems in the past including linear and integer programming [3|4IT4]18§],
goal programming [2/[5], and constraint satisfaction techniques [I8[T2[13]. CBR
was employed by Scott and Simpson [16] by storing shift patterns used for the
construction of rosters. A number of meta-heuristic methods have also been de-
veloped with some success using tabu search [6/9IT0] and memetic algorithms [7].
These methods traverse the search space through neighbourhoods defined using
extensive domain knowledge and experimental trial and error.

The knowledge capturing technique described here aims to provide a means
to intelligently and dynamically define neighbourhoods tailored to individual
problems. The repairs used to solve constraint violations are stored in a case-base
of previous experience and are adapted when new violations are encountered.
This method is not intended to produce final solutions to rostering problems
but instead works on the more local level by repairing individual constraint
violations. It provides a means by which to store and re-use rostering experience
and could in the future be incorporated in some form of metaheuristic or other
problem solving framework.

We investigated the problem of rostering nurses in an ophthalmological ward
at the Queens Medical Centre University Hospital Trust (QMC) in Nottingham,
United Kingdom. Section [2 of this paper will describe the problem in this ward
including the manual procedures used at present. Sections [3 and M will define
the problem mathematically and present the CBR based local repair algorithms
that have been developed. An example of a problem solving instance is given in
Section Bl The results of some experiments are provided in Section [6 before a
discussion on the future directions of this research.

2 Problem Description

The rostering problem at the QMC is rather more complex than many previ-
ously investigated in the literature in terms of the levels of detail that must be
considered. The descriptions of nurses qualifications and abilities does not lend
itself well to the problem subdivision methodologies of [2J10] — we cannot simply
divide the nurses up into disjoint “levels” of qualification. This also results in
more complex constraint descriptions in the form of appropriate skill mixes and
cover requirements for the ward.

The problem consists of assigning shifts to nurses over a set time period (usu-
ally 28 days) subject to a number of constraints. Nurses have one of four levels
of “qualification” depending on the training they had to become a nurse. These
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are, in descending order of seniority: Registered (RN), Enrolled (EN), Auxiliary
(AN) and Student (SN). RNs are the most qualified and have had extensive
training in both the practical and management aspects of nursing whereas ENs
have had less training in only practical nursing. ANs are unqualified nurses who
can perform basic duties and SNs are training to be either RNs or ENs. Three
additional qualification types are used to group these “real” types. Registered
and enrolled nurses are grouped together as Qualified Nurses (QN) and RN,
ENs, and ANs, are classified as Employed Nurses (PN). The classification XN
groups all of the nurses together.

In addition to these qualifications nurses can receive specialty training
specific to the ward they work on (in this ophthalmological ward it is “eye-
training” (ET)). A grade is also assigned to each nurse and is determined by a
combination of their qualification, specialty training and the amount of practi-
cal experience they have. These grades range from A to I with I being the most
senior. Two final attributes taken into account during the rostering process are
gender (M or F) and international status (I or H). The latter is important in
UK hospitals due to an increased reliance on overseas-trained nurses to over-
come staff shortages in the public sector. In this paper we refer to all of these
attributes of a nurse as their “descriptive features”.

At present, roster production in the QMC ward is a three-stage process. The
self-rostering planning approach is used to collect shift preference information
from all members of staff (see [17] for a comprehensive survey of the use of self-
rostering in UK hospitals). This approach recognises that nurses are professionals
who will fulfil their responsibilities without excessive administrative intervention.

The three stages of roster production are

1. nurses are assigned to teams (according to a particular skill mix);

2. nurses produce partial rosters (called preference rosters) for the planning
period in consultation with other members of their teams;

3. partial rosters are combined to produce the ward roster which is invariably
infeasible; any constraint violations are repaired by senior staff members.

These preference rosters indicate when individual nurses would like to work
a particular shift, and when they would like a day off. If they have no preference
then they can leave a particular day blank. The amount of detail and flexibility
for shift assignments varies considerably between nurses.

We wish to automate the third stage of the process. At present, this stage
takes a considerable number of hours per month to complete. The constraint
violations present in the roster need to be repaired whilst retaining as much
preference information as possible.

At this stage of this research we consider only a subset of the constraints that
are present in the real-world problem. A number of hard and soft constraints
can be identified but here we shall deal only with the two most important hard
constraints. It is our conjecture that some of the soft constraints will be satisfied
as a consequence of the information stored about the repair of hard constraint
violations — or at least that a series of these repairs will minimise the degree of
violation of the soft constraint.
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The two hard constraints (hereinafter referred to simply as “constraints”)
considered here are

— Cover constraints define the skill mix required for a particular shift. They
are described by variables indicating the type and number of nurses needed
for a specified shift. For example, the early shift requires 4 QNs;

— Totals constraints describe the maximum working hours allowed over a par-
ticular period. These can be defined for all nurses of a specific type as well
as for individual nurses over any time period. For example, the maximum
number of hours that can be (legally) worked by any nurse (XN) within a
fortnight is 75.

Three basic rostering actions, or repair types, have been identified and these
are representative of the kind of actions carried out by rostering experts. RE-
ASSIGN repairs are the simplest and involve reassigning a nurse’s shift on a
particular day. Two nurses can have their shifts on a particular day swapped
by the SWAP repair. The final repair type, SWITCH, interchanges the shifts
assigned to one nurse on two different (consecutive or non-consecutive) days.
These basic repair types require different data and this will be reflected in the
mathematical representation described in the following section.

The method proposed in this paper stores information about individual re-
pairs of constraint violations in rosters. It keeps a history consisting of pairs of
problems and solutions from which new repairs can be generated.

3 Mathematical Formulation

We define a rostering problem as an ordered pair
R=(N,C),
where N = {nurse; : 0 < i < n} is the set of nurses to be rostered such that
nurse; = (NurseType;, hours;, NR;, NP;) .
NurseType; = {fi1... fir} is an array of descriptive features where
fi1 € {RN,EN,AN,SN,QN, PN, XN}

is the nurse’s qualification and f; 2 ... f; 1 describe gender, international status,
specialty training, and grade. hours; € R* is the number of hours the nurse is
contracted to work in a week (normally 37.5).

NR; ={s;;: 0 <j < period}

is a set of assignment variables s; ; which represent the actual shift assignment
for nurse; on day j over the number of days for which the roster has been
constructed, period.

NP; = {p;; : 0 < j < period}
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is a set of variables p; ; representing the preferred assignment of nurse; on day j.
The variables s; ; and p; ; can take values from the set {UNASSIGNED, EARLY,
LATE, NIGHT, OFF}.

The set C consists of a number of constraints that can take one of the fol-
lowing types:

COVERCONSTRAINT (NurseType, shift, minimumCover) ;
TOTALSCONSTRAINT (NurseType, period, maximumHours) .

Cover constraints describe the minimum number minimumCover of nurses
of type NurseType who must be assigned shift on every day of the roster.
Totals constraints describe the maximum number of hours mazimumHours
that nurses of type NurseType may work over a number of days period.

When constraints are applied to N, they generate a set of violations of a type
corresponding to the constraint type. We define the problem instance spaces Pt
and P as the set of violations and possible repairs given the current roster R.
An element violation, € PE details the type of violation and the parameters
relevant to it. It may be one of the following types:

COV ER(NurseType, day, shift);
TOTALS (nurse;, start Day, endDay) .

Cover violations are generated by cover constraints and represent that the
number of nurses of type NurseType assigned shift on the day indicated is
insufficient. Likewise, totals violations are generated by totals constraints and
describe that nurse; has been assigned too many hours between days startDay
and endDay.

An element repairg € PT describes the type of repair and the nurses, days,
and shift assignments involved. They can be one of the following types:

REASSIGN (nurse;, dayg, shiftg);
SW AP (nurse;, nurse;, dayg) ;
SWITCH (nurse;, daylg, day2g) .

Reassign repairs assign shiftg to nurse; on day dayg. Swap repairs inter-
change the shift assignments of nurse; and nurse; on day dayg and switch re-
pairs interchange the shift assignments of nurse; on the days daylg and day2s.

The violation and repair problem spaces represent information relevant to
a specific instance of a rostering problem (an instantiation of R). The nurses,
days and shifts they describe refer only to those specified by R. In order to store
and reuse examples of previous violation/repair experiences we need to define a
generalised structure.

We define the case-base C'B as a set of previously encountered violations
and their corresponding repairs. The case-base CB = W,, x W,. where W, is the
space of stored violations (the problem history) and W, is the space of stored
repairs (the solution history). Therefore a case ¢y = (vy,7,) € CB where y € I'.
We define v, and 7, as follows:
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vy = (ViolationType., ViolationIndices,) ,
ry = (RepairType~, RepairIndices,) .

Here ViolationType, and RepairType, contain the type and necessary pa-
rameters describing generalised violations and repairs. ViolationIndices, and
RepairIndices, store the feature information needed to match problem instances
during case retrieval, and to generate repairs during case adaptation. The index
sets are arrays of feature values, which are generally integers or real numbers,
and in the case of the repair indices store shift pattern information. This index
information will be described in more detail later in the paper.

We can now define the generalisation functions 0% : PE — W, and 6 :
PR — W, that map instance specific violations and repairs respectively to their
generalised case representations. The various types of violation and repair are
converted to their generalised equivalents and the indices necessary for retrieval
and adaptation are calculated. For example, the TOTALS violation and its
parameters will be mapped:

or (TOTALS(nursei, startDay, endDay))
= (CBTOTALS(NurseType;), ViolationIndices) ,

and similarly for a SW AP repair:

oF (SWAP(nursei, nurse;, day))
= (CBSW AP(NurseType;, NurseType;, S; day, Sj day), RepairIndices) .

The violation and repair indices used are described in Section [,

Figure[l gives a graphical summary of the generalisation functions. Note that
here we define only the transformation from problem instance to case-base. The
inverses of these functions are not well-defined mathematically and in fact would
not make sense from an operational point of view. The method of generating
new repairs using a combination of current problem information and historical
experience is the subject of the next section.

In order to describe the retrieval and adaptation processes the definitions
of equality of some variables need to be defined. Two nurses are considered to
have the same type if all of their descriptive feature information is the same.
We define equality of the NurseType variable mathematically as follows. Given

NurseTypea = {fap ceey fal} and NurseTypeb = {fb17 ceey be}
NurseType, = NurseTypey iff fo, = fo,¥i,(1 <i<1I).

Equality of the generalised ViolationType and RepairType information are
defined similarly. This information is in the following form:

TYPENAME,(paramg,,...,parameg,,) .

Then equality between variables ViolationType, and ViolationTypey, or
RepairType, and RepairTypep occurs if and only if
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CASEBASE (CB=W, < W) INSTANCE SPACES (P® and P)
(historical problems/solutions) (current problem/solution)
case, e CB
violationType, Vi
[ CBCOVER | CBTOTALS |« . 1 violation,

[ COVER | TOTALS |

violationIndices,

repairlype,
[ CBREASSIGN | CBSWAP | oF repairy
CBSWITCH | “ : | [REASSIGN | SWAP |
SWITCH ]

repaivindices,

Fig. 1. Relationship between the current instance and the cases from the case-base

(TY PENAME, = TY PEN AME}) A (param,, = paramy, Vi, (1 < i < M).

It remains to define two functions that will be used in the following sec-
tion. The similarity measure function SIM is a standard nearest-neighbour
method common in the CBR literature [II]. We apply it here to the index
sets of violations and repairs. Given IndexSet, = {index,,,...,index,,} and
IndexSet, = {indexy,,...,indexy, }, representing either ViolationIndices or
RepairIndices sets,

7 -1
1
SiM(IndexSet,, IndexSety) = (I sz X dist(mdemai,indembi)> ,
i=1
where I is the number of elements in the index sets, w; are the index weights,
and

indewbi —inde;vai
indexmazi 77Lndexmmi

dist(index,,,indexy,) =

The values indez,qz, and indexmy,, are the maximum and minimum values
for the corresponding index recorded in the case-base. The dist function therefore
finds the normalised distance between feature values. By weighting each of these
distances we assign a relative importance to each feature. In this research these
weights are generally flat (all set to 1). The effect of changes to these values will
be the subject of future investigation.
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During repair adaptation it is necessary to compare the shift patterns of
nurses in the current roster with stored patterns in the RepairIndices variables.
The shift pattern comparison function comp compares the shift patterns of two
different nurses over a five day period (two days before and after the day on
which a repair is applied). The difference in shift pattern strings is calculated
as follows. Given nurse, with shift pattern string zrizsozszsxs and a pattern
Y1Y2Y3Y4ys5 to be compared we define

5
compe (Y1Y2Y3Yays) = Z Sal¥i)

i=1

where

N SO0y ==,
By this definition the shift patterns EUUNN and EEUU L have a difference
of 0+14+0+14+1=3.

4 Retrieval and Adaptation

The main difference between the classical OR and meta-heuristic approaches to
nurse rostering described in the literature and the CBR approach proposed here
is that the repairs generated are not optimal in any sense. We have described
no measures of the quality of repairs — the aim here is to imitate, as closely as
possible, the decisions made by rostering experts without relying on quantified
measures of roster quality.

The notion of problem similarity is key to the success of any CBR application.
A method must be developed for finding the most similar problems in the case-
base to the current problem being solved. Having identified the most similar
problems the stored repairs have to be adapted to the context of the current
roster. Here again we use the notion of similarity. We must generate a new
repair that most closely matches the repair stored in the case.

There are a number of justifications for taking this approach. The aim must
not be to replicate exactly the repair from the retrieved case. This would be
incorrect in most situations as the nurses and time periods involved would un-
doubtedly be different. In some instances it may even be impossible if a different
set of nurses is defined. It is also clear that simply generating a random repair of
a specified type would not be correct. A compromise between these two extreme
approaches is reached between by the generation of repairs that are considered
similar to the retrieved repairs. This emphasis on the similarity of repairs in
different instances motivated the generalisations of both violation and repair
described in the previous section.

The retrieval process is split into two distinct searches of the case-base. The
first search filters the case-base to obtain cases containing violations that match
the current problem in terms of violation type and parameters. This is a strict
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Table 1. Violation indices

Global problem characteristics

Number of violations The level of infeasibility of the roster w.r.t. the
(hard) constraints

Nurse satisfaction The percentage of nurse shift preferences that
have remained intact
Utilisation The percentage of the total assignable hours

(w.r.t. nurse contracted hours h) already as-
signed over the whole roster and within the
week of the violation

Local problem characteristics

Nurse rank An index assigned based on the qualification
level of the nurse or NurseType involved in the
violation

Nurse satisfaction The percentage of shift preferences that have

remained intact w.r.t. nurses of the type in-
volved in the violation

Utilisation The percentage of total assignable hours as-
signed of the nurses of the type involved in
the violation over the whole roster and within
the week of the violation

search whereby cases are either accepted or not and no similarities are evaluated.
The equality of the ViolationType variables described in Section [3 is used to
make the case comparisons.

The second search ranks the restricted set of cases using the similarity func-
tion SiM applied to the violation indices. These indices are the characteristics of
the problem identified as having an influence on the decision making process and
are divided into two categories. Global characteristics are the properties of the
roster as a whole including the number of violations, levels of staff satisfaction
and current utilisation statistics. Local characteristics describe the problem in
the location of the violation. They include the magnitude of the violation, and
the current satisfaction and utilisation statistics of the types of nurses involved.
Table [ lists all the problem indices and gives a brief description of each.

Formally, the retrieval algorithm is described by the function RETRIEVE
(violation,, CB,CB’) (see Figure [d) which from the case-base CB returns a
set of cases, CB’, sorted in order of similarity, that are compatible to the cur-
rent problem violation,,. Lines 1 and 2 initialise C B’ and apply the function
to violation, to get the generalised form. The set of cases CB’ is filled, in lines
3 to 7, with all cases in the case-base of the same ViolationType as the current
problem. By the definition of equality (as defined in Section B)) this includes the
parameters of the violation. If there are no such cases then line 8 returns false
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RETRIEVE (violation., CB,CB’)
1: CB' « 0.
: (ViolationTypea, ViolationIndicesa) + 05 (violationy,).
: for all case, = ((ViolationType~, ViolationIndices.),r~) € CB do
if ViolationType, = ViolationType, then
CB' + CB' U{casey}.
end if
: end for
. if |CB’| = 0 then return false. end if
9: generate an array score[|CB'].
10: for all case, = ((ViolationType~, ViolationIndices,), ) € CB’ do
11:  score[y] = SM(ViolationIndicesq, ViolationIndices~).
12: end for
13: sort CB’ according to score.
14: return true.

0 DU W

Fig. 2. Retrieval algorithm

and a manual solution will be required. Lines 9 to 13 generates an array of scores
for each of the cases in CB’ and then sorts CB’ accordingly.

This sorted set of restricted cases generated by RETRIEVE is then passed to
another method for repair adaptation. The adaptation process is also separated
into two phases. Initially, the method generates, using the data from the current
roster, a set of candidate repairs each of the same type as in the retrieved case.
The second stage involves ranking these candidate repairs according to their
similarity to the repair in the retrieved case. Here the set of repair indices from
the retrieved case is compared with the calculated indices of the candidates using
the S1M function. The exact indices that are used depend on the type of repair
being generated. Table [J lists the indices used for each of the three different
repair types.

Formally, the function GENERATEREPAIR(R, C'B’, violation,, Candidates)
(see Figure[d) tries to generate a repair as similar as possible to that used in the
retrieved cases. The array of possible repairs Candidates is filled by a function
DETERMINECANDIDATES. If there are no available candidates given the repair
information from the retrieved case then the next case in the Candidates array
is considered. Lines 1 to 8 of the algorithm try to produce a set of candidates for
each of the cases in C'B’ starting with the most similar. Then, analogously to
the retrieval algorithm, the candidates are ranked according to their similarity
to the repair in the retrieved case with respect to their RepairIndices.

The DETERMINECANDIDATES (N, violation,, RepairTypey) function is the
key to the generation of repairs. This returns a set of actual repairs that match
the retrieved repair in terms of the type of the repair and the types of the nurses
and shifts involved. Six sets of rules have been established for determining the
candidates — one for each possible pair of violation and repair types. These rules
are fairly intuitive and use some very simple domain knowledge to produce.
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Table 2. Repair indices

newShift2 on daylp
# nurses of type NurseTypelg assigned
newShiftl on day2s
# nurses of type Nurselypelsg assigned
newShift2 on day2g

Feature CBREASSIGN CBSWAP CBSWITCH
# nurses assigned newShiftl on daylg Vv v Vv
# nurses assigned newShift2 on daylg vV 4
# nurses assigned newShiftl on day2s v
# nurses assigned newShift2 on day2s Vv
# nurses of type NurseTypelg assigned Vv vV 4
newShiftl on daylg
# nurses of type NurseTypelg assigned Vv Vv
v
v

# nurses of type NurseType2g assigned v
newShiftl on daylp
# nurses of type NurseType2g assigned 4

newShift2 on daylg

# nurses assigned oldShift on daylg

# nurses of type NurseTypelg assigned
oldShift on daylg

Assigned/Contract Hours nurselg
Assigned/Contract Hours nurse2g

comp value for nurselg around dayl
comp value for nurselg around day2
comp value for nurse2g around day?2

S SO

LK
<

GENERATEREPAIR (N, CB’,violation., Candidates)
1: Candidates < ()
sindex < 0
: while |Candidates| = 0 do
case := (v, (RepairType, RepairIndices)) < CB'[index].
Candidates < DETERMINECANDIDATES (NN, violationa, RepairType).
index < index + 1.
if index = |CB’| then return false. end if
: end while
9: generate an array score[Candidates].
10: for all repairg € Candidates do
11:  (RepairTypegs, RepairIndicess) + 0 (repairg).
12:  score[repairg] < SIM(RepairIndiceso, RepairIndicesg).
13: end for
14: sort Candidates according to score[Candidates].
15: return true.

PN DO Wi

Fig. 3. Adaptation algorithm
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Nevertheless, they are quite large when notated and so here we shall only
present the following rule, which shall be used in the example in Section [Bt

Given violation, = COV ER(NurseTypey, dayq, shifty) and
repairType = CBREASSIGN (NurseTypel, newShiftl, oldShift), then

DETERMINECANDIDATES (N , violation,,, repairType) =

{REASSIGN (nursel;,, daylg, shiftg)|(nursel;, € N) A (NurseTypels =
NurseTypel) A (Sc,day. = 0oldShift),dayls = daya, shiftg = shifta} .

This rule returns a set of repairs all of which have the REASSIGN type
with different parameter values. The nurse in each repair must be of the same
type as that used in the repair from the retrieved case. In addition the shift
currently assigned to each nurse on the day of the violation must be the same
as the oldShift parameter of the retrieved repair. The day and shift parameters
of the repair must be the same as that of the violation for this rule.

5 Example

In order to give an illustrative example of the method we shall consider a rel-
atively simple problem solving episode. It is assumed that the weighting of all
similarity calculations is flat (all weights equal 1). The problem we are attempt-
ing to solve is a cover violation of the roster R — that there is no registered nurse
(RN) rostered on the early shift (shift = F) of the third day (day = 2) of the
planning period. This is represented as

violation, = COVER({RN,0,0,0,0},2, F).

Here the zero-valued elements in the NurseType set indicate that there is
no restrictions on these feature values (so a suitable registered nurse could be
male or female, specialty trained or untrained, etc.).

This violation is first passed to the RETRIEVE method. The generalised form
of this violation is generated by the 8 as follows:

oF (violatz’ona) = (CBCOVER({RN,0,0,0,0}), ViolationIndices,),
where ViolationIndices, = {62.00,99.46,47.29,54.32,1.00, 78.41, 44.63,50.76} .

Each of the values in the ViolationIndices, array corresponds to one of
the violation feature values described in Table [ We must now find all cases
case, € CB with ViolationType = CBCOV ER({RN,0,0,0,0}) and add them
to the set of cases C'B’. In this example we find three such cases. The RETRIEVE
method then calculates the similarity between the ViolationIndices, of each of
these cases and the ViolationIndices, array:
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Case Features SIM (score)

o 62.0099.46 47.29 54.32 1.00 78.41 44.63 50.76 NA
CB’[0] 57.00 92.31 48.12 52.14 1.00 80.32 74.23 90.32 8.749
CB’[1] 31.00 86.32 53.98 78.92 1.00 44.02 70.23 60.12 4.975
CB’[2] 80.00 83.24 70.34 80.23 2.00 70.12 80.12 85.23 3.997

Finally, the CB’ set is sorted according to the similarity values in the far
right column. This set now contains all compatible cases in order of the similarity
between their and the current problem’s violation features.

Now that a set of cases of similar problems has been identified, their corre-
sponding solutions need to be adapted to the current problem wviolation,. For
simplicity in this example we shall assume that the first case (CB’[0]) allows the
production of such a set of candidates. The repair part of this case contains the
following:

r=(CBREASSIGN({RN,F,H,ET,E}, E,U), RepairIndices),
where RepairIndices = ({11,9,2,0,59.1,0}, EEUUL).

The GENERATEREPAIR function fills the Candidates array with potential
repairs using the DETERMINECANDIDATES function. By applying the conditions
given in Section [] for CBREASSIGN repairs given a COV ER violation we
get three candidate repairs, each of which uses a different registered nurse with
NurseType = {RN,F,H, ET, E}. These candidate repairs are

REASSIGN (nurses, 2, E) ;
REASSIGN (nurses, 2, E);
REASSIGN (nurseis,2, E) .

We apply the generalisation function F to each of these candidate repairs
and compare their resulting RepairIndices:

Repair Features SIM (score)

retrieved 1192059.1 CoMmpo(EEUUL) =0 NA

07 (Candidates[0]) 5 53 020.3 CoMpa(EELLO) =3 4.090
0 (Candidates[1]) 10 9 3 0 62.7 CompP,(OEUUE) =2  9.357
0 (Candidates[2]) 10 9 3 0 84.0 Comp,(UUUUU) =3  5.433

The candidate repair that is closest to the repair in the best case CB’[0] is
Candidates[1] — which is a reassignment of nurseg to the EARLY shift on the
third day of the planning period.

The example here is simpler than many encountered for ease of explanation.
Other combinations of violation and repair types involve a more complex search
for candidate repairs. However, all the principals needed for more complex in-
stances are the same.
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6 Results

The results presented in this section illustrate how the method performs at
imitating the rostering decisions of humans. We do not compare performance
with other rostering methods for two reasons. Firstly, the amount of information
used and the way it is presented is incompatible with most existing problem
formulations. More significantly, the case-based reasoning method here treats
constraint violations as individual problems rather than providing solutions to
entire rostering problems in the traditional sense.

The method has been implemented and tested on real-world data from the
QMC. This data consisted of twelve 28-day rosters and the corresponding pref-
erence information for 19 nurses of various qualification and training levels. Nine
constraints were defined consisting of eight cover type constraints detailing re-
quired skill mixes for the three shifts and one totals constraint limiting the
number of hours in a fortnight to 75 per nurse.

Two sets of experiments were defined. The aim of the experiments was to de-
termine the quality of the reasoning process in terms of the agreement between
automated decisions and those of the nurse rostering expert. Constraint viola-
tions were identified at random and the repairs suggested by this method were
compared to the repairs actually made in the final roster. These expert repairs
were determined by comparing the final and preference rosters and only those
instances where the decision was clearly evident were considered. The “quality”
of a generated repair was assessed by comparing it with the expert repair and
assigning one the following verdicts:

— Exact match: the generated repair is identical to the expert’s repair;

— Equivalent match: the generated repair involves nurses of the same types
and the same shifts as those used in the expert’s repair;

— Fail: the generated repair is not an exact or equivalent match, or no repair
was generated.

The first experiment involved repairing five runs of 120 constraint violations.
Three repairs were suggested by the method and compared to the expert repair.
The case-base is empty at the start of the run and the expert repair for each of
the constraint violations is stored after it is applied to the roster. In this way the
method is storing more experience in the case-base as the run progresses. Figure
Hlshows the average cumulative number of exact and equivalent matches against
the case-base size for each of the three suggested repairs. The bold lines are the
first (or best with respect to the reasoning process) repairs for each iteration.

The results in Figure d show an increasing gradient of all lines indicating an
increasing number of repairs of the given verdict per iteration. It can be seen
from this that the case-base learns how to produce more exact or equivalent
repairs as its size increases. An increase in the amount of training given to the
case-base corresponds to an increase in the quality of the repairs produced. It is
particularly encouraging that the first suggestions in general score more exact
and equivalent matches than the second and third. The increases in solution
quality are made more apparent in Figure Bl This shows the percentage of exact
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Fig. 4. Average cumulative number of exact and equivalent matches against case-base
size over five 120 iteration runs
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Fig. 5. Effects of case-base size on solution quality

and equivalent repairs at different stages in the runs. In general, in the later
stages, when the case-base contains more experience, a larger number of good
suggestions are produced.

The second set of experiments was defined to test the influence of different
types of indices, namely global and local, on the reasoning process. Figure
shows the results of an experiment carried out using case-bases generated during
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Comparison of Different Index Comparison of Different Index
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Fig. 6. Effects of different combinations of problem index on the solution quality

the previous test. Case-bases containing 60 and 120 cases were collected during
each run. Using each of these 10 case-bases an additional 100 constraint violations
were repaired but this time there was no storage of new cases. Three different
combinations of problem index weights were set in the similarity function so that
all indices, only local indices, and only global indices were used.

The lower-quality results from the only global data set suggest, at first, that
the global indices are not useful. The best results were achieved when only local
data was used. However, the global data set nevertheless produced a reasonable
percentage of good results and this suggests that global information may still be
useful for the reasoning process. It is certainly the case that global data are not
as important as the local data and this should be reflected in any automated
feature weighting that may be carried out in future work.

7 Conclusion

This paper has introduced a new approach to the employee rostering problem.
The approach is different to existing methods in the sense that it does not use
explicitly defined evaluation functions, which often fail to include all aspects
of the rostering problem. The results show that it is possible to capture and
imitate the rostering actions of human rostering experts. By storing the rules for
repairing constraint violation implicitly in the case information we have created
a technique that is both adaptable and flexible.

We intend to increase the number of different types of constraints that are
considered including weekend constraints, night shift constraints, and possibly
any soft constraints that are not adequately covered by the information in the
case-base. This may involve adding additional structural and index elements to
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the definition of a case. The weighting of indices to reflect their relative impor-
tance in the reasoning process must be investigated. A system that dynamically
allocates weights under different conditions is being considered. This allocation
may depend on the content of the case-base and thus reflect the importance
placed on indices by the expert.

The success of this violation/repair model for problem solving will be built on
by incorporating the method within an intelligent iterative algorithm. A meta-
heuristic could use the technique to decide its next move in the search space
at each iteration. Although the processing time for each repair generation is
negligible, the cumulative effect of multiple searches of the case-base and the
impact on overall algorithm performance will need to be addressed. A hybrid
algorithm could be evaluated and compared with existing rostering methods
and its design and behaviour will be the subject of future research.
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Abstract. Many real-world Timetabling Problems are composed of or-
ganizational parts that need to timetable their staff in an independent
way, while adhering to some global constraints. Later, the departmental
timetables are combined to yield a coherent, consistent solution. This
last phase involves negotiations with the various agents and requests for
changes in their own solutions.

Most of the real-world distributed timetabling problems that fall into
this class have global constraints that involve many of the agents in the
system. Models that use networks of binary constraints are inadequate.
As a result, this paper proposes a new model that contains only one
additional agent: the Central Agent that coordinates the search process
of all Scheduling Agents (SAs). Preliminary experiments show that a
sophisticated heuristic is needed for the CA to effectively interact with
its scheduling agents in order to find an optimal solution. The approach
and the results reported in this paper are an initial attempt to investigate
possible solution methods for networks of SAs.

1 Introduction

Timetabling Problems (TTPs) involve an organization with a set of tasks that
need to be fulfilled by a set of resources, with their own qualifications, constraints
and preferences. The organization enforces overall regulations and attempts to
achieve some global objectives such as lowering the overall cost. This leads nat-
urally to the formulation of TTPs as constraint networks.

Many real-world TTPs are composed of organizational parts that need to
produce their timetables in an independent way, while adhering to some global
constraints. Later, the departments’ timetables are combined to yield a coherent,
consistent solution. This last phase involve negotiations with the various agents
and requests for changes in their own solutions.

An example of such a real-life problem is the construction of a weekly
timetable of nurses in several wards of a large hospital. Each ward needs a
weekly timetable for its nurses that satisfies the shift and task requirements,
attempting to satisfy also the nurses’ personal preferences. The generation of a
weekly schedule for the nurses in a ward is typically performed by each ward
independently.

E. Burke and P. De Causmaecker (Eds.): PATAT 2002, LNCS 2740, pp. 166-171, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Based on the department timetables, a transportation plan for all the nurses
must be constructed. Since the number of vehicles sent and the distances they
cover are limited by hospital saving policies, such a transportation plan generates
additional constraints between the weekly schedules of the wards.

Since the separate timetables for wards are generated locally, the constraints
among these timetables, imposed by the limits on transportation vehicles, have
to be negotiated among the scheduling agents of the wards.

1.1 Distributed Constraint Satisfaction Problem (DisCSP)

In the last decade, Constraint Satisfaction Problem (CSP) techniques have be-
come the method of choice for modelling many types of optimization problems: in
particular, those involving heterogeneous constraints and combinatorial search.

In many fields fast response has become one of the most important factors for
success, especially in the commercial world of today. In fields that utilize CSP
techniques, the running time is a critical factor. This is especially true when we
want to use CSP techniques to search for some optimal solution.

Recently, the AI community has shown an increasing interest in solving the
distributed problem using the agent paradigm. Different parts of the problem
are held by different agents, which behave autonomously and collaborate among
themselves in order to achieve a global solution. The World Wide Web offers
many opportunities to actually solve real problems through agents.

Several works consider constraint satisfaction in a distributed form (see the
book by Yokoo [19] for an introduction). These works are motivated by the
existence of naturally distributed constraint problems, for which it is impossible
or undesirable to gather the whole problem knowledge into a single agent and
to solve it using centralized CSP algorithms. There can be several reasons for
that. The cost of collecting all information into a single agent may be too high.
This includes not only communication costs, but also the cost of translating the
problem knowledge into a common format, which could be prohibitive for some
applications. Furthermore, gathering all information into a single agent implies
that this agent knows every detail about the problem, which could be undesirable
for security or privacy reasons (see [I1]). The term for this family of problems is
the Distributed Constraint Satisfaction Problem (DisCSP).

The generic model for distributed timetabling is that of distributed search.
Agents solve their local assignment problem and interact via messages to make
their local schedules compatible with the global constraints of transportation.
This scenario falls exactly into the domain of distributed constraint networks
(DisCNs) and distributed search algorithms [20]. The agents that generate the
weekly schedules of the wards are termed Scheduling Agents (SAs).

1.2 DisTTP Example — University Timetabling

An important example of a real-life Distributed Timetabling Problem (DisTTP)
is the construction of university timetables. More specifically, classroom allo-
cation in the context of the course timetabling activities within the university.
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Some departments are not able to construct a good timetable, since they are
over-constrained by the lack of classrooms. The problem of allocating classrooms
dynamically is so severe in some universities that each department is assigned a
fixed set of lecture rooms which are managed by the department. For example,
this is the case in Imperial College [13]. There are additional complexity factors
to this problem:

— The amount and type of lecture space available varies widely between de-
partments. Departments which are short of lecture space need to make ar-
rangements with other departments.

— A better timetable for the students requires each department to try and meet
its teaching requirements and hold a maximum number of teaching activities
within its buildings.

One popular solution for this class of room allocation problems is to allow
the departments to construct a partial timetable using their own resources to
a maximum, and then try to allocated a room for the other teaching activities
through booking arrangements between departments (see [13]).

Since each department owns different resources, has different teaching re-
quirements, and different preferences, this is a typical DisTTP. Each SA solves
the timetabling problem for a single department. Solving the problem sepa-
rately for each department allows departments to easily set and change their
own preferences and constraints independently. Departments can follow differ-
ent strategies for utilizing their teaching space. Each department needs to solve
a different problem and can use a different CSP solver tuned up to its needs.
This distributed agent model is in line with the irreversible trend toward de-
centralized information sources, a trend that makes the current approach of a
global, centralized search (based on a central computer) less and less adequate.

Based on the departmental timetables, a room allocation plan for the whole
university must be constructed. Since the number of the rooms and their capac-
ities are limited and may be regulated by the university policies, such a room
allocation plan generates additional constraints between the schedules of the
departments.

The above real-world DisTTP is an instance of a DisCSP. Its DisCN has a
typical structure in which the local timetabling problem is quite complex and the
global problem includes relatively few constraints. One can think of a DisTTP
as a network of SAs.

This paper focuses on real-world problems that by their nature need to be
solved by agents. Each agent is responsible to solve a single, local, however very
complex, CSP. The local solutions are combined to yield a coherent, globally
consistent solution. The last phase involves negotiations between agents and
requests for changes in the agents’ solutions.

The paper is organized as follows. Section[2 present two methods that a set of
scheduling agents can coordinate their activities in order to find a solution that
satisfies the problem’s global constraints. Section Bldescribes a general framework
for a DisTTP. This framework consists of two different levels that need to be
dealt with in order to solve a DisTTP: Section [3I]describes the global level that
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(o)

Fig. 1. The Central Agent (CA) adds new constraints to the scheduling agents (SA;).
The SAs solve the modified problem and send back a new timetable

deals with the solution methodology for the central agent (CA) which needs to
search for a combination of SA solutions that satisfies the global constraints
of the problem and Section describes the local level that deals with search
algorithms for SAs that can solve a local timetabling problem where constraints
are added or removed dynamically. Section [4 presents preliminary results of
experiments on Distributed Employee Timetabling Problems (DisETPs) that
point in the direction of stochastic search for the SAs. The experiments were
performed on the same DisETP scenario and carried out with two different CA
control approaches. The overall conclusion is that the model for “intelligent”
CA, that controls SAs in a problem-dependent manner, is of value. Section [l
draws some preliminary conclusions.

2 Solving Methods for Scheduling Agents

There are two well known families of algorithms for solving timetabling problems
— exhaustive (or complete) search algorithms and stochastic (or local) search al-
gorithms (see [14]). Exhaustive search can go on systematically to find all possible
timetables, while stochastic search typically produces one solution, reaching a
minimum. It has been shown in the past [I0] that for real-world ETPs, stochastic
search methods outperform complete search in efficiency terms. Several search
algorithms for distributed constraints networks have been proposed in the last
decade (see [T62004J6)T5]). However, existing algorithms for solving DisCNs are
all exhaustive. In this paper we show that both methods are useful for solving
DisETPs.

One possible approach for solving DisETPs uses exhaustive search for the
SAs. In this approach, the SAs perform their exhaustive, systematic, algorithm
continuously. Each new local solution they find is sent as a message to the CA.
This method is based on the fact that any global solution will always incor-
porate one local timetable from each SA (i.e. for each ward of the hospital in
our example). In order to produce the overall solution, the CA has to search
among the set of local solutions, while its domain is constantly enlarged, for one



170 A. Meisels and E. Kaplansky

subset that satisfies all the global (inter-agent) constraints. The advantage of
the exhaustive search approach is in its high degree of concurrency. In addition,
it is guaranteed to find a global solution if such a solution exists. However, for
real-world problems, complete search can be very slow [L0].

A second, more practical method, uses local search for SAs to generate their
local timetables. Each SA can find a local timetable relatively fast, but then it
waits for a request, from the central agent, to improve its solution. This request
is the result of the CA attempt to resolve some additional global constraint
violations. Upon receiving such a message, an SA resumes its local search (i.e.
hill climbing) in order to find an improved solution. The advantage of the local
search agents approach is that it is likely to converge quickly to some global
solution, by using the strategy of improving local solutions. The main drawback
of this approach is that the CA may find itself performing cycles in searching
for a globally improved solution, since local solutions improve only locally.

This paper investigates combinations of the above two approaches on realistic
instances of DisETPs. The local ETPs are real-world instances of wards in a
large hospital. The constraints among timetables of the wards are simple limit
constraints on the number of nurses that have to be transported, at the end of
their shifts, to several residential locations. The induced inter-agent constraint on
SAs can be represented very simply by the CA and are also simple to calculate,
as partial limits on the number of nurses in a certain group in each of the shifts.

3 A General Framework for DisTTPs

Since the separate timetables for the departments are generated locally, the
constraints among these timetables, imposed by the limits on room space, have to
be negotiated among departmental scheduling agents. The above generic model
falls into the framework of DisCSPs [20/19]. We use the term Scheduling Agent
(SA) to refer to the particular case in which an agent has to solve a local CSP
(the department TTP in our example) in a global distributed search. In our
model, agents solve their local assignment problem and interact via messages to
make their local schedules compatible with the global constraints of the problem.

In our model for DisTTPs, shown in Figure [l an additional agent models
the constraints among the agents — the Central Agent (CA). The CA deals with
all the intra-SA constraints. All agents communicate by sending and receiving
messages from the CA. SAs send their local timetables to the central agent. The
CA checks the local timetables for conflicts with global constraints and decides
which agents have to be requested to change their local timetables. Based on this
model, two families of concurrent algorithms for solving DisTTPs are proposed
and compared in Section [

There are clearly two different levels (see Figure [2)) that need to be deal with
in order to solve a DisTTP:

The global level: The solution methodology for the central agent needs to search
for a combination of SAs solutions that satisfies the global constraints of the
problem. In many cases the search is for an optimal global solution.
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lew constraints

Global level

Local level

Fig. 2. The different levels of the problem model: The global and the local levels

The local level: Search algorithms for SAs that can solve a local timetable
problem where constraints are added or removed dynamically.

3.1 The Central Agent is an Open CSP (OCSP)

The main difficulty of the CA problem stems from the fact that the values for
assignment in the CA constraint network are acquired incrementally from the
SAs. This transforms the CA CSP into a special class of Dynamic CSP (DCSP).

Preliminary results show that the CA has to have an effective way to interact
with the SAs in order to get an optimal solution in a reasonable time frame. An
important issue here is the ability of the CA to control its SAs in such a way
that the CA can accumulate a promising set of alternative local solutions in a
short time.

Initially, the CA must wait until all SAs return with at least one solution.
Thereafter, the CA starts its own search for a legal combination of SA solutions
satisfying the global constraints of the problem. The CA search space can grow
very fast and usually, quite soon, it becomes a prohibitively large search space:
for example, 10 departments, each with 100 alternative timetables, result in 102°
nodes on the CA’s search tree.

Preliminary results on realistic DisETPs (Section M) have shown that the CA
should start with a complete search, and then move to local search when too
many alternative timetables have arrived. Eventually, the CA performs a local
search that is based on scanning the neighbourhood around the current solution.
One of the basic operations of this scan is a request for an alternative timetable
from some SA. The time that a SA needs for computing the next solution varies
wildly. One possible solution for this difficulty is that the CA will manage a
dynamic buffer of alternative timetables. Another approach for the CA is to
request multiple alternative solutions simultaneously from some selected SAs at
each step of its local search as a form of intelligent improvement moves.

In the paradigm of the experiments presented in this paper, the CA searches
for an optimal global solution. In such a paradigm the basic operation for the CA
is to request an alternative solution from one of its SAs. One way to guide the
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SA is by dynamically adding new constraints to the SA’s local problem. In our
problem, the CA can find out, for example, that on Wednesday, in the time slot
of 14:00 to 16:00 there are not enough rooms with capacity range of 100-200. In
order to satisfy this global constraint the CA can select the SA with the largest
number of requests for such rooms in this time slot and send it a message, asking
this SA to search for an alternative local solution. This new local solution has to
satisfied additional constraint: “No more than five courses on Wednesday, 14:00
to 16:00, with number of students in range of 100-200”. Each new SA solution
is an additional new value to one variable of the CA constraint network.

When one tries to solve a DisTTP, in either way, one needs to solve TTPs
that are dynamically changing. The basic idea, here, is that each SA starts
with its original TTP which is an instance of a Local CSP (LCSP). We term
the original constraints of the original local problem original local constraints
(OLCs). Whenever any of the SA finds a solution that complies with all its
OLCs, it sends this solution to the CA. When the CA gets at least one solution
from each of the SAs, it starts a search for a solution to the global CSP (GCSP)
which includes the global constraints. Each variable of the GCSP represents one
SA. The domain of each variable is the set of solutions for the LCSP of its SA.
At the start of the search, the domains include only the first solution found by
the SAs. Then the domain of each variable of the CA is dynamically increased
as the SAs find more solutions that comply with all of its OLCs. In this model
the CA must solve a CSP that variable domains are dynamically changing. Until
recently, and the increasing use of the Internet, such class of problems has been
little treated in the academic research community.

It can be said that the CA operates in an environment that is very similar
to the open-world environment of the Internet. Many real-world problems that
used to be solved by traditional CSP techniques can be solved more effectively in
a distributed setting. For example, for the problem of computer configuration, it
is now possible to locate, through the Internet, during the search for a solution,
additional suppliers of some needed parts. The term Open CSP (OCSP) was
first used for such a search environment by Faltings and Macho-Gonzalez [§] in
2002.

When moving to OCSPs, it immediately becomes obvious that most success-
ful CSP solving methods, in particular constraint propagation, are based on the
closed-world assumption that the domains of the variables are completely known
and are fixed during the search process. For an OCSP setting, this assumption
no longer holds (see [I7J2|3[1]). This change requires an adaptation of the current
search algorithm.

OCSPs bear some resemblance to the interactive CSP (ICSP) introduced by
Lemma et. el. in 1999 [7]. In the ICSP model, domain values are acquired during
the solution process only when necessary, and inserted into the variable domains.
In this methodology the forward checking algorithm can be modified so that
when domains become empty, it launches a specific request for additional values
that would satisfy the constraints on that variable. Similarly to our CA search
problem, the ICSP acquisition process of new domain values from external agents
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needs to be guided in order to acquire only new values that satisfy a specific
constraint. In the ICSP model the acquisition of new values is an immediate
interactive operation and it typically gathers more values than necessary. In
the DisTTP model, a request from the CA for a new solution from a SA is
usually a very expensive operation and the focus is on minimizing the information
gathering activity.

3.2 Scheduling Agents (SA) Solve a Dynamic CSP

For the second approach, where each SA uses local search, the level of DCSP
goes deeper into the level of the local ETPs. When the CA gets one solution
from each of its SAs, the CA computes the current value of the cost function. In
the nurses’ transportation problem, this is the cost of transportation of all the
nurses at the start and end of each shift. In the next step, the CA tries to reduce
the cost by a request for all or some of its SAs to deliver another solution with
some new constraints that the CA imposes. For example, suppose that in the
first set of solutions that each SA delivered to the CA there is only one nurse,
a, that needed transportation to target A, and three sets of four nurses each
that needed transportation to three other locations: B, C' and D. Furthermore,
suppose that there are taxis with capacity of five passengers that are available.
In such a case, it is easy to see that a reasonable move of the CA is to ask the
SA that makes the schedule for nurse a, SA,, to replace nurse a with any other
nurse that lives in location B, C or D. Now S A, is facing a CSP with constraints
that are changing dynamically.

In this model each SA must solve a dynamically changing CSP. This is an
instance of a known, albeit little treated, class of CSP problems: the DCSPs
(see [BI8I]).

4 Experimental Study of Interacting SAs

In order to understand the basic behaviour of our model we have conducted
preliminary experiments. At the basis of our experiments is a real-world fam-
ily of problems. One set of problems is the timetabling of nurses in a hospital.
There are several wards in the hospital. Each ward schedules its employees in-
dependently. The hospital works three shifts a day, seven days a week. The
hospital manages transportation for nurses, for each shift. Transportation lines
are grouped into destinations. Cab/bus capacities are fixed. To achieve cost ef-
fectiveness, the SAs need to coordinate their timetables. SAs are not aware of
inter-ward transportation constraints.

In our experiments there are 21 shifts. All wards weekly timetable are similar
— 29 employees have to be assigned to three tasks for a total of 105 assignments
over seven days. There are five lines of transportation. Cabs have a capacity of
1-7 passengers. There are different costs for lines for different shifts. Since the
number of passengers depends on the timetables of all SAs, only the CA can
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Fig. 3. Comparing complete search to local search; at some point, too many alternative
solutions make the complete search ineffective
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Fig. 4. Using sophisticated interaction between the CA and its SAs enables the search
to find a much better solution faster

compute the cost by summing the number of passengers in each shift for each
transportation line and then compute how many cabs are needed in each line.
The strategy of the CA is to “fill up” the cabs in each line in order to achieve
optimality of cost.

In order to explore a wide range of the problem space, many instances of this
real-world ETP were generated with varying amounts of binary constraints, by
adding or removing conflicts among shifts. Adding conflicts among shifts creates
a random sample of problems with the same underlying structure (i.e. shifts,
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tasks, employees, limits) and different domains of values. This has the additional
experimental value of a large random ensemble of problems.

For difficult TTPs the SAs generate only few alternative schedules in a rea-
sonable time frame. For such problem class the CA needs to use a heuristic that
will enhance the chance of encountering lower transportation cost for the next
SA solution. The CA requests the SAs to generate timetables with needed fea-
tures in order to avoid cabs with only one passenger. The CA sends messages
that add a constraint to selected set of SAs, to limit the number of nurses for
some line. In addition, new constraints are needed to prevent the SA from adding
a nurse to a line with full cabs. Another option for this heuristic is to add new
constraints that request SAs to reduce nurses for lines with an almost empty
cab.

In the first set of experiments that is presented in Figure Blthe effect of using
local search technique for the CA search is compared with the best complete
search algorithm: FC-CBJ [12]. Each point on the graph of Figure 1 represents
the average of a set of 100 problem instances. The stopping criterion for all
(unsuccessful) runs is based on the total number of assignment attempts by the
algorithm and that limit was set to 500000 assignments. Using the number of
iterations performed as the measurement unit for the search effort, we compare
the efforts needed to solve the same set of problems by a pure FC-CBJ algorithm
and by the simple (random hill climbing (RHC) algorithm. It is easy to see that
in one-third of the time needed for FC-CBJ, RHC can find a solution that it
about 10% cheaper. Each point on the graph of Figure Bl represents the average
of a set of 100 problem instances.

The next step of investigation is to check the effectiveness of intelligent in-
teraction between the CA and its SAs. In other words, it is important to have a
good strategy for the CA search method. The results shown in Figure [4 shown
clearly that the CA must search smartly and coordinate the SAs in order to find
better combinations of SA timetables: a combination that enables the CA to
find a global solution with a lower transportation cost. In the algorithm marked
(dynamic, the CA adds and dynamically removes constraints to the problems of
the SAs. The best solution achieved is 10% cheaper then the simple local search.
From theses experiments we can conclude that the CA needs specific heuristics
for directing SAs in improving their timetables.

5 Conclusions

A new, general model for DisTTPs was presented and its behaviour on large and
hard constraint networks of TTPs was experimentally tested. The DisTTP can
be naturally represented as distributed CSPs, where each of the agents solves
a local CSP representing its timetable. Since the local problems of the agents
can be quite complex, the resulting DisTTP is very different from the DisCSP
that appears in the literature [I9]. We termed these agents scheduling agents
(SAs). SAs are connected by few global constraints, such as classroom capacity
in university timetabling. This makes the DisCSP non-binary and these global
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constraints can naturally be represented by an additional agent that we termed
the central agent (CA). When the CA performs an exhaustive search for a global
solution for the DisTTP, the problem can become huge. This is because each node
on the search tree of the CA is a complete solution of the SAs’ timetables.

Our model and approaches were implemented for a real-world distributed em-
ployee timetabling problem (DisETP) involving several wards of a large hospital.
Each of the SAs solves a large ETP with more than 100 needed assignments.
The strong result shown in Figure Blis quite intuitive — when the search space of
possible SA timetables become large, local search is essential for the CA (see [9]).

The second set of experiments dealt with the interaction between the CA
that tries to satisfy global constraints and the SAs, each searching for a good
local timetable. We have tested one simple policy for the CA — improve global
transportation cost by dynamically constraining the requested timetables of se-
lected SAs. This policy appears to work much better (Figured) than simple hill
climbing. This result shows that the heuristics used by the CA have a significant
impact on its runtime performance.
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Abstract. The most common approach to multiobjective examination
timetabling is the weighted sum aggregation of all criteria into one cost
function and application of some single-objective metaheuristic. How-
ever, the translation of user preferences into the weights of criteria is
a sophisticated task, which requires experience on the part of the user,
especially for problems with a high number of criteria. Moreover, the
results produced by this technique are usually substantially scattered.
Thus, the outcome of weighted sum algorithms is often far from user
expectation.

In this paper we suggest a more transparent method, which enables easier
expression of user preferences. This method requires the user to specify
a reference solution, which can be either produced manually or chosen
among the set of solutions, generated by any automated method. Our
aim is to improve the values of the reference objectives, i.e. to produce
a solution which dominates the reference one. In order to achieve this, a
trajectory is drawn from the origin to the reference point and a Great
Deluge local search is conducted through the specified trajectory. During
the search the weights of the criteria are dynamically changed.

The proposed technique was experimentally tested on real-world exam
timetabling problems on both bi-criteria and nine-criteria cases. All re-
sults obtained by the variable weights Great Deluge algorithm outper-
formed the ones published in the literature by all criteria.

1 Introduction

1.1 Exam Timetabling Problems

University examination timetabling comprises arranging exams in a given num-
ber of timeslots. The primary objective of this process is avoiding students’
clashes (i.e. a student cannot take two exams simultaneously). This requirement
is generally considered as a hard constraint and should be compulsory satisfied
in a feasible timetable. However, a number of other restrictions and regulations,
which depend on a particular institution, are also to be taken into account when
solving exam timetabling problems. Some of them can be also considered as
hard constraints, while other constraints are soft: i.e. usually they cannot be
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completely satisfied, and therefore their violations should be minimised. The
soft constraints vary from university to university, as is shown in [2] where the
authors analyse responses from over 50 British universities.

The soft constraints usually imply the different importance of the timetable
to the timetable officer (decision maker). They are generally incompatible and
often conflict with each other. Timetabling problems can be considered to be
multiobjective problems where objectives measure the violations of the soft con-
straints. We believe that multiobjective optimisation methods can bring new
insight into timetabling problems by considering simultaneously different crite-
ria during the construction of a timetable.

1.2 Multiobjective Optimisation of Examination Timetabling

The conventional challenge of multiobjective optimisation is assessment of the
quality of solutions. Formally, one solution can be considered to be better than
another only in the case when the values of all its criteria outperform those of
the second ones: i.e. the first solution “dominates” the second one. All solutions
which are not dominated by any other one, can be considered to be optimal.
However, only one solution from this non-dominated set (often called the “Pareto
front”) can become the final result. To obtain it, the decision maker must express
his/her preferences.

The group of multiobjective methods called “Search-then-Decide” (a poste-
riori) are designed to produce the set of non-dominated solutions from which
the decision maker can select their preferable one. This approach is mostly ap-
plicable to small- and middle-sized combinatorial optimisation problems. To our
knowledge, there are no publications about the use of these methods for exami-
nation timetabling. However, several authors (for example [9, 17]) have applied
a posteriori algorithms to class—teacher timetabling, a problem which is similar
to examination timetabling.

Traditionally, exam timetabling problems are solved by the “Decide-then-
Search” (a priori) approach. In these methods the decision maker specifies
his/her preferences regarding the solution before launching the algorithm. The
most popular method involves aggregation of the problem’s objectives into a cost
function in order to apply some single-objective metaheuristic (see survey [8]).
Usually, the cost is calculated as a weighted sum of objectives. This method
has been applied with simulated annealing [15, 16], tabu search [1], genetic al-
gorithms [10], a memetic algorithm [4], etc. In another method, lezicographic
ordering, criteria are divided into groups and the search is conducted in sev-
eral phases by each group. This method has been applied to the examination
timetabling by several authors [12, 14]. In [5] the authors investigated a Com-
promise Programming technique with different distance measures as the means
of aggregation of an objective’s values while applying the search algorithm, de-
signed as a hybrid of heavy mutation and hill-climbing.
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Set the initial solution sg
Calculate the initial cost function f(so)
Initial level By = f(s0)
Specify the input parameter AB = 7
While not stopping condition do
Define neighbourhood N(s)
Randomly select the candidate solution s* € N(s)
It (f(s7) < f(s)) or (f(s") < B)
Then accept s*(s = s¥)
Lower the level B=B — AB

Fig. 1. Single-objective Great Deluge algorithm

1.3 Great Deluge

Great Deluge is a local search metaheuristic, introduced by Dueck [11]. In [6] the
authors showed its quite promising performance on exam timetabling problems.
In this algorithm a new candidate solution (selected from a neighbourhood) is
accepted if its objective function is either not worse than a current one or does
not exceed the current upper limit B (level). The value of the level is reduced
gradually throughout the search by some specified decay rate AB, which denotes
the search speed. Decrease of the level forces the current solution’s cost function
to correspondingly decrease until convergence. The initial value of B is equal to
the cost function of the initial solution, and therefore no additional parameters
are required. The pseudocode of the basic variant of the Great Deluge algorithm
is given in Figure 1.

Having the search speed as an input parameter leads to the unique property
of this algorithm. It provides two options: either the decision maker can estimate
beforehand the processing time from the start to the convergence, or alterna-
tively, the value of AB can be calculated in order to fit the search into a certain
predefined time interval. Experiments with this technique have shown that a
longer search usually yields a better final result, and this principle achieves its
full strength when applied to large-scale timetabling problems.

With the Great Deluge algorithm the decision maker can obtain higher-
quality results at the price of prolongation of the search period (this is viable
because processing time is usually not an issue in exam timetabling problems).
The algorithm allows him /her to choose a preferable balance between the quality
of the solution and the searching time, to fit a solving procedure into his/her per-
sonal schedule and to optimise the utilisation of computational resources. In [6]
and [7] we presented a comprehensive comparison of the Great Deluge algorithm
with a variety of useful metaheuristics on different benchmark problems. In al-
most all the experiments our approach outperformed the other metaheuristics.

In this paper we present a modified Great Deluge algorithm for multiobjective
timetabling problems. The paper is organised in the following way. Section 2 gives
the description of the reference points and trajectories in the criteria space. In
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Section 3 we introduce the variable weights multiobjective extension of the Great
Deluge algorithm. Results of the experiments are given in Section 4. Finally, in
Section 5 we summarise our contribution and suggest directions for future work.

2 Reference Solution in Criteria Space

The general drawback of the weighted sum approach is the necessity of defining
particular values of weights. This requires experience on the part of the deci-
sion maker. The translation of his/her preferences into the form of weights is a
sophisticated task, especially for problems with a high number of criteria. Fur-
thermore, the results produced by the weighted sum are usually substantially
scattered. Thus, the weighted sum technique often produces an outcome that is
far from the decision maker’s expectations. Often, the proper setting of weights
can be done only by launching the search procedure several times.

As an alternative to the traditional weighted sum approach we expand the
idea of reference timetable expressed by Paechter et al. [13]. As the reference
they considered a timetable produced either manually or automatically using
another dataset. The authors suggested an algorithm which obtains a solution
genotypically similar to the reference one. They also pointed out that the ref-
erence solution may already be located in a local optimum, and therefore it is
worth starting the search for the new solution from scratch.

For the purpose of multiobjective optimisation the reference solution can be
considered in a phenotypic sense: i.e. the decision maker should specify the cri-
teria values of some attainable solution which to a certain degree meet his/her
preferences. This solution can be produced manually or selected from the set
of solutions generated by some automated method. We assume that the deci-
sion maker is not satisfied completely with this solution, but this choice gives
information that is helpful for a further search for a better solution.

Having a more or less preferable reference solution, we can consider that all
further solutions which dominate the reference one (where all reference criteria
are outperformed by the new ones) will be even more preferable. In order to find
these solutions, we suggest the following method. We represent the reference
solution as a point in the criteria space and draw a line through this point and
the origin. When the search procedure is launched, an initial solution and all the
following current solutions are also represented as points in the criteria space.
The algorithm should provide the gradual improvement of the current solution
while keeping the corresponding points close to the defined line. The aim is to
approach as close to the origin as possible, driving the search through the defined
trajectory.

In our approach the reference solution is used only for drawing the trajectory,
but does not affect the further search process. We use it only as a benchmark for
assessing the final solution. As the reference solution in most cases already lies in
a local optimum, it cannot be used for the initialisation purpose. Generally, local
search techniques show the best performance when they start from a random
solution. Therefore we suggest keeping this practice for the presented approach.
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Fig. 2. Following the defined trajectory

For the bi-criteria case the method is illustrated in Figure 2, where the trajectory
is depicted as a dash-dotted line.

The search starts from a randomly generated initial solution (point I) and at
first approaches the trajectory (generally, the initial solution does not lie on the
trajectory). The search then follows the trajectory until it reaches the vicinity of
the reference solution (point R) and continues along it until convergence. In the
final stage any solution dominates the reference one. The point of convergence
is not known in advance, but it will be obviously superior to the reference point.

3 Great Deluge with Variable Weights

In this section we present a technique suitable for driving the search through
a predefined trajectory. It operates with a weighted sum cost function, but the
weights are varied dynamically during the search. We have developed a special
procedure for weight variation to regulate the direction of the search.

The explanation of our method is illustrated with a bi-criteria case (the goal is
to minimise criteria ¢; and ¢o). We consider a weighted sum aggregation function
with weights w; and wso within the Great Deluge algorithm. The condition of
acceptance of a candidate solution S = (s1, s2) at any iteration can be expressed
by the following inequality:

siwi + sowo < B (1)

This formula states that the algorithm accepts any solution in the space
bounded by axes ¢; and co (as the criteria values are always positive) and the
line

Cclwy + cowg = B. (2)

In Figure 3 this borderline is marked as G1G5. The points where it intersects

the axes are calculated as Gy = B/wy; Go = B/ws. The space of acceptance is
denoted by the shaded triangle.
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Fig. 3. Borderline in the weighted sum Great Deluge algorithm

The lowering of the level value B at each step corresponds to a shift of the
borderline towards the origin. The new borderline G1*G5" is expressed by

ClwW1 + Ccowo = B - AB. (3)

The new intersection points are calculated as Gf = (B — AB)/w; and G5 =
(B — AB)/ws. The shifting of the borderline results in obtaining the new current
solution (S*) which is closer to the origin. Let us define Aw = Aw/(B — AB),
and equation (3) can be transformed into the following form:

cwr (1 4+ Aw) + cowa (1 + Aw) = AB. (4)

Due to this formula the decrease of the level at any given iteration can be
replaced with the appropriate increase of both weights as it causes the same
effect (shifting of the borderline).

Hence, finally, each separate increase of a single weight induces a rotation of
the borderline such that the new solution improves the corresponding criterion
more than the other one. Thus, equation (5) corresponds to the line G{G2 in
Figure 4 and equation (6) corresponds to the line G1G3 in Figure 5:

crwy (1 4+ Aw) + cowy = AB, (5)
crwy + cows (1 + Aw) = AB. (6)

For example, the increase of w; in Figure 4 forces solution S to move mostly
along the ¢; axis. The increase of ws causes the opposite effect (Figure 5).

Thus, instead of reducing a level at each step, the proposed algorithm in-
creases a single weight. Although the value of level B is invariable, we can con-
sider this technique as a multiobjective extension of the Great Deluge algorithm
because it incorporates the same principles.

In order to force the current solutions to follow the given trajectory, the
algorithm employs the appropriate rule for selecting the weight to be increased.
We suggest the following method (its bi-criteria case is illustrated in Figure 6).
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Fig. 4. The increase of w;

Fig. 5. The increase of ws
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Fig. 6. The selection of increased weight
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Set the reference solution R = (r1,72,...,7n)
Set the initial solution S° = (s9,s3,...,5%)
Specify the initial weights (w), wd, ..., wl) = ?

Calculate initial cost function f(S) = s{w? + sJwJ 4 - - 4+ shwd

level B = f(S)
Specify the input parameter Aw = 7
While not stopping condition do
Define a neighbourhood N ()
Randomly select the candidate solution S* € N(.S)
I (F(S°) < S(S)) or (f(S") < B)
Then accept candidate S = S*
Find ¢ corresponding to: maxi—1..»n(s:/r:)
Increase the weight w; = w; (1 + Aw)

Fig. 7. Multiobjective Great Deluge algorithm with variable weights

As the trajectory (dash-dotted line) is drawn through the reference point
R = (r1,72) and the origin, then any point (¢1,t2), where t1/r = to2/ra, belongs
to the trajectory. Thus, the trajectory divides the criteria space into two halves:
one where t1/r1 < ta/re and the other where t1/r1 > t3/rs. Obviously, if point
S’ (the current solution) is placed in the first half (above the trajectory), the
directing of the search towards the trajectory can be done while decreasing s,
(increasing wsg). In the other half (below the trajectory), for point S” we have
to increase wi. The proposed rule can be expanded into n-criteria space as
well. Here, we evaluate the vector (s1/r1, 82/72, ..., 8,/Ts), choose its maximum
element and increase the corresponding weight. The pseudocode of the algorithm
is given in Figure 7.

In this algorithm the value of the input parameter Aw affects the computing
time in the sense that with higher Aw the search runs faster. However, in contrast
to the basic single-objective variant, the search speed is not steady, and therefore
we cannot guarantee convergence in the given number of iterations. We expect
that this could be arranged with a more advanced mechanism of weight variation.

Additionally to Aw, this algorithm requires the specification of initial weights
(wf,wY, ..., w?). Their relative proportion defines the angle of an initial border-
line, which passes through the initial solution. We have experimentally tested
different methods of weight initialisation and found that they affect the dura-
tion of the first phase of the search: proper definition of initial weights allows
the current solution to reach the trajectory more expeditiously. The best values
of initial weights are probably problem dependent. However, in our experiments
a fairly good performance was achieved when setting w{ equal to s{/r;. If the
value of some reference criterion r; is equal to 0 (the constraint in the reference
solution is satisfied), we put, instead of r;, some small value which is less than
half of the measurement unit of the criterion. For example, when the criterion
has integer value, it is enough to set r; = 0.4.
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4 Experiments

The proposed algorithm was experimentally tested on real-world large-scale
examination timetabling data. The algorithm was implemented on C++ and
launched on PC with AMD Athlon 750 MHz processor under OS Windows98.

4.1 Bi-criteria Case

The first series of experiments was done on a bi-criteria case. We used the follow-
ing university examination timetabling datasets: the University of Nottingham
dataset (Nott-94), placed at ftp://ftp.cs.nott.ac.uk/ttp/Data/Nott94-1, and two
datasets (Car-f-92 and Kfu-s-93) from the University of Toronto collection, avail-
able at ftp://ftp.mie.utoronto.ca/pub/carter/testprob. The problem formulation
was the same as in [4]: the first objective represents the number of conflicts where
students have to sit two exams in adjacent periods, and the second objective rep-
resents the number of conflicts where students have exams in overnight adjacent
periods.

In our first experiment we investigated the ability of the presented technique
to follow a defined trajectory. For the Nott-94 problem we specified both refer-
ence criteria values to be equal to 300. The trajectory is a line under the 45°
angled line (dash-dotted line in Figure 8), and Aw was set to be 1076 (processing
time was around 3 min). In order to follow the progress of the search process,
we plotted after each 50000 steps the current solution as a dot and after each
500000 steps we drew the current borderline as a dotted line. The complete
diagram is presented in Figure 8.

The search is first directed towards the trajectory and then follows it pro-
ducing solutions, which are very close to it. Scatter is relatively high at the
beginning of the search and then becomes very low. Looking at the dynamics
of the borderline we can notice that at the beginning of the search only w; has
been increasing until the current solution reaches the trajectory. After that, the
two weights increase differently, using the rules described in Section 3.

The second series of experiments were done using published results as refer-
ence points. We used the results produced by the Multi-Stage Memetic algorithm
presented in [4], while using the same weighted sum cost function. We selected
from the best presented results three non-dominated points for every dataset
(marked as MSMA in Table 1). The corresponding trajectory was drawn for ev-
ery reference point. Each launch of our trajectory-based algorithm was started
from a random solution and lasted around 30-40 min. Approximately 95% of this
time was spent on approaching the reference point and 5% on its improvement.
Our final results are shown in Table 1 and marked as TBA.

All our final results dominate the corresponding reference points. This con-
firms the ability of our algorithm to drive the search through different trajecto-
ries, and to produce high-quality solutions, which are better than the reference
ones.
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Table 1. Reference and our solutions for the bi-criteria case

Car-£-92 Kfu-s-93 Nott-94
(36 periods) (21 periods) (23 periods)
MSMA TBA MSMA TBA MSMA TBA

1st point C4 302 282 222 204 65 53
Cs 804 799 838 743 324 271
Ch 313 286 228 218 76 57
Co 766 706 704 608 282 187
Cy 363 327 307 258 100 59
Co 576 541 589 562 255 149

4.2 Nine-Criteria Case

We conducted the next series of experiments in order to investigate the effec-
tiveness of the proposed technique when the number of criteria is greater than
two. The Nott-94 dataset was considered with nine objectives in the same way
as in [5]. Descriptions of the criteria are given in Table 2.

Again we use the solutions presented in [5] as reference points. They were
obtained by the multiobjective hybrid of heavy mutation and hill-climbing based
on the idea of the Compromise Programming approach. These solutions were
produced with different aggregation functions while scheduling exams into 23,
26, 29 and 32 periods. The processing time of each launch was in the range of
5-10 min and any attempt to increase the processing time did not lead to better
results. The presented trajectory-based technique was launched for each of these
reference points. Our launches lasted approximately 20-25 min and we consider
this processing time to be quite acceptable for examination timetabling. The
results are compiled in Table 3.

As in the previous experiments, the algorithm produces solutions which dom-
inate the reference ones by all criteria. Thus, the proposed technique provides
better satisfaction of user preferences as well as higher overall result quality than
conventional weighted sum methods.

5 Conclusions and Future Work

In this paper we have presented a new multiobjective approach, whose main
characteristics are as follows:

— instead of reducing the aggregation function, our algorithm aims to improve
each criterion separately by changing weights dynamically during the search
process;

— the specification of a reference solution may be more transparent to the
decision maker than expressing the weights;
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Fig. 8. The progress diagram for the Nott-94 problem
Table 2. Descriptions of criteria
Criterion  Description
4 Number of times that room capacities are exceeded
Cy Number of conflicts, where students have exams
in adjacent periods on the same day
Cs Number of conflicts, where students have
two or more exams in the same day
Cy Number of conflicts, where students
have exams in adjacent days
Cs Number of conflicts, where students
have exams in overnight adjacent periods
Cs Number of times that students have exams
that are not scheduled in period of proper duration
Cr Number of times that students have exams that
are not scheduled in the required time period
Cs Number of times that students have exams that
are not scheduled before/after another specified exams
Co Number of times that students have exams that are not

scheduled immediately before/after another specified exams

191
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Table 3. Reference and our solutions for nine-criteria case

23 periods 26 periods 29 periods 32 periods
Point CPA TBA CPA TBA CPA TBA CPA TBA

1st C: 1038 795 137 0 139 0 25 0
Ce 1111 651 655 476 513 360 314 184
Cs 3518 3360 2814 2795 2239 2059 1546 1353
Cy 4804 4185 2759 2494 2172 1687 1646 1390
Cs 405 54 265 45 231 43 174 104
C7 - - - - - - -
Cs - - - - -
Cy - - - - -
2nd C1 - - - - - - -
Co 879 778 604 353 393 292 316 190
Cs 3623 3524 2544 2174 1957 1482 1332 1104
Cy 6381 6221 4571 3661 3438 2518 2482 2028
Cs 264 152 164 38 151 48 53 2

o - - - - -
Cs - - - - -

3rd Cy 2848 1734 2044 889 1559 670 1243 1
Co 2608 1367 1872 802 1435 703 1138 488
Cs 4886 3760 3507 2127 2688 1481 2132 1210
Cy 4658 2289 3343 1922 2563 1201 2033 1073
Cs 807 332 475 190 441 128 334 155

Cs 170 0 119 89 74

Cr 40 - 24 - 24 18 -
Cs - - - - - - - -
Cy - - - - - -

— the final solution produced by the algorithm conforms to the reference one,
which satisfies the decision maker’s preferences. Therefore, it is expected to
be more acceptable to the decision maker;

— the solutions dominate the results of other techniques. Therefore, the pre-
sented approach can be considered to be a more powerful one.

This paper opens a wide area for further research. The proposed algorithm
should be evaluated in other domains, with different numbers of objectives. Dif-
ferent procedures for weight variation could be developed, to direct the search
differently. In particular, the question of weight initialisation needs further in-
vestigation. In addition, other approaches to trajectory definition should be ex-
plored.
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Abstract. It is well known that domain-specific heuristics can produce
good-quality solutions for timetabling problems in a short amount of
time. However, they often lack the ability to do any thorough optimi-
sation. In this paper we will study the effects of applying local search
techniques to improve good-quality initial solutions generated using a
heuristic construction method. While the same rules should apply to any
heuristic construction, we use here an adaptive approach to timetabling
problems. The focus of the experiments is how parameters to the local
search methods affect quality when started on already good solutions.
We present experimental results which show that this combined approach
produces the best published results on several benchmark problems and
we briefly discuss the implications for future work in the area.

1 Introduction

1.1 The Examination Timetabling Problem

The examination timetabling problem consists of allocating a number of exams
to a limited number of periods or timeslots subject to certain constraints. These
constraints may relate to operational limitations (such as no student having to
attend two exams at the same time, limitations on seating, etc.) which cannot
be overcome, or they may be regarded as being sufficiently important that they
should always be observed. In either case we call these hard constraints. We
also call a timetable that obeys all hard constraints a feasible timetable. The
remaining constraints are those that are considered to be desirable to satisfy,
but not essential, such as allowing students study time between exams. These
constraints are termed soft constraints. The level of satisfaction of these soft
constraints can be considered to be a measure of the quality of a timetable.
More information on the various constraints that can exist for the problem can
be found in a survey of UK universities [2]. Surveys of practical applications of
examination timetabling can be found in [516].
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1.2 Local Search Methods

It is possible to think of local search techniques as methods which typically
function by iteratively applying simple moves to a solution. Before a move is
applied the effects it has are evaluated and a decision is made to accept or reject
the move based on some criteria. The criteria for accepting moves is generally
what distinguishes the various varieties of local search.

The simplest form of local search approaches are Descent-Based methods (or
Hill Climbing, depending on your point of view). Here a move is only accepted
if it produces a solution at least as good as the current solution. For mainly
comparative purposes we consider this simple form of local search in this paper.

A more sophisticated approach, which we also consider in this paper, is Simu-
lated Annealing [IT]. This differs from descent methods in that it has a stochas-
tic component whereby worsening moves can be accepted. The probability p
of accepting a worsening move is given in (1), where A represents the change
in quality and T represents the current temperature of the system, this being
derived from thermodynamics’ Boltzmann’s distribution. The temperature of
the system is periodically lowered according to a cooling schedule. This results
in worsening moves being less likely to be accepted as the process continues.
The performance of Simulated Annealing is generally regarded to be highly de-
pendent on the choice of parameters such as starting temperature, terminating
temperature and the cooling schedule:

1)

An alternative that is also investigated in this paper, and that has been
shown to work particularly well on the examination timetabling problem, is
the Great Deluge algorithm proposed by Dueck [9]. This approach functions
in a similar fashion to Simulated Annealing and its variant, Threshold Ac-
ceptance [10]. However, worsening moves are accepted or rejected according to
whether solution quality falls below or above a specified ceiling, which is reduced
linearly throughout the process. The method was successfully investigated for
timetabling problems by Burke et al. [1], along with an appropriately configured
Simulated Annealing process. The main advantage over Simulated Annealing is
the lower number of parameters, and that those required can easily be guessed
or worked out from a parameter describing the desired run time.

2 Applying Local Search Techniques to Good Initial
Solutions

When applying local search techniques such as the Great Deluge or Simulated
Annealing to good-quality initial solutions there are factors we need to take into
account. Firstly, these methods usually perform a far-ranging search of the so-
lution space before terminating, which may not be desirable when starting from
a good initial point, as we could quickly lose any benefit from the initial qual-
ity. Fortunately, we can control how far-ranging a search we wish to carry out
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sinceLast Move := 0
WHILE sinceLastMove < 1,000,000 DO
choose exam e and period t at random s.t. ¢ | = period(e)
IF penalty(e, t) < penalty(e, period(e)) THEN
move exam e to period ¢
sinceLastMove := 0
ELSE
sinceLastMove+ = 1
ENDIF
DONE

Fig. 1. Pseudo-code describing the Hill Climbing procedure

through parameters for two of the three local search methods that we investi-
gate. It should be noted that the actual method of generating initial solutions is
irrelevant here as we are concerned exclusively with establishing how much, and
under what conditions, solutions can be enhanced using local search methods.
In all the proposed methods we begin with a feasible solution and never accept
moves that would produce an infeasible timetable.

2.1 Adaptive Initial Solution Generation

An adaptive heuristic approach is used to generate initial solutions. This basi-
cally functions by repeatedly trying to construct a timetable based on an or-
dering, while promoting any exams that cannot be scheduled to an acceptable
level. This in itself produces very competitive results relatively quickly. As the
experiments here are largely concerned with the improvements attainable with
local search we will not discuss the generation method at length here. For a
detailed explanation of the method and experimental results see [3].

As mentioned above, we are not concerned with the actual construction
method used. It is likely that the same techniques could be applied just as
effectively to other heuristic algorithms such as those presented by Carter et
al. [[7]. We will now briefly discuss the three local search approaches, and how,
where possible, they can be configured to take account of already good solutions.

2.2 Hill Climbing

As Hill Climbing, by its nature, will not accept worsening moves it can only
explore a very limited portion of the search space. It is, however, very fast
compared to the other methods and will never produce a solution that is worse
than the original. For these reasons Hill Climbing provides a good baseline for
comparison with the other more thorough search methods.

For these experiments, a simple randomised Hill Climbing method was used,
where moves are generated at random (in the same way as for the other methods)
and accepted if they do not lead to a worse solution. The process is aborted after
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1000 000 unsuccessful successive attempts at generating a move. Figure 1 gives
the Hill Climbing procedure used in the tests, where period(e) gives the current
period of exam e, and penalty(e,t) gives the penalty arising from scheduling
exam e in period t.

2.3 Simulated Annealing

The inherent controlling factor in Simulated Annealing is the temperature. A
higher initial temperature will result in increased acceptance of worsening moves,
and therefore the search tends to move further away from the starting point.
Alternatively, a lower temperature will search more in the vicinity of the initial
solution, at the expense that it may not be able to reach other better, though
still relatively near, areas of the search space. Figure 2 shows the process used for
Simulated Annealing, where Tj is the initial temperature, T, is the minimum
temperature and o represents the cooling schedule.

As selecting a suitable initial temperature Ty can be a problem for Simulated
Annealing we use an approach where we specify a desired average probability
of accepting worsening moves. A temperature is then calculated by generating a
number of random moves and evaluating the average probability of acceptance.
If a temperature of 1 does not provide at least the desired average probability it
is doubled and the process repeated. This continues until the generated average
probability matches or exceeds the desired average probability. This allows us
to specify the temperature indirectly in a less problem-specific way.

Values for T,,;, and « are somewhat easier to determine. As our penalty
function has a granularity of 1, a uniform value of T,;, = 0.05 is used through-
out to guarantee a Hill Climbing-like phase at the end of the process. Instead
of specifying « as a parameter, we give the desired number of moves N as a
parameter and calculate o according to

_ In (7o) — In (Thnin)
a=1-—=" ~ . (2)

2.4 The Great Deluge

The Great Deluge method provides a much simpler mechanism than Simulated
Annealing and is known to be effective on exam timetabling problems [1]. Here
the controlling factor is the value of an initial ceiling on solution quality, where
with a higher ceiling the search is less restricted. We can easily calculate an
initial ceiling by multiplying the penalty of the initial solution by some chosen
factor.

Figure 3 shows the Great Deluge procedure where b is the amount we wish
to reduce the ceiling by at each iteration, and is calculated based on the user
specified desired number of iterations N. As it is likely that the ceiling will
fall below the current penalty as the solution nears a local optimum, 1000 000
iterations without improvement are allowed in order to accommodate a Hill
Climbing—type phase towards the end of the process.
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T:=1Tp
WHILE T > Tyin DO
choose exam e and period ¢ at random s.t. ¢ | = period(e)
IF penalty(e,t) < penalty(e, period(e)) THEN
move exam e to period ¢
ELSE
move exam e with probability
exp ( (penalty(e, period(e)) — (penalty(e, t))/T) )
ENDIF

Fig. 2. Pseudo-code for the Simulated Annealing process

P :=initial penalty of solution
B := P x user provided factor
b:= B/N
sinceLastMove := 0
WHILE (B > 0 AND P < B) OR sinceLastMove < 1,000,000 DO
choose exam e and period t at random s.t. t! = period(e)
delta := penalty(e,t) — penalty(e, period(p))
IF P + delta < B OR delta < 0 THEN
move exam e to period p
P := P + delta
sinceLastMove := 0

ELSE
sinceLastMove+ =1
ENDIF
B:=B-b
DONE
Fig. 3. Pseudo-code for the Great Deluge approach
3 Results

3.1 Experimental Setup

Experiments were performed on a range of real-world examination timetabling
problems available from ftp://ftp.mie.utoronto.ca/pub/carter/testprob (see Ta-
ble 1).

The objectives of these problems are to firstly create a conflict-free timetable,
and secondly to minimise the number of cases where a student has exams s
periods apart. The weight w, for a student taking two exams s periods apart
is given by: wy = 16, wy = 8, w3 = 4, wy = 2, ws = 1. These are summed up
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Table 1. The benchmark problems used

Number Number Density of

of of Conflict

Data Institution Periods Exams Students Matrix
car-f-92 Carleton University, Ottawa 32 543 18419 0.14
car-s-91 Carleton University, Ottawa 35 682 16 925 0.13
ear-f-83 Earl Haig Collegiate

Institute, Toronto 24 190 1125 0.29
hec-s-93 Ecole des Hautes Etudes

Commerciales, Montreal 18 81 2823 0.20
kfu-s-93 King Fahd University,

Dharan 20 461 5349 0.06
Ise-f-91 London School of

Economics 18 381 2726 0.06
sta-f-83 St Andrew’s Junior

High School, Toronto 13 139 611 0.14
tre-s-92 Trent University,

Peterborough, Ontario 23 261 4360 0.18
uta-s-93 Faculty of Arts and Sciences,

University of Toronto 35 622 21267 0.13
ute-s-92 Faculty of Engineering,

University of Toronto 10 184 2750 0.08
yor-f-83 York Mills Collegiate

Institute, Toronto 21 181 941 0.27

and divided by the number of students in the problem to give a measure of the
average conflicts per student.

The Great Deluge was applied to the heuristically generated solutions with
various initial ceiling values (given in the form of a function of the initial quality).
Similarly, Simulated Annealing was applied to the same problems with varying
desired initial average probabilities (as described above). Both algorithms were
given a desired number of iterations of 20 000 000 and 200 000 000. Each individ-
ual experiment was run five times with varying random number seeds. An index
of improvement was calculated by summing the average percentage improvement
for each of the problems. For example, if five problems improved by 2% and six
problems improved by 5% the improvement index will be (5 x 2) + (6 x 5) = 40.

Often in local search methods it is prudent to keep a copy of the best solu-
tion found so far, as the final resting point is not necessarily the best solution
encountered. In this case, however, it is more revealing to take the final resting
point of the search, as we can then perceive actual reductions in solution quality.
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Fig. 4. Results when using Great Deluge to improve solutions

3.2 Results When Using Great Deluge Local Search

The Great Deluge algorithm was run on the generated solution with the initial
ceiling set at various values based on the original quality. Figure 4 shows the total
improvement index, with the horizontal bar indicating the improvements found
by basic stochastic Hill Climbing. It is clear that we need to give the search
procedure some extra scope to manoeuvre, though too much scope results in
overall degradation of the results. It is even the case that too much scope (a
ceiling factor of 5) produces results that are noticeably worse than the original
unless given a sufficient amount of time. This said, it seems sensible to set the
initial ceiling at the quality of the initial solution, multiplied by a factor of 1.3.
Launching the algorithm for 10 times the number of moves results in slightly
better improvements. However, the same rules on the initial ceiling still apply.
It is worth noting that all reasonable configurations perform considerably better
than stochastic Hill Climbing, yielding nearly eight times the improvement of
Hill Climbing in the best case.

3.3 Results When Using Simulated Annealing

When experimenting with Simulated Annealing we test a range of temperatures,
based on the average probability of accepting worsening moves. The probability
is varied between 0.1 and 0.9 and shows the variation in improvement when
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Fig. 5. Results when using Simulated Annealing to improve solutions

using different starting temperatures. The results of this are shown in Figure 5.
Simulated Annealing exhibits a similar behaviour to the Great Deluge approach
in that there is a “sweet spot” that balances out the need for a far-ranging
search against the desire to preserve the quality of the original solution. The
differences here though are less pronounced, with none of the tested scenarios
producing solutions worse than the originals or, for that matter, than those
produced with Hill Climbing. We would, however, expect this to change as the
probability approaches one and becomes more like a non-seeded application of
Simulated Annealing.

3.4 Analysis

The results indicate a slight advantage in favour of the Great Deluge method
when working on improving solutions. The simpler mechanism of the Great Del-
uge also makes the method more attractive than Simulated Annealing. The re-
sults show that for both experiments the value of the parameters can have a
dramatic effect on solution quality. Tables 2 and 3 show a comparison between
Simulated Annealing (SA) and Great Deluge (GD) when started with and with-
out good solutions, for 20 000 000 and 200 000 000 iterations. It should be noted
that the initial

solution for the basic approach was also generated using a similar heuristic
method except that soft constraints were not considered. This was necessary as
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Table 2. Comparison of both methods with and without heuristic initialisation

(20000 000 iterations)

SA (basic)
init prob =0.999

SA (heuristic)
init prob=0.7

GD (basic)

init ceil=1.0

GD (heuristic)
init ceil =1.3

Data Cost Time (s) Cost Time (s) Cost Time (s) Cost Time (s)
car-f-92 5.27 31 4.19 61 4.92 90 4.14 81
car-s-91 6.48 35 492 81 5.48 108 4.84 109
ear-f-83 41.18 16 37.62 19 39.43 46 37.39 36
hec-s-93 12.43 11 12.02 11 12.34 94 11.94 51
kfu-s-93 16.00 49 15.31 74 15.95 76 15.51 64
lse-f-91 16.16 40 10.77 56 15.80 55 10.75 50
sta-f-83  176.34 14 165.70 16 176.30 32 166.47 42
tre-s-92 9.05 20 8.44 26 8.95 45 8.42 38
uta-s-93 5.10 36 329 75 4.79 74 3.26 90
ute-s-92 28.30 23 26.30 26 27.98 52 26.74 37
yor-f-83 40.94 13 39.44 15 39.13 72 39.31 71

Table 3. Comparison of both methods with and without heuristic initialisation
(200000 000 iterations)

SA (basic)
init prob =0.999

SA (heuristic)
init prob=0.7

GD (basic)

init ceil=1.0

GD (heuristic)
init ceil=1.3

Data Cost Time (s) Cost Time (s) Cost Time (s) Cost Time (s)
car-f-92 4.86 307 4.15 340 4.52 916 4.10 416
car-s-91 5.23 353 4.73 409 4.87 1156 4.65 681
ear-f-83 39.69 163 36.57 167 38.45 451 37.05 377
hec-s-93 11.81 108 11.71 98 11.65 966 11.54 516
kfu-s-93 15.18 486 14.34 506 15.17 749 13.90 449
lse-f-91 13.53 396 10.90 411 12.91 643 10.82 341
sta-f-83  176.10 141 168.37 132 176.44 311 168.73 418
tre-s-92 8.67 196 8.52 192 8.54 473 8.35 304
uta-s-93 4.60 351 3.19 385 4.00 881 3.20 517
ute-s-92 26.46 231 25.88 226 26.06 544 25.83 324
yor-f-83 40.00 125 37.82 121 37.16 786 37.28 695

both Simulated Annealing and the Great Deluge have great difficulty finding
feasible solutions for some of these problems. For longer runs of 200000 000
iterations in all but one case the solution produced by the basic approach is
worse that the solution produced using a well configured combination approach.
In general, the Great Deluge emerges as the better method, obtaining the best
results on seven of the 11 problems. As we would expect though, the benefits
of initial solution quality are much more noticeable when dealing with shorter
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Table 4. Comparison of results

Tabu Solver (av.) Adaptive with Great

Di Gaspero and Schaerf Carter et al. Deluge (1.3) (av.)
Data Cost Cost Cost Time (s)
car-f-92 5.6 6.2-7.6 4.10 416
car-s-91 6.5 7.1-7.9 4.65 681
ear-f-83 46.7 36.4-46.5 37.05 377
hec-s-93 12.6 10.8-15.9 11.54 516
kfu-s-93 19.5 14.0-20.8 13.90 449
Ise-f-91 15.9 10.5-13.1 10.82 341
sta-f-83 166.8 161.5-165.7  168.73 418
tre-s-92 10.5 9.6-11.0 8.35 304
uta-s-93 4.5 3.5-4.5 3.20 517
ute-s-92 31.3 25.8-38.3 25.83 324
yor-{-83 42.1 41.7-49.9 37.28 695

20000000 iteration runs. Table 4 shows the average individual results for the
Great Deluge when given a ceiling factor of 1.3 and allowed 200 000 000 moves,
and also compares them with the results of two other methods on the same
problem, namely the tabu search method proposed by di Gaspero and Schaerf [g]
and the heuristic backtracking approach used by Carter et al. [7]. The times given
are in CPU seconds on a 900Mhz Athlon.

On some problems there is substantial improvement on the previously re-
ported results with the others being comparable. The exception is the sta-{-83
problems, on which our proposed method performs the worst (though not by a
large margin) of all the techniques. It is also worth noting that the method also
outperforms the tabu search approach proposed by White and Xie [12] on the
two problems they used for testing.

It would be impractical to display all the produced results here. However,
the keen reader can obtain all individual results, together with the produced
solutions, from http://www.asap.cs.nott.ac.uk/misc/jpn/patat2002

4 Conclusions

It is clear that under the right circumstances both Simulated Annealing and the
Great Deluge method can be used to improve on already good-quality solutions.
While obtaining maximal improvement requires a delicate balance of the param-
eters, using guideline values for these parameters should provide near-maximal
improvement. This combination of heuristic construction and a subsequent phase
of local search produces very competitive results on the benchmark problems, in-
troducing new best solutions for some of the problems. A possible issue that was
not clearly reflected in the experiments is the relationship between the amount of
time the search is allowed and how much the search process is limited. It seems
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logical that if the search process is given more time, then the limitation on the
search space can be relaxed a little. There is a suggestion of this in Figure 5,
where the best desired average probability is a little higher when run for 10 times
the number of moves. Determining this relationship more formally, however, will
require substantial experimentation and will be a focus of further work.

Another area in which this work could have a serious impact is in the de-
velopment of hyper-heuristics (heuristics to choose heuristics). As an aspect of
hyper-heuristics deals with what methods are best to use, given a set time frame
in which to work, this approach could form part of a larger hyper-heuristic frame-
work, where the framework decides what parameters to use and for how long to
perform local searching.
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Abstract. Examination timetabling is a well-studied combinatorial op-
timization problem. We present a new hybrid algorithm for examination
timetabling, consisting of three phases: a constraint programming phase
to develop an initial solution, a simulated annealing phase to improve the
quality of solution, and a hill climbing phase for further improvement.
The examination timetabling problem at the University of Melbourne
is introduced, and the hybrid method is proved to be superior to the
current method employed by the University. Finally, the hybrid method
is compared to established methods on the publicly available data sets,
and found to perform well in comparison.

1 Introduction

The difficulty of developing appropriate examination timetables for tertiary
education institutions is increasing. Institutions are enrolling more students into
a wider variety of courses including an increasing number of combined degree
courses. For example, at the University of Melbourne, approximately 20 000 stu-
dents have to be fitted into about 650 exams over a two and a half week period.
For these 20 000 students, there exist approximately 8000 different individual ex-
amination timetables. Consequently, examination timetabling is a difficult com-
binatorial optimization problem and too complex an issue to be resolved by
manual means. Appropriate algorithms are required to provide adequate exam-
ination timetables for universities.

The development of an examination timetable requires the institution to
schedule a number of examinations (“exams”) in a given set of exam sessions
(“time slots”, or simply “sessions”), so as to satisfy a given set of constraints.
A common constraint for universities is that no student may have two exams
scheduled at the same time. However, some universities allow a student to have
two examinations scheduled at the same time (a “clash”), as long as an appro-
priate arrangement can be made (such as “quarantining” students between ex-
ams). This is the situation at the University of Melbourne, where every semester

E. Burke and P. De Causmaecker (Eds.): PATAT 2002, LNCS 2740, pp. 207231} 2003.
© Springer-Verlag Berlin Heidelberg 2003
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students are scheduled with two exams in the same session. As quarantining
is expensive and inconvenient, we propose a different examination timetabling
method for the University of Melbourne that avoids these “clashes”.

This paper discusses key features of examination timetabling problems and
reviews existing methods for publicly available and other data sets in Section
A new hybrid exam scheduling method is presented in Section Bl This hybrid
method seeks good-quality schedules, but attempts to avoid unnecessary clashes.
The new method is a combination of constraint programming, simulated anneal-
ing and hill climbing (local search). Details of the problem for the University of
Melbourne are given in Section ] while benchmark problems in the literature
are discussed in Section[5. The hybrid method is demonstrated in Section[d to be
superior to the current timetabling system used by the University of Melbourne,
and in Section [l to be superior or comparable to well-known existing methods,
measured against established benchmarks.

2 Previous Work on Examination Timetabling

2.1 Examination Timetabling Problems

The primary form of the exam timetabling problem faced by educational insti-
tutions is to allocate a session and a room to every exam, so as to satisfy a
given set of constraints. The result is a feasible exam timetable. However, each
institution will have some unique combination of constraints, as policies dif-
fer from institution to institution. Furthermore, institutions may take different
views on what constitutes the quality of an exam timetable. In some cases, any
feasible timetable will do, while in other cases, timetables exhibiting desirable
features are sought. This makes it difficult to give a universal definition of exam
timetabling, but, although the exact nature of the constraints and quality mea-
sures tends to be unique to individual institutions, they tend to take on only a
limited number of forms.
The most common forms of constraint are

1. Clashing: no student may have two exams in the same session.

2. Capacity: the total number of students sitting in all exams in the same
session in the same room must be less than the capacity of the room.

3. Total Capacity: the total number of students sitting in all exams in the same
session must be less than the total capacity for that session.

4. Exam Capacity: the total number of exams in the same session must be less
than some specified number.

5. Exam Availability: some exams are preassigned to specific sessions or can
only be held in a limited set of sessions.

6. Room Availability: some rooms are only available in specific sessions.

7. Pairwise Exam Constraints: some pairs of exams must satisfy pairwise
scheduling constraints (e.g., one must be held before the other).

8. Exam/Room Compatability: some exams may require specific rooms.
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9. Student Restrictions: there may be restrictions on students’ individual exam-
ination timetables (e.g., no student can have two exams scheduled in three
consecutive sessions).

10. Large Exams: large exams should be held earlier in the exam period (e.g.,
exams with more than 500 students must be held in the first 10 sessions).

Each institution will apply some or all of these constraints. The exact form
will be dependent on the institution, and some may be treated as soft constraints
(constraints that hold where possible, but can be violated). For example the
University of Melbourne treats Clashing and Large Exams as soft constraints.
Quality measures (or objectives) of a solution are usually derived from soft con-
straints, most frequently from Student Restrictions. For example, the number of
clashes (instances of a student with two exams scheduled in the same session) is
a quality measure for the University of Melbourne, as is the number of instances
of a student with an exam scheduled in both the morning and afternoon sessions
of the same day. If several different quality measures are used simultaneously,
the objective is a linear combination of these measures, with relative weights
that reflect their perceived importance.

For some institutions (including the University of Melbourne), the allocation
of rooms to the exams in a given session is a secondary problem: exam rooms
may be large, or exams easily split between rooms. In these cases, the assignment
of sessions to exams has only to respect the total capacity constraint for each
session, and the assignment of exams to specific rooms can be done later as a
separate activity. Not all institutions are so fortunate.

2.2 Previous Methods

In this section, we review some influential and recent methods for solving exam
timetabling problems. Often, different methods have addressed somewhat dif-
ferent versions of the exam timetabling problem, with different constraints and
quality measures. Quality measures are often combined to form a mathemati-
cal objective for the problem, and methods which optimize with respect to that
objective developed. We discuss variations of the problem encountered in the
literature in more detail in Section B} here we focus on the methods that have
been applied.

Surveys of different methods for exam timetabling by Burke et al. [2] and
Carter and Laporte [8] classify the different approaches as cluster methods, se-
quential construction heuristics, constraint programming, and local search (ge-
netic algorithms, memetic algorithms, simulated annealing and tabu search).
In recent years, Cartef] and Burkdd have made data sets for exam timetabling
publicly available via the internet. Only three different approaches, that we are
aware of, have been applied to these publicly available data.

Sequential construction heuristics have been applied to the publicly available
data in a variety of forms by Burke et al. [6], Carter et al. [9]10] and Caramia

! ftp://ftp.mie.utoronto.ca/pub/carter/testprob
2 ftp://ftp.cs.nott.ac.uk/ttp/Data
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et al. [7]. Sequential construction heuristics order the exams in some way (for
example, largest exam first), and attempt to allocate each exam to a session in
order, while satisfying all the constraints. The different heuristics feature dif-
ferent orders. They also have other differences: Carter et al. [10] allow limited
backtracking (deallocation of exams), Burke et al. [6] select exams from a ran-
domly chosen subset of all exams, and Caramia et al. [7] include an optimization
step after each exam allocation.

Burke et al. use memetic algorithms for exam timetabling [3l4]. In Burke et
al. M] an initial pool of timetables is generated via a random technique, which
attempts to group together exams with similar sets of conflicting exams. Then
timetables are randomly selected from the pool, weighted by their objective
value, and mutations are applied by rescheduling randomly chosen exams, or
all exams in a randomly chosen session. Finally, hill climbing (local search) is
applied to the mutated timetable to improve its quality. The process continues
with the new pool of timetables. Burke and Newall [3] improve upon their earlier
work by applying the memetic algorithm only to the first k& exams as defined
by a sequential construction method ordering. After the best timetable for the
first k exams is found, the exams are fixed in place, and the memetic algorithm
applied for the next k exams, until all are fixed.

White and Xie [19] and Di Gaspero and Schaerf [I3] use tabu search methods.
White and Xie keep two tabu lists, the usual short-term tabu list, and a long-
term tabu list which keeps track of the most-moved exams. Di Gaspero and
Schaerf [13] use a single tabu list, but when exams are added to this list it is
for a randomly determined number of iterations. They also modify the objective
function as the algorithm progresses.

There is a considerable body of work on exam and other timetabling prob-
lems, which has not been applied to the publicly available data sets. The most
closely related to our work appear to be the constraint programming approach
used by Boizumault et al. [I] and the simulated annealing approaches explored by
Dowsland and Thompson [11J12]16/17/18]. The principal innovation in our work,
compared to these others, is the sequential use of these two methods as the first
two stages of a total strategy. A similar sequential approach has been taken in
work on other problems: White and Zhang [20] use constraint programming to
find a starting point for tabu search in solving course timetabling problems, and
for high school timetabling Yoshikawa et al. [21] test several combinations of
two-stage algorithms, including a greedy algorithm followed by simulated an-
nealing and a constraint programming phase followed by a randomized greedy
hill climbing algorithm (which is deemed to be the best combination of those
used). In a similar vein, Burke et al. [5] use their work on sequential construction
heuristics [f] to generate initial solutions for their memetic algorithm [4].

Our approach is to apply constraint programming, simulated annealing and
hill climbing in turn. Although each of these stages is closely related to an existing
method, the combination we develop is new, and appears to be particularly
effective in practice, as we show later. Here, we motivate the method we use at
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each stage and comment on the similarities of each to methods described in the
published literature.

Firstly, our constraint programming approach is similar to that of Boizu-
mault et al. [1]; in fact our approach can be viewed as a simplification, tailored
to finding a feasible solution very quickly rather than solving the entire problem.
Other researchers, notably Thompson and Dowsland [16/17J18] have used alter-
native first-stage methods. Thompson and Dowsland use simulated annealing
with a simple neighbourhood to solve a first-stage problem. As in our first stage,
overall seating capacity and exam availability (time window) constraints are
satisfied. However, we do not permit clashes, but allow some exams to remain
unscheduled, if needed, whereas Thompson and Dowsland schedule all exams
and seek to minimize the number of clashes. Whilst a direct comparison of these
two approaches would be interesting, we have found constraint programming to
be very effective. As we discuss in Sections Hl and [ it is highly successful at
providing suitable starting points for our simulated annealing stage and tends to
provide compact solutions, using near-minimal number sessions. Running times
have never been more than a few seconds on any data set tested.

Secondly, our simulated annealing stage is very similar to the later-stage
simulated annealing method of Thompson and Dowsland [T6T7IT8] which they
demonstrated to be very effective on problems similar to our problem class P4,
discussed in Section b5l Both simulated annealing methods use a Kempe chain
neighbourhood and geometric cooling (for more details see Section B:2). Thomp-
son and Dowsland select a neighbour by choosing two sessions and one exam
from the first of these sessions at random and seek to move the selected exam
to the second session, but have also experimented with our approach: we choose
an exam at random and select a new session from those available for that exam.
Thompson and Dowsland observe that when there is little slack in the total seat-
ing capacity constraint, the two sampling methods perform similarly. We believe
that in cases where the set of sessions available for each exam is quite limited,
(as occurs at the University of Melbourne), the latter choice will be more ef-
ficient; it will use less time testing infeasible options. We also fix the number
of iterations performed at each temperature to a constant. This is one of many
cooling schedules tested by Thompson and Dowsland.

Our third stage uses hill climbing to improve the final solution from the
simulated annealing stage. The idea of a final hill climbing solution refinement
stage is not new. For example, the approach used by Schaerf [15] for high school
timetabling combines a metaheuristic with hill climbing: tabu search based on
a small neighbourhood employs a (randomized) hill climbing methO(E, based
on a larger neighbourhood, to improve any local minimum (with respect to the
smaller neighbourhood) encountered by the tabu search. Our approach is in
some sense the reverse of this: our hill climbing method exhaustively searches a
neighbourhood which is in some sense smaller than that used by our simulated
annealing stage; the neighbourhood used in simulated annealing is actually very

3 A neighbour is generated at random. It is accepted if it is at least as good as the
current solution.
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large, but of course simulated annealing only selects a neighbour at random and
does not search the entire neighbourhood.

3 A Three-Stage Method

We consider the exam timetabling problem in which a session must be allocated
to each exam. We apply three of the constraints defined in Section [Z1} Clashing,
Exam Availability and Total Capacity. We also treat the Large Exams constraint
as a hard constraint, modelled via the Exam Availability constraint. Room al-
location is not critical for the application of most interest to us (see Section [4)),
so we neglect it here. The approach we take to the exam timetabling problem
consists of three stages, yielding a hybrid method:

1. Constraint programming: to obtain a feasible timetable;
2. Simulated annealing: to improve the quality of the timetable;
3. Hill climbing: for further refinement of the timetable.

The first stage of the hybrid method is used primarily to obtain an initial
timetable satisfying all the constraints. As we shall see below, our approach aims
to achieve this using as few sessions as possible, and although all constraints will
be satisfied by the resulting timetable, in some cases, some exams may remain
unscheduled.

The second and third stages aim to improve the quality of the timetable,
and to schedule as many exams as possible. The methods used in both these
stages are optimization methods, which will seek to optimize a given objective
function. For this purpose, we formulate an objective function which takes into
account both aims. The measures of quality, and hence the objective function
formulated, differ according to the particular data set used, but typically the
objective function is some combination of penalties applied for proximity of
exams (time-wise) in students’ timetables. We discuss the objective functions,
which we call objective scores, used in detail in the context of the data sets
considered, in Sections @] and [Bl

It is possible (although rare for data sets we tested) that some exams remain
unscheduled after all three stages. In this case, we employ a simple greedy heuris-
tic to schedule the remaining exams. We discuss this heuristic in Section B4l

3.1 Constraint Programming

Constraint programming is used to find a first feasible timetable in our hybrid
method. Our constraint programming model is defined as follows. We use the
notation below:

— E =/{1,...,n} denotes the given set of n exams,
s; is the number of students in exam 4, for all i € F,
— T ={1,...,v} denotes the set of v sessions,

— R C E x T represents the set of given exam-session restrictions, so that
(a,b) € R indicates that session b cannot be allocated to exam a,
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— (4 is the total capacity of session ¢: that is, the total number of students
who can sit exams in session ¢, for all t € T,
D;; is the number of students enrolled in both exams 7 and j, for all 4, j € F,
— variable x; € T indicates the session allocated to exam %, for all i € E.

Note that the sessions are assumed to be time ordered, so t1 < ty for t1,t, € T if
and only if session ¢; occurs before session to. We also define the domain of each
variable x; to be the set of all sessions that can feasibly be allocated to exam i.
Initially, the domain of x; is the set of sessions t € T such that (i,¢) ¢ R. During
a constraint programming search, the domain of variables may be reduced by
the removal of sessions, so as to ensure some form of consistency with respect
to the constraints. The initialization of the variable domains ensures that the
Exam Availability constraint is satisfied. The Clashing constraint is modelled in
our constraint program as follows:

x; # x; for all exams ¢,7 € E/ with ¢ # j and D;; > 0.
The Total Capacity constraint is modelled as

Z si(x; =t) < Cy for all sessions t € T'.
icE
Here (z; = t) is a Boolean switch, taking on value 1 if z; = ¢, and 0 otherwise.

A typical constraint programming method, applied to the above exam time-
tabling model, will operate as follows. An exam is chosen, and a session in its
domain is allocated to it: that is, all sessions except one are removed from the
exam’s domain. In this case we say the exam has been scheduled; otherwise
it is unscheduled. Consistency of the domains of all variables with respect to
the constraints is then checked. For example, any exam which clashes with the
chosen exam should have the session allocated to the chosen exam removed from
its domain. After consistency is checked, another exam is chosen, and is allocated
a session from its domain. This process is repeated until either all exams have
been allocated a session, or until infeasibility has been detected, usually as a
result of the domain of some variable becoming empty. In this case, the method
backtracks and re-allocates sessions to some exams. Clearly, there is a lot of
flexibility in this method: which exam is chosen at each step, and which session
in its domain is chosen to be allocated to it? The precise form of these choices
determines the search strategy of the constraint programming method.

Our experiments revealed that the best search strategy for our exam time-
tabling problem is to choose the unscheduled exam with the smallest current
domain size, that is, the exam with the smallest domain size greater than one,
and to allocate it the earliest session in its domain. Other search strategies
explored were: choosing exams based on the number of students in each exam,
choosing exams based on the number of conflicting exams, and choosing sessions
based on the total space remaining given the current allocations (most or leastﬂ.

4 Boizumault et al. [I] found for their data that the best search strategy was to choose
the exam with the largest number of students and the session with the most available
space.
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This constraint programming model and search strategy were implemented
using the ILOG package OPL [14]. As the sessions were chosen in order (ex-
ams were scheduled as early as possible), the timetables found tended to use a
number of sessions close to the minimum number required (and often less than
the maximum number allowed). In order to take advantage of this result, and
consequently speed up the overall algorithm, additional “dummy” sessions are
included (with a capacity equal to the maximum used for all other sessions),
which are feasible for all exams, and occur “after” the final session v. Any ex-
ams allocated these dummy sessions by OPL are interpreted as unscheduled. A
component of the objective in the simulated annealing phase of the algorithm
encourages scheduling of unscheduled exams. In Section [5.3], 12 different data
sets are used, and for these, two data sets required one dummy session and one
required two dummy sessions, but after the simulated annealing phase there were
no exams remaining in these dummy sessions.

Our constraint programming approach thus generates timetables satisfying
the given constraints, with the proviso that in some cases, some exams may
remain unscheduled (although the search strategy we use ensures this is rare).

As the timetables produced by this process are not subject to any quality
measures, they are usually of very poor quality. Optimization of exam timetables
using constraint programming proved impractical: our experiments showed that
the large search space and weak pruning of the minimization constraints made it
difficult for a constraint programming method to significantly improve timetable
quality. However, as we shall see later, a simulated annealing method s able to
make substantial improvements.

3.2 Simulated Annealing

The timetable produced by the constraint programming algorithm is used as
the starting point for the simulated annealing phase of the hybrid method. This
phase is used to improve the quality of the timetable.

In what follows, we refer to a candidate timetable, together with any unsched-
uled exams (exams scheduled in dummy sessions), as a solution. In all cases, all
scheduled exams in any solution will satisfy the Clashing, Total Capacity, and
Exam Availability constraints, so all exams allocated a given session will not
conflict with each other, the total number of students sitting exams allocated
the same session will not exceed the capacity of the session, and no exam will
be allocated a session for which it is not available.

The number of sessions used for the solutions in the simulated annealing
phase (and hill climbing phase) is equal to the number of sessions specified by
the problem plus the number of dummy sessions used in the solution generated
by the constraint programming phase.

A key component of any simulated annealing method is the neighbourhood
of a solution. The neighbourhood we use is a slight variant on the Kempe chains
neighbourhood used by Thompson and Dowsland [I8]. A Kempe chain is deter-
mined by an exam ¢ currently allocated session ¢, and another session t' # t.
Let G be the set of all exams allocated session ¢, and G’ be the set of exams
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allocated session t'. Note that our definition of a solution ensures that both G
and G’ are conflict-free sets of exams. The Kempe chain can be thought of as
the (unique) minimal pair of sets of exams, FF C G and F' C G, such that ¢ € F
and both (G\ F)UF’" and (G'\ F')UF are conflict-free sets of exams. For a given
exam 7 in session ¢ and other session t’, the Kempe chain (F and F”) can easily
be constructed by a simple iterative procedure. We call the timetable obtained
by (re-)allocating session ¢ to all exams in F’ and (re-)allocating session ¢’ to
all exams in F' a neighbour of the solution. The neighbourhood of a solution is
defined to be the set of all such neighbours.

In our simulated annealing algorithm, a current solution is maintained, and
a neighbour of the current solution chosen at random. We choose a neighbour by
selecting an exam ¢ at random from the set of all exams, and selecting a session
t' at random from the set of sessions available for ¢, i.e. with (i,¢') ¢ R, such
that ¢ # t, where ¢ is the session allocated to exam ¢ in the current solution.
Together ¢, t and t' induce a Kempe chain, and hence a neighbour of the current
solution. (Thompson [I8] selects two sessions at random, and randomly chooses
an exam allocated the first session.)

Our simulated annealing method is quite standard. Once a neighbour has
been generated (each generation of a neighbour is defined as an iteration), it is
tested for feasibility (of Total Capacity and Exam Availability), and if feasible,
the objective function value, or score, for this neighbour is calculated. If this
neighbour is superior in quality to (has a lower score than) the current solution
then the current solution is replaced by the neighbour. Otherwise the current so-
lution may or may not be replaced by the neighbour, depending on the difference
in scores and the current temperature (as is standard in simulated annealing).
Let o(p) denote the objective score for a solution p. Let  be the current solution
and let ¢ be the neighbouring solution to x selected at random at the current
iteration. Let u be the current temperature. Then if o(q) > o(x), the probability
that ¢ will replace z as the current solution is e(?(*)=0(@)/u

The score used varied by problem class (different problem classes have dif-
ferent objectives), so we define the scores used in Sections Hl and B where we
document each problem class tested.

Thompson and Dowsland [16] discuss different cooling schedules for simulated
annealing processes applied to exam scheduling problems. They find that slow
cooling schedules are generally more effective, but that no cooling schedule is
markedly better than any other. We use a geometric cooling schedule, in which
at every a iterations, the temperature, u, is multiplied by «, where a and «
are given parameters of the algorithm. Initial experimentation revealed that the
parameter settings of a starting temperature of 30000, o = 0.999, a = 10 and
a stopping temperature of 10711, giving approximately 350 000 iterations, were
appropriate for all problems discussed in this paper.

Throughout the simulated annealing phase, the algorithm keeps the best
solution found so far, and yields as output this best solution, at the conclusion
of the algorithm. As with most heuristics, simulated annealing solutions will vary
in quality depending on how long the algorithm is permitted to run. It was found
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that solutions using the standard parameters, generated in under a minute of
CPU time on an Alphastation XP900 (466 MHz), were of good quality for the
University of Melbourne’s examination timetabling problem.

We use simulated annealing to improve the solution determined by the con-
straint programming phase, and to schedule any remaining unscheduled exams.
We could have used simulated annealing starting from a random timetable to
satisfy all the constraints. Experiments with a purely simulated annealing ap-
proach performed poorly, since finding a feasible solution was in many cases
quite difficult, and this overwhelms the search for a good solution. Indeed for
one of our data sets there was no solution to the hard constraints as given, and
we would never determine this using simulated annealing alone.

3.3 Hill Climbing

The hill climbing algorithm starts with an initial solution, x, called the “cur-
rent” solution, with objective score o(x). The algorithm processes each exam in
some order, determined a priori: we chose the exam subject code order. For each
exam, e, in this order, the algorithm considers every neighbour of = (using the
Kempe chain definition of neighbour given in Section 3.2) in which e is allocated
a different session to the session allocated to it in z. For all such neighbours fea-
sible with respect to the Exam Availability and Total Capacity constraints, the
objective score is calculated and the neighbour ¢ with minimum objective score
is found. If there are several choices for ¢, select ¢ to move e to the earliest time.
If o(q) < o(x), the current solution x is replaced by ¢: that is, the algorithm sets
x := q; otherwise x is unchanged. In either case, this completes the processing
of e, and the algorithm moves on to the next exam in the given order.

The hill climbing algorithm does not necessarily stop once all exams have
been processed: at this point we say that one “iteration” of the hill climbing
algorithm has been completed. The hill climbing algorithm may well go on to
again process all exams in the given order, several times over; it may perform
many iterations. The hill climbing algorithm stops when either all neighbours
generated during the last iteration had strictly larger objective scores than the
current solution, or after a specified number of iterations. On the data sets we ex-
perimented with, there was usually no improvement in the objective score of the
current solution after around seven iterations, and consequently 10 hill climbing
iterations were deemed to be sufficient; we specified a limit of 10 iterations for
the hill climbing algorithm.

Normally the hill climbing stage does not significantly improve the quality
of solution produced by the simulated annealing phase. However, in approxi-
mately 5-10% of cases, the simulated annealing algorithm had not sufficiently
explored the neighbourhood of its best solution. For example, the best solution
encountered may have been found early when the temperature was high, and
moves that increase the objective are more frequently accepted. The algorithm
may move away and settle in an inferior local minimum with a higher objec-
tive as the temperature is reduced. When this happened, the hill climbing stage
produced a significant improvement on the simulated annealing solution. The
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overall effect of the hill climbing phase of the algorithm is to make the results
more consistent between runs of the three-stage algorithm by improving the less
satisfactory simulated annealing solutions.

3.4 A Greedy Heuristic for Scheduling Unscheduled Exams

The constraint programming stage may allocate dummy sessions to some exams
(the exams remain unscheduled). Normally the simulated annealing stage will re-
allocate normal sessions to these exams. However, it is possible for unscheduled
exams to remain after all three stages of the algorithm.

In all tests we have performed, the only cases where this occurred were in
the University of Melbourne problem and then only in those data sets where
a clash-free solution is impossible. Although the University of Melbourne does
allow clashes, when clashes occur, another constraint, known as the “Three-in-
a-Day” constraint, must be satisfied; we discuss that constraint in detail below.
For the purpose of describing our heuristic, we simply assume that there is some
set of essential constraints that must be satisfied even when clashes are allowed.

In the event that exams remain unscheduled at the conclusion of the three-
stage method, we apply a greedy heuristic to schedule these exams. This heuristic
will, of necessity, introduce clashes into the timetable, however it attempts to
minimize these. Furthermore, it will ensure the timetable satisfies the essen-
tial constraints, and will leave an exam unscheduled rather than violate these
constraints.

The heuristic proceeds as follows, where the unscheduled exams are consid-
ered in order of subject code. For each exam, e, left in a dummy session (that
is, unscheduled), a normal session ¢ € {1,...,v} is chosen so that if exam e was
scheduled in session ¢ the essential constraints would hold, and so that the num-
ber of clashes introduced by scheduling exam e in session ¢ is minimized over all
such sessions. If there are no such sessions, then the exam remains unscheduled
(though this never occurred in our tests).

4 The University of Melbourne Problem

At the University of Melbourne, there are 600-700 exams to be scheduled for
each of two teaching semesters. The June exam period at the end of semester 1
normally has about 600 exams, to be scheduled in 26-30 sessions (13-15 days
with morning and afternoon sessions). In the November exam period at the end
of semester 2 there are more exams (at least 650), and these have to be scheduled
in 30-34 sessions (15-17 days). There are five rooms in which exams can be held,
two of these on campus (with capacities 135 and 405) and three at an off-campus
venue (with capacities 540, 774 and 1170).

The constraints that the university imposes can be defined as Capacity, Total
Capacity, Exam Availability, Room Availability and Large Exams. It is a matter
of university policy that Large Exams is a soft constraint to be respected if
possible, but in practice the university’s current procedure takes Large Exams
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as a hard constraint. The Large Exam constraint can thus be treated as an Exam
Availability constraint. The university also has some Pairwise Exam Constraints,
in that some pairs (or sets) of exams have common content and are required to
be held at the same time. We simply combine such exams into a single exam.

As there are only five available rooms, and splitting exams between the off-
campus rooms does not present any difficulty, room allocation is not considered
a serious issue at the University of Melbourne. Consequently, the University of
Melbourne’s current software, as well as our algorithm, initially only attempts
to allocate a session to every exam, and does not allocate exams to rooms. Thus
we only use the Capacity and Room Availability constraints to determine the
total capacity for each session, needed for the Total Capacity constraint.

Unlike most educational institutions, the University of Melbourne does not
enforce the Clashing constraint. Instead the university enforces a Student Re-
strictions constraint, called Three-in-a-Day, that students cannot have three
exams scheduled in the same day (recall there are two sessions per day). By
appropriate quarantining, students with two exams scheduled concurrently can
be accommodated. This does, however, incur inconvenience and expense. The
authors believed that allowing clashes and resolving them by quarantining stu-
dents was unnecessary, and implemented the tighter Clashing constraint that
no student may have two exams scheduled at the same time (as is required by
our hybrid algorithm). If, at the end of the three stages of the hybrid algo-
rithm, some exams remain unscheduled, we use the greedy heuristic described
in Section [3.4] with essential constraints Total Capacity, Exam Availability and
Three-in-a-Day, to allocate sessions to these exams. In all our test cases, the
greedy heuristic successfully scheduled all remaining exams.

Data from two different semesters were examinedf]. These were for semesters 1
and 2 of the 2001 academic year at the University of Melbourne (mel0lsl and
mel01s2). The semester 1 data set (mel01s1) required 609 exams to be scheduled
into 28 sessions (30 sessions, with two sessions lost in the middle to a public hol-
iday), and the semester 2 data set (mel01s2) required 657 exams to be scheduled
into 31 sessions. To cope with the Pairwise Exam constraint that some exams
had to be held at the same time, such exams were combined into a single exam.
This left 521 exams in mel01sl and 562 exams in mel01s2.

The current University of Melbourne software (which we refer to for brevity
as UM) is an unnamed and scantily documented VMS executable code specially
written for the university about 10 years ago. Little is known about how the UM
software works, but the authors conjecture from running it that it may use some
form of simulated annealing algorithm.

The objective score used for University of Melbourne problems in our sim-
ulated annealing and hill climbing stages is calculated as follows. Recall that
these stages maintain clash-free solutions, and that there are two sessions on
each day, so no student can be sitting more than two exams allocated sessions
on the same day. Using the notation of Section [l we have normal exam ses-
sions T = {1,...,v} ordered chronologically, and introduce dummy sessions

® The data sets are available at http://www.or.ms.unimelb.edu.au/timetabling
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T = {v+1,...,v'}. For a normal session ¢, we use Boolean w(t) true if ¢ is
the last session before a weekend or public holiday. For a given solution x, we
calculate the objective score o(x) as follows, where U is the penalty per student
for unscheduled exams, wgq is the penalty per student for two exams scheduled
on the same day, wgy, is the penalty per student for an exam scheduled in the
afternoon followed by one scheduled in the morning of the next day, wgs is the
penalty per student for two exams scheduled with one session between them,
and wy,, is the penalty per student for an exam scheduled in the morning of one
day and an exam scheduled in the afternoon of the next day:

initialize o(x) ==} ticp . yery Usi
for each exam i € F with z; € T and w(x;) not true do
for each exam j € E with z; € T, 2; < x; < x; +3 and D;; > 0 do
if x; = x; + 1 then
if z; is a morning session then o(x) := o(x) + wsqD;;
else (z; must be an afternoon session) o(z) := o(x) + Wem D;;
else if w(z; + 1) not true then
if 2; =z, + 2 then o(x) := o(z) + wgaD;;
else (z; must equal x; + 3)
if w(z; + 2) not true then o(x) := o(z) + W D;j
endif
endif
endfor
endfor

In all tests on University of Melbourne data reported herdd we used U = 10000.
After trying a number of different values for the penalty parameters, we found
those that gave best results were weq = 2, Wam = 1, wg2 = 0, and Wyq = 0. So
in fact we found that a much simpler score would have sufficed for this data.

In addition to the exam and student data sets, the university also provided
the data for Exam Availability and Large Exams constraints. As the Large Ex-
ams constraint is treated as a hard constraint by the university’s timetabling
software, this was combined with the Exam Availability constraint in order to
restrict the large exams to earlier times. Upon initial examination, it was dis-
covered that due to the Large Exams being treated as a hard constraint, it was
impossible to avoid clashes in the timetable for the mel01s2 data set. For exam-
ple, exams with more than 500 students were required to be held in the first 14
exam sessions, and because of the number of exams in this category, it was not
possible to find a clash-free solution. However, if these exams were allowed to be
scheduled in the first 15 exam sessions, (one more than previously allowed), it
was possible to produce a clash-free solution.

5 If the parameter U is too small, feasible solutions are rarely produced. In experiments
conducted for a range of suitably large values of U (10 < U < 10°) on both University
of Melbourne data and other data, we found that the actual size of this parameter
was most likely not a significant factor (probability of significance: 0.17), but to
ensure that feasible solutions are found often enough one should select U > 100.



220 L.T.G. Merlot et al.

Table 1. Comparison between the University of Melbourne current software (UM) and
our hybrid algorithm. The best timetable was deemed to be the one with the fewest
clashes, with ties resolved by choosing the lowest objective score. The corresponding
score for the best timetable can exceed the average. Note that it was not possible to
compare directly to the UM program for the melOlsl data set, and consequently the
hybrid method was only compared to the timetable produced by the university for that
semester. This timetable had been manipulated afterwards to satisfy constraints not
known when the timetable was produced, and was not minimizing the same objective

Data set Hybrid UM
mel0lsl 521 exams Best clashes 0 8
28 sessions Corresponding score 1072 2085

Average clashes 0 -

Average score 1175.0 -

Average time (s) 56 -

melOls2a 562 exams Best clashes 1 1
31 sessions Corresponding score 1448 2384

Average clashes 3.2 14

Average score 1634.8 2298

Average time (s) 74 1008

mel01s2b 562 exams Best clashes 0 0
31 sessions Corresponding score 1115 3373

Average clashes 0 1

Average score 1300 2632.2

Average time (s) 73 1008

In order to test the hybrid algorithm under the assumption that clash-free
solutions were possible, two different data sets for this semester were used: one
used the Exam Availability and Large Exams data sets that the university
used for that semester, which forced clashes due to the Large Exams constraint
(mel01s2a), and the second modified the Large Exams constraint slightly so that
clash-free solutions were possible (mel01s2b). Five different runs were made by
the hybrid algorithm on all data sets (with the standard simulated annealing
parameters and 10 hill climbing iterations) and five different runs were made by
the UM program on the melOls2a and mel01s2b data sets using the university’s
parameters. The results are shown in Table [II

It can be seen that the hybrid method is superior in terms of the objective
and time. The algorithms were run on different machines: the hybrid algorithm
on an XP900 Alphastation (466 Mhz CPU) and the UM algorithm on a DEC Al-
phastation 8200 (dual 300 Mhz CPU), but the time difference is still significant.
The hybrid method was not designed to cope with clashes, and thus it is not
as good at minimizing the number of clashes (on average) compared to the UM
program when clashes are unavoidable. Conversely, in the potentially clash-free
data sets, the university’s program does not always provide a clash-free solution.
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Table 2. Papers on examination timetabling for publicly available data sets. B1: Burke
et al. [4], B2: Burke et al. [6], B3: Burke and Newall [3], Ca: Caramia et al. [7], C: Carter
et al. [10], D: Di Gaspero and Schaerf [13] and W: White and Xie [19]. *Note that Burke
et al. [6] (B2) use a slightly different version of the KFU-S-93 data set to that of the
other authors; they use a different number of sessions

Data Set Exams P1 P2 P3 P4

CAR-F-92 543 C,Ca C,Ca,D,W B1,D,Ca B2,B3D
CAR-S-91 682 C,Ca C, Ca,D B1,D,Ca -
EAR-F-83 190 C,Ca C,Ca,D - -
HEC-S-92 81 C,Ca C,Ca,D - -
KFU-S-93 461 C,Ca  C,Ca,D B1,D,Ca B2*B3,D
LSE-F-91 381 C,Ca C,Ca,D - -
PUR-S-93 2419 C,Ca C,Ca - B3,D
RYE-S-93 486 C,Ca C,Ca - -
STA-F-83 139 C,Ca C,Ca,D -
TRE-S-92 261 C,Ca C,Ca,D B1,D,Ca -
UTA-S-92 622 C,Ca C,Ca,D,W B1,D,Ca B2
UTE-S-92 184 C,Ca C,Ca,D - -
YOR-F-83 181 C,Ca C,Ca,D

NOTT 800 B1,D,Ca B3.D

5 Benchmarks

5.1 Publicly Available Data

As stated in Section Z2] Carter and Burke have made data sets for exam
timetabling publicly available. For each of these data sets, attempts have been
made to solve up to four different problems. The solutions to these problems
provide benchmarks to compare different exam timetabling methods. The prob-
lem definitions, and consequently the initial benchmarks for these problems, are
presented in the papers of Carter et al. [10] (problems P1 and P2), Burke et
al. [4] (problem P3), and Burke and Newall [3] (problem P4). Below we discuss
in detail each of these problems and the results of solving them with our method.

Four other papers compared alternative methods to the original benchmarks
established by Burke et al. [3l4] and Carter et al. [10]: Burke et al. [6], Di Gaspero
and Schaerf [13], Caramia et al. [7], and White and Xie [19]. In Table [2 the
publicly available data sets are listed, along with the papers that have tested
methods on each problem. It should be noted that the computing resources used
differ. We have not been able to convert the reported run times in seconds to
equivalent run times for a common standard, so all tabulated times reported
below should be taken as indicative only.

5.2 Problem P1: Graph Colouring Benchmarks

Carter et al. [I0] look at several of the publicly available data sets, and attempt
to find the minimum number of sessions required for a feasible timetable sub-
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Table 3. Problem P1: graph colouring benchmarks. The constraint programming stage
of the hybrid algorithm yields timetables with close to the minimum number of sessions.
The time reported for the methods of Carter et al. [10] and Caramia et al. [7] is the
time for the run producing the best result. The time for the hybrid algorithm is the
average time per run. Reported times have not been converted to account for different
computing resources. Data sets are listed in order of number of exams to give an
indication of order of difficulty

No of Hybrid

Data set  exams stage 1 Carter et al. Caramia et al.
HEC-S-92 81 Best 18 17 17
Range - 17-18 17-18

Time (s) 0.36 0.5 10.6

STA-F-83 139 Best 13 13 13
Range - 13-13 13-13

Time (s)  0.62 2.7 10.2

YOR-F-83 181 Best 23 19 19
Range - 19-21 19-21

Time (s) 1.05 190.4 226.2

UTE-S-92 184 Best 11 10 10
Range - 10-10 10-10

Time (s)  0.75 1.6 24.3

EAR-F-83 190 Best 24 22 22
Range - 22-24 22-23

Time (s) 1.2 8.7 86.3

TRE-S-92 261 Best 21 20 20
Range - 20-23 20-23

Time (s)  1.03 32.8 214.7

LSE-F-91 381 Best 18 17 17
Range - 17-18 17-18

Time (s) 2.45 78.0 9.6

KFU-S-93 461 Best 21 19 19
Range — 19-20 19-20

Time (s) 34 97.2 159.6

RYE-S-93 486 Best 22 21 21
Range - 21-23 21-23

Time (s)  3.95 343.8 225.9

CAR-F-92 543 Best 31 28 28
Range - 28-32 28-32

Time (s)  5.37 227.2 559.2

UTA-S-92 622 Best 32 32 30
Range - 32-35 30-34

Time (s)  6.39 272.3 1023.5

CAR-S-91 682 Best 30 28 28
Range - 28-35 28-32

Time (s) 7.34 75.1 86.3
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ject only to the Clashing constraint. They set no Capacity or Total Capacity
constraints, and thus the problem reduces to a graph colouring problem. The
sequential construction heuristic of Carter et al. [10] produces a variety of so-
lutions, depending on the order in which the exams were processed. Using a
different sequential construction heuristic, Caramia et al. [7] managed to pro-
duce equal (and superior in one case) results to Carter et al. [10].

The constraint programming stage of the hybrid method produces solutions
that tend to use a relatively small number of sessions, as we demonstrate in
Table 8] Here we compare the number of sessions used in the solution produced
by the constraint programming stage with the results of Carter et al. (Table 3
in [10]) and Caramia et al. (Table 1 in [7]). The results of the comparison can
be seen in Table

The constraint programming stage of the hybrid method only produced one
solution with as few sessions as the best of the Carter et al. [I0] and Caramia
et al. [7] methods. However, in all but one data set, the constraint programming
phase produced a solution with only one or two more sessions than the mini-
mum attained by the other methods, and never used more than four additional
sessions. These results confirm that the constraint programming stage produces
timetables with close to the minimum number of sessions.

5.3 Problem P2: Uncapacitated Benchmarks

In addition to their work on graph colouring benchmarks, Carter et al. [10]
developed a second uncapacitated version of the examination timetabling prob-
lem. They set a maximum number of sessions, and devise an objective function
designed to favour timetables which space out students’ exams. The objective
function applies a penalty w; to a timetable whenever a student has to sit two
exams scheduled ¢ periods apart, with w; = 16, wy = 8, wy = 4, wy = 2 and
ws = 1. The total penalty is divided by the number of students to get an aver-
age penalty per student; this is the value of the objective function for the given
timetable. No account was taken of weekends and there was no differentiation
between consecutive exam periods within the same day, versus overnight.

For this problem class, our hybrid algorithm uses an objective score identical
to the objective function defined by Carter et al. [10], calculated as follows:

initialize o(x) := Z{ieE - werry USi
for each exam i € E with z; € T do
for each exam j € E with z; € T, z; < z; < x; +5 and D;; > 0 do
o(x) == 0(z) + W(z; ) Dij
endfor
endfor

Caramia et al. [7], Di Gaspero and Schaerf [I3] and White and Xie [19]
compared their algorithms to that used by Carter et al. [I0], using the same
problem definition, on some or all of the P2 data sets. The method of Caramia
et al. [7] proved to be superior on 10 of the 13 data sets, equal to Carter et al. [10]
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Table 4. Problem P2: uncapacitated benchmarks. The number of sessions is restricted,
but there are no capacity constraints. Scores listed under “best” and “average” are
per student scores. For the hybrid method, this is obtained by dividing the final score
by the number of students. Times reported are average times per run for the hybrid
method, and times of the best run for Carter et al. [I0] and Caramia et al. [7]. Reported
times have not been converted to account for different computing resources. Data sets
are listed in order of number of exams to give an indication of order of difficulty

Carter Caramia Di Gaspero = White

Data set Hybrid et al. et al. and Schaerf and Xie
HEC-S-92 Best 10.6 10.8 9.2 12.4 -
Exams 81 Average 10.7 15.04 - 12.6 -
Sessions 18 Time (s) 5.4 74 11.0 - -
STA-F-83 Best 157.3 161.5 158.2 160.8 -
Exams 139 Average 157.4 167.14 - 166.8 -
Sessions 13 Time (s) 5.1 5.7 6.5 - -
YOR-F-83 Best 374 417 36.2 41.0 -
Exams 181 Average 379 456 - 42.1 -
Sessions 21 Time (s) 30 2714 125.4 - -
UTE-S-92 Best 25.1 25.8 24.4 29.0 -
Exams 184 Average 25.2  30.78 - 31.3 -
Sessions 10 Time (s) 8.6 9.1 5.0 - -
EAR-F-83 Best 35.1 36.4 29.3 45.7 -
Exams 190 Average 35.4  40.92 - 46.7 -
Sessions 24 Time (s) 26 247 29.3 - -
TRE-S-92 Best 8.4 9.6 9.4 10.0 -
Exams 261 Average 8.6 10.78 - 10.5 -
Sessions 18 Time (s) 39 1074 102.8 - -
LSE-F-91 Best 10.5 10.5 9.6 15.5 -
Exams 381 Average 11.0 12.36 - 15.9 -
Sessions 18 Time (s) 35  48.0 92.8 - -
KFU-S-93 Best 13.5 14.0 13.8 18.0 -
Exams 461 Average 14.0 18.76 - 19.5 -
Sessions 20 Time (s) 40 120.2 112.8 - -
RYE-S-93 Best 8.4 7.3 6.8 - -
Exams 486 Average 8.7  8.68 - - -
Sessions 23 Time (s) 70 507.2 89.4 - -
CAR-F-92 Best 4.3 6.2 6.0 5.2 -

Exams 543 Average 4.4 7.04 - 5.6 4.7
Sessions 32 Time (s) 171 47 142.7 - -
UTA-S-92 Best 3.5 3.5 3.5 4.2 -

Exams 622 Average 3.6 4.8 - 4.5 4.0
Sessions 35 Time (s) 233 664.3 589.4 - -
CAR-S-91 Best 5.1 7.1 6.6 6.2 -
Exams 682 Average 5.2  8.38 - 6.5 -

Sessions 35 Time (s) 296  20.7 34.7 - -
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on the UTA data set, with Di Gaspero and Schaerf [13] superior on the other
two data sets.

The hybrid method described in this paper was run on 12 of the data sets,
and the results are summarized in Table ] (compared to results from Table 5 in
Carter et al. [10], Table 3 in Caramia et al. [7], Table 1 in Di Gaspero and Schaerf
[13] and Table 9 in White and Xie [19]). Note that for all these data sets, the
hybrid algorithm produced a clash-free timetable within the maximum allowed
number of sessions, without recourse to the fourth greedy heuristic stage. The
hybrid method is superior to that of Di Gaspero and Schaerf [13] and to that of
White and Xie [19], and better than Carter et al. on nine of 12 data sets (with
two ties). However, the method of Caramia et al. [7] produces the best results
with superior results to the hybrid method in six of the data sets (again with a
tie on the UTA-S-92 data set).

5.4 Problem P3: Capacitated Benchmarks (Set 1)

Burke et al. [4] created a new class of capacitated problem for the publicly avail-
able data sets, with three sessions per weekday and a Saturday morning session.
It was assumed that the exam period starts on a Monday. They set a maximum
number of exam sessions and imposed Clashing and Total Capacity constraints.
For the Nottingham data sets (NOTT), an Exam Availability constraint was
also applied: exams over two hours in length had to be held in the first session
of the day. The objective was to minimize the number of instances of a student
having two exams in a row on the same day. For this problem class, our hybrid
algorithm uses an identical objective score, calculated as follows:

initialize o(x) == X (icp . pery Usi
for each exam ¢ € E with x; € T and x; not the last session of the day do
for each exam j € F with z; = x; + 1 and D;; > 0 do
o(z) :=o(x) + D;j
endfor
endfor

Di Gaspero and Schaerf [13] and Caramia et al. [7] applied their methods to this
problem class. The results of Burke et al. [4] were bested by either Di Gaspero
and Schaerf [I3] or Caramia et al. [7] in every case, each with approximately
half the best results on the data sets examined. Our hybrid method, with the
objective score calculated as above, was run five different times for each data
set. Note that for all these data sets, the hybrid method produced a clash-free
timetable within the maximum allowed number of sessions, without recourse to
the fourth greedy heuristic stage. The results can be seen in Table[d (compared
to results in Tables 1 and 5 in Burke et al. [4], Table 4 in Caramia et al. [7] and
Table 2 in Di Gaspero and Schaerf [13]).

Clearly, the hybrid method is the superior method when applied to these
capacitated versions of the data sets, providing the best solution in all instances.
The method consistently provides lower scores than Di Gaspero and Schaerf [13],
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Table 5. Problem P3: capacitated benchmarks, set 1. The objective to be minimized is
the number of students with two consecutive exams on the same day. Times reported
are average times per run for the hybrid method, times of the best run for Caramia et
al. [7] and approximate run times for Burke et al. [4]. Reported times have not been
converted to account for different computing resources. Data sets are listed in order of
number of exams to give an indication of order of difficulty

Burke Caramia Di Gaspero

Data Set Hybrid et al. et al. and Schaerf
TRE-S-92

Exams 261 Best 0 3 2 4
Sessions 35 Average 0.4 — — 5
Capacity 655 Time (s) 16 10800 2224 -
KFU-S-93

Exams 461 Best 247 974 912 512
Sessions 20 Average 282.8 - - 597
Capacity 1995 Time (s) 45 24240 118.2

CAR-F-92

Exams 543 Best 158 331 268 424
Sessions 31 Average 212.8 - - 443
Capacity 2000 Time (s) 96 24240 80.4

UTA-S-92

Exams 622 Best 334 772 680 554
Sessions 38 Average 3934 - - 625
Capacity 2800 Time (s) 173 24000 265.1 -
CAR-S-91

Exams 682 Best 31 81 74 88
Sessions 51 Average 47 - - 98
Capacity 1550 Time (s) 125 21120 314

NOTT

Exams 800 Best 2 53 44 11
Sessions 26 Average 15.6 — — 13
Capacity 1550 Time (s) 44 24240 359.1

NOTT

Exams 800 Best 88 269 - 123
Sessions 23 Average 104.8 - - 134
Capacity 1550 Time (s) 42 18000 -

which we believe is due to the choice of Kempe chain neighbourhood. The results
provided by Burke et al. [4] are no longer competitive. However, it is important to
note that on the Nottingham data sets, Burke et al. [4] set a Capacity constraint
and allocated rooms to the exams. The hybrid method did not do this, whilst
Di Gaspero and Schaerf [13] and Caramia et al. [7] do not state whether they
do this or not. The extra constraints applied by Burke et al. [4] may be part of
the reason for their relatively poor results on these data sets.

The major difference between the quality of the results produced in the un-
capacitated version and the capacitated versions of these problems is between
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our hybrid method and the algorithm of Caramia et al. [7]. In the uncapacitated
version, the algorithm of Caramia et al. [7] is superior in seven of the data sets,
and the hybrid method in four, but with the capacitated data sets, the hybrid
method is superior in all six instances (Caramia et al. [7] do not attempt the
Nottingham data set with 23 sessions). Of these six instances, three were data
sets that the hybrid method was superior for the uncapacitated version and two
had almost equal results (the Nottingham data set was not attempted as un-
capacitated). Therefore, one would expect that the hybrid method would fare
better with this comparison. However, the improvement cannot be explained
by simply favourable data sets alone, as there is a significant difference in this
problem for data sets that were comparable for problem P2.

5.5 Problem P4: Capacitated Benchmarks (Set 2)

Burke and Newall [3] build on previous work undertaken in Burke et al. [4],
using a modified version of their memetic algorithm. They looked at some of
the publicly available data sets, and optimized these with a different objective
function. They consider a situation with three exam sessions per day on weekdays
(morning, lunchtime, afternoon) and one on Saturday morning. The objective
function considers only students with two exams in two consecutive sessions.
They give a penalty of three per student for two exams in a row in the same day,
and one per student for two exams in a row overnight. For this problem class,
our hybrid algorithm uses an identical objective score, calculated as follows:

initialize o(2) := > icp . 4oy Usi
for each exam i € E with x; € T and z; not on a Saturday do
for each exam j € F with ; = x; + 1 and D;; > 0 do
if x; is the last session of the weekday then
o(z) :=o(x) + D,
else (z; must be a morning or lunchtime session of a weekday)
o(z) := o(x) + 3D;;
endif
endfor
endfor

The Nottingham data set has the Exam Availability constraint that any exam
over 2 hours in length must be held in a morning session.

Di Gaspero and Schaerf [I3] compared their algorithm to the results produced
by Burke and Newall [3]. Burke et al. [6], independent of their work on memetic
algorithms, wrote another paper on sequential construction heuristics using the
publicly available data. This method was not compared directly to any other
work, though, as it was run on the CAR-F-92 data set with the same problem
definition, it can be compared for this problem instance. Unfortunately, the other
data this paper used were the KFU-S-93 set with a different number of sessions,
and the UTA-S-92 data set, which have not been tested by other authors.

The hybrid method was run on the data sets used in Burke and Newall [3].
The results, together with the results of Burke and Newall [3], Burke et al. [6]
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Table 6. Problem P/: capacitated benchmarks, set 2. The objective function is based on
students with exams in consecutive sessions. Times reported are average times per run.
Reported times have not been converted to account for different computing resources.
Data sets are listed in order of number of exams to indicate order of difficulty

Burke and Burke Carter Di Gaspero

Data Set Hybrid Newall et al. et al. and Schaerf
KFU-S-93

Exams 461 Best 1337 1388 - 2700 1733
Sessions 21 Average 1487.8 1608 - - 1845
Capacity 1995 Time (s) 39 105 - - -
CAR-F-92

Exams 543 Best 2188 1665 2555 2915 3048
Sessions 36 Average 2267.6 1765 - — 3377
Capacity 2000 Time (s) 106 186 - - -
NOTT

Exams 800 Best 731 498 - 918 751
Sessions 23 Average 841.2 544 - — 820
Capacity 1550 Time (s) 44 467 - - -

(for the CAR-F-92 problem only), Carter et al. [T0] and Di Gaspero and Schaerf
[13], can be seen in Table Bl (using data from Tables 2—4 in Burke and Newall [3]
and Table 3 in Di Gaspero and Schaerf [13]).

Clearly, the algorithm of Burke and Newall [3] is superior: for two of the
data sets their results are clearly the best, and for the third they are only just
behind our hybrid algorithm. It should be noted that the values for the memetic
algorithm for Burke and Newall [3] in this table have been chosen as the best
from five different runs with 18 different parameter settings. This is a total of
90 different runs for each data set, compared to five for the hybrid method.
However, if the hybrid method is run many times, the scores do not improve
significantly, as the method is tied to the solution produced deterministically by
the constraint programming stage, which does not change with multiple runs.
Instead, the hybrid method requires more simulated annealing and hill climbing
iterations, to allow it to move further away from the initial solution, to improve
the solution. To test this theory a series of longer runs were undertaken on these
data sets. In addition to the standard run (o = 0.999, a = 10: approximately
350000 simulated annealing iterations and 10 hill climbing iterations), a medium-
length run (o = 0.999, ¢ = 100: approximately 3500000 simulated annealing
iterations and 30 hill climbing iterations) and a long run (o = 0.999, a = 1000:
approximately 35000000 simulated annealing iterations and 100 hill climbing
iterations) were performed on the data sets. The results can be seen in Table [

It is quite clear that the longer the hybrid algorithm is allowed to run, the
better the quality of the solution. However, with the CAR-F-92 data set, even
though the hybrid algorithm is allowed to run about 50 times longer than the
memetic algorithm of Burke and Newall 3], the solution remains slightly inferior
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Table 7. Problem Pj: longer hybrid runs. Our experiments and those of Burke and
Newall [3] are on similar but not identical machines

Hybrid Hybrid Hybrid Burke and

Data set standard medium long Newall
KFU-S-93

Exams 461 Best 1337 1182 1082 1388
Sessions 21 Average 1487.8 1255.6 12144 1608
Capacity 1995 Time (s) 39 348 3202 105
CAR-F-92

Exams 543 Best 2188 1809 1744 1665
Sessions 36 Average 2267.6 1970.6 1801.4 1765
Capacity 2000 Time (s) 106 828 6671 186
NOTT

Exams 800 Best 731 481 401 498
Sessions 23  Average 841.2 558.8 431.6 544
Capacity 1550 Time (s) 44 317 2818 467

(less than 5% worse). While it looks plausible that if the hybrid algorithm was
allowed to perform an even longer run it would provide a superior solution, it
is clearly an inferior method for this data set. However, for the other two data
sets, the hybrid method does provide superior solutions in less time (a short run
for KFU-S-93, and a medium run for NOTT). Unfortunately, with only three
different comparisons between the methods, it is difficult to conclude definitively
which method is superior.

6 Conclusions

The hybrid method for examination timetabling described in this paper is supe-
rior to the method currently used by the University of Melbourne, and performs
well in comparison to other, well known methods that have been applied on
the publicly available data sets. However, too few of these data sets have had
benchmarks established on them (problem P4 has only been developed for five
of the 14 data sets), and only three comparisons have been made between the
hybrid method and the Burke and Newall [3] memetic algorithm with sequen-
tial construction. It is therefore not possible to make a definitive assessment
of the relative quality of solutions found by the hybrid method and by exist-
ing methodologies. In addition, it is desirable to perform comparisons of the
algorithms using the same computer resources.

In spite of the shortcomings of the comparisons, the hybrid method is still
proven as a worthwhile algorithm, among the best currently in use for exami-
nation timetabling. The constraint programming stage provides a fast route to
a first feasible solution. This solution is improved by the simulated annealing
stage, with the Kempe chain neighbourhoods proving effective at diversifying
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solutions (though occasionally more time is needed). The hill climbing stage fur-
ther improves the solutions, and reduces the effect of unfavourable fluctuations
in the simulated annealing stage.

We suggest that the dominant methods of the future for the examination
timetabling problem will combine solution construction with local search. The
stages of the hybrid method may be integrated more fully, to produce a still
more powerful algorithm.
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Abstract. This paper presents a Greedy Randomised Adaptive Search
Procedure for solving the examination scheduling problem. GRASP is a
two-phased multi-start or iterative method consisting of a construction
phase and an improvement phase. Each iteration builds a feasible so-
lution using a probabilistic selection procedure, and then optimises the
solution using a local search technique.

1 Introduction

GRASP has proved successful on a variety of problems including the maximum
independent set problem [IT], p-hub location problems [I4] and scheduling prob-
lems including airline flight scheduling [I0] and parallel machine scheduling [16].
GRASP has also been successfully applied to the graph colouring problem [I7],
which is frequently used as a model for examination scheduling. Further en-
couragement is provided by the success of greedy construction heuristics in the
solution of examination time-tabling problems. Carter et al. [6] use a system
based on greedy construction with some backtracking as the basis for a robust
examination scheduling package, while Corne et al. [§] use a genetic algorithm
to control the order of examinations into a greedy heuristic.

This paper demonstrates that GRASP can successfully solve the examina-
tion scheduling problem. Various modifications and variations, based on features
of the underlying problem, are evaluated experimentally. The results are used
to identify an efficient GRASP implementation, which is compared to previous
works on standard datasets in the public domain. The rest of the paper is organ-
ised as follows. Section 2 describes the background problem and includes a brief
review of existing solution methods. The following section outlines GRASP and
modifications that have been proposed elsewhere. Section 4 presents our solu-
tion algorithm and the following section describes a set of experiments designed
to optimise our implementation, including a comparison with existing solution
methods. Section 6 concludes.

2 The Examination Scheduling Problem

Given a set of exams E and a fixed number of timeslots P, the objective of the
examination scheduling problem is to allocate each exam e to a timeslot p so that

E. Burke and P. De Causmaecker (Eds.): PATAT 2002, LNCS 2740, pp. 232-244] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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various hard constraints are satisfied and various soft constraints are satisfied
where possible. Typical examples of hard constraints are

1. No student to be scheduled to take two exams simultaneously.

2. A restriction on the number of seats available.

3. Time-windows. These define a subset of the timeslots during which a given
exam cannot be scheduled.

4. Pre-assignments. A given exam has to be assigned to a certain slot.

A timetable that satisfies all hard constraints is said to be a feasible timetable.
There are also soft constraints, which it is desirable to satisfy but not essential.
These usually vary significantly from institute to institute, and include (but are
not limited to)

1. Minimise the number of students sitting exams in consecutive timeslots.

2. Schedule larger exams early, to give more time for them to be marked.

3. Minimise the number of exams of different length that are simultaneously
scheduled in the same room.

4. Ensure that no student has more than x exams in p consecutive time periods.

The importance of these objectives also varies between different institutions,
making it difficult to identify one algorithm as being optimal across all datasets.
Examination scheduling is a well-researched problem and surveys have been pro-
duced by Carter et al. [5] and Burke et al. [2]. Most relevant here are applications
of meta-heuristics and algorithms which have been applied to the datasets in the
public domain.

Laporte and Descroches [15] employ steepest descent to improve a greedily
produced starting solution. Having assigned exams to non-clashing groups, John-
son [I3] models the problem of assigning groups to timeslots so as to minimise
second-order conflict as a TSP and solve it using simulated annealing. A two-
phased approach was proposed by Dowsland and Thompson [20], who used sim-
ulated annealing to produce a feasible schedule, and then used the same method
to minimise second-order conflict, while maintaining feasibility. A neighbour-
hood based on Kempe chains was shown to improve solution quality. A similar
method was employed by Merlot et al. [T8] who produced high-quality results by
using a slower cooling schedule. Tabu search has been used by, amongst others,
Di Gaspero and Schaerf [9] who employ a variable sized tabu list and dynamic
neighbourhood selection. Genetic algorithms have been applied to examination
scheduling by Corne et al. [§] and Burke et al. [3].

Other methods have been applied to standard test problems in the public
domain including Carter et al. [7] who use graph colouring heuristics with back-
tracking, and Caramia et al. [4] who use a greedy construction heuristic and
optimise after each exam allocation.

3 GRASP and Known Variants

The basic method of GRASP consists of two phases. The first is a probabilistic
greedy algorithm that constructs a solution and the second optimises using some
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form of local descent. The former phase generally consists of ordering elements
according to some criteria, and then probabilistically choosing from the top n
(candidate list) one element to be assigned. This assignment is made accord-
ing to some criteria, and the process continues. GRASP can be considered in
pseudocode as

Sx = {} The best solution so far
F(S*) = inf F(Sx) is the cost of solution Sx.
Construction phase — construct a feasible solution S’
Local descent phase — produces locally optimal solution S”
If F(S") < F(S%) then
S = S("”) Endif
For i =1,2,..., niter niter is the number of iterations.
Construction phase — construct a feasible solution S’ which is
different to previous solutions in some way
Local descent phase — produces locally optimal solution S”
If F(S"”) < F(S*) then
Sx = S(") Endif
Endfor
Return final solution S

The success of GRASP has led to several improvements being proposed. Some
are pertinent to our GRASP implementation, including

1. Memory function. It is logical to utilise information gathered in previous
iterations in the construction of further solutions. One example is provided
by Fleurent and Glover [12] who maintain a set of the best S solutions found
so far, known as the elite. Subsequent construction phases attempt to create
solutions which are similar in some way to the elite.

2. Reactive GRASP. Defining the optimal size of the candidate list can be
difficult, in particular it will vary between applications and datasets. Prais
and Ribeiro [I9] determine a discrete set of values nq,na,...,ny,. During
an initial warm-up period, a number of GRASP iterations are conducted
in which a value of n is chosen randomly and the quality of the solutions
recorded. Subsequently, A; is calculated as the average result of the runs
with n;. Further runs select a value for n probabilistically according to the
quality of these previous results.

3. Hybrids. GRASP has been used in conjunction with other meta-heuristics.
Tabu search has been used to improve the local search element (Laguna and
Gonzalez-Velarde [16]), and Ahuja et al. [1] used GRASP solutions as the
initial population in a genetic algorithm implementation.

4 GRASP Implementation

We consider the problem of minimising the proximity of exams in students’
timetables subject to the timetable being free of clashes. Further constraints
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are not considered here, though we will explain how other constraints can be
incorporated into our GRASP implementation. Given the two-phase nature of
GRASP, and the nature of the examination timetabling problem, it seems ap-
propriate to use the first greedy phase to identify a feasible, clash-free timetable
and the second descent phase to optimise the spacing of the exams while main-
taining feasibility. Where possible, it may be preferable to make some effort to
optimise the secondary objectives in the first phase as this could reduce the
computational time required in the second phase. However, placing too much
emphasis on the objective of minimising second-order conflict will increase the
probability of producing infeasible timetables.

In the construction phase, the exams are ordered according to some criteria.
The criteria considered were proposed by Carter et al. [7], namely

Largest Enrolment (LE)

— Largest Degree (LD)

— Largest Weighted Degree (LWD)
— Saturation Degree (SD)

— Random Ordering (RO).

The degree of an exam is the number of clashing exams, weighted degree is
the sum of the students taking the clashing exams and saturation degree is the
number of clashing exams that have not yet been scheduled and which cannot
be allocated to the current timeslot. Thus saturation degree is the only crite-
rion which entails updating, and is more computationally expensive. Random
ordering negates the need for a probabilistic choice.

At each construction phase, the exams are ordered according to the chosen
criterion and an exam is chosen from the top n, where n is a parameter. The
choice is not completely random, but is according to roulette wheel selection.
Each exam is then allocated to the first available period. In our implementation,
this means the first period that does not contain any clashing exams but this
can easily be extended to the first period that satisfies all primary constraints.
If no feasible allocation is possible, then a new procedure is entered, similar to
the backtracking method used by Carter et al. [7]. This finds the period with
the least number of clashing exams in, these are removed and given a higher
weighting than any others to ensure that they will be re-scheduled next. The
previously unassignable exam is scheduled to the period that is now conflict
free. To ensure that this process is not repeated indefinitely, a tabu list is kept
and a maximum cycle limit is also used to ensure that the construction phase
will stop even if no feasible solution can be found.

To aid the second phase in reducing second-order conflict, phase one may
allocate exams to the best rather than the first available period, where best
is defined as the feasible period which minimises the increase in the secondary
objectives. However, this may decrease the probability of finding a feasible solu-
tion. Once a feasible solution is found, the optimisation process is entered. After
evaluating random descent and steepest descent, a compromise proved most suc-
cessful, in which exams are ordered according to their contribution to the cost,
and considered in turn. All periods are considered and the best move is chosen
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if it causes a decrease in cost. The next exam is then considered. This was con-
tinued until no improvements were found within a set cycle limit. The process
then returns to phase 1 with a blank timetable, and continues for a set number
of iterations. Clearly, this process can be extended to include other hard and
soft constraints. In the descent phase, any moves that would force the solution
into infeasibility are rejected and the quality of all feasible moves is measured
according to the soft constraints.

Various improvements are considered, as outlined in Section 3. These focus
on the concept of maximising the algorithm performance in a limited time. The
improvements are as follows:

1. Improved Descent. Thompson and Dowsland [20] demonstrated that im-
proved results are achieved with a neighbourhood based on Kempe chains.
These stem from the graph colouring model of examination scheduling and
are formed by considering the subgraph created from the vertices in two
colour classes. The set of Kempe chains, which can be produced from this
sub-graph, consists of the sets of linked vertices. Given that the two colour
classes are conflict free, the vertices in the Kempe chain can swap colour
classes without introducing any conflict into the solution. The original neigh-
bourhood is a subset of the Kempe chain neighbourhood, as if vertex v can
be coloured ¢ without producing a clash, the Kempe chain will consist of a
single vertex.

2. Reactive GRASP is implemented as follows. As it is felt desirable to limit
the time used for our GRASP implementation, a warm-up period of eval-
uating different values of n is too expensive. As an alternative, a series of
experiments may be conducted to identify the optimal value of n.

3. A limited form of simulated annealing is implemented to widen the search in
phase two. This hybrid method is designed to ensure that a thorough inves-
tigation of the solution space is conducted within the local vicinity. However
simulated annealing should not spend excessive time travelling across the
solution space, as the iterations of GRASP will perform this function.

4. Memory Function. In contrast to the Kempe chain neighbourhood and lim-
ited simulated annealing which are designed to maximise the efficiency of
the search, the purpose of the memory function is to guide the search to
different, more profitable parts of the solution space. This is similar to the
diversification function in tabu search, and the diversification functions used
by Thompson and Dowsland [20] to widen their simulated annealing search.
Three memory functions were evaluated. These are
a) Place exams into new timeslots.

b) Split pairs of exams which have previously been scheduled together.

¢) Prioritise exams according to their contribution to the cost function.

The first two memory functions are intended to explicitly guide the search
to new parts of the solution space and the third is intended to improve
the solution quality. Placing exams into new periods may not cause a large
change in cost, as cost is dependent on which sets of exams are in each
group and which exams are in consecutive slots. Thus, splitting pairs of
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Table 1. Test data characteristics

Name  University Exams Students Timeslots Density
CAR-F Carleton, Canada 543 18419 32 0.14
CAR-S Carleton, Canada 682 16925 35 0.13
EAR-F Earl Haig, Canada 190 1125 24 0.29

HEC-S Ecole des Hautes
Etudes Commerciales,

Canada 80 2823 18 0.20
KFU-S King Fahd, Saudi Arabia 461 5349 20 0.06
LSE-F London School of Economics, UK 381 2726 18 0.06
STA-F St Andrews, Canada 139 611 13 0.14
TRE-S Trent, Canada 261 4360 23 0.18
UTE-S Toronto, Canada 184 2750 10 0.08
YOR-F York Mills, Canada 181 941 21 0.27

exams which have previously been in the same period may have a greater
probability of guiding the search to markedly different solutions.

The memory functions are used throughout the construction phase, and the
extent to which they are used can be controlled, as even placing a single
exam into a new timeslot means that a new part of the solution space has
been reached. Experiments have shown that it is best not to use the mem-
ory function in the improvement phase, as this prevented the search from
attaining high-quality solutions.

5 Results

As stated previously, there are standard examination timetabling datasets in
the public domain. This section describes our preliminary experiments which
are intended to optimise our GRASP implementation and then compares the
results with existing methods. The publicly available datasets are obtainable
from ftp://ftp.mie.utoronto.ca/pub/carter/testprob/

These are real-world timetabling problems, originating from different univer-
sities across the world. Table 1 shows the characteristics of the datasets used in
our experiments. The density column refers to the number of edges in the under-
lying graph model as a percentage of the maximum number of edges possible.

The cost function used was proposed by Carter et al. [7] and is Z?Zl Wy,
where w; is the penalty applied when a student has two exams within ¢ periods.
The penalties used are: wy = 16, wy = 8, wy = 4, wy = 2, ws = 1. There is no
penalty for students with two exams within six or more periods. All experiments
have used 10 GRASP iterations and have been run on a 1000MHz Pentium
computer. Five random seeds were used.

The purpose of our experiments were first to determine a suitable value of n
and the best ordering criterion for the greedy phase, and then to examine the
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improvements that could be obtained from a suitable choice of neighbourhood,
a limited form of simulated annealing and a suitable memory-led diversification
strategy. These will be dealt with in turn in the remainder of this section.

Our initial experiments were intended to identify the optimal strategy for
determining the value of n, the candidate list size. It is likely that an absolute
value of n will not be suitable for all datasets, given the wide differences in their
size. However, it may be possible to determine a suitable value as a percentage
of the total number of exams in each dataset (denoted as n’). Initial experiments
compared the results for different percentages for three datasets. Figure 1 shows
the results with the y-axis representing the percentage change from the mean
result, with positive values being above average results.

Although there is not a similar trend for all datasets, a low value of n/, in
the range 0.01 to 0.1 appears to be optimal. Further experiments found a range
of 0.02 to 0.07 gave the best results. We then implemented the idea of reactive
GRASP, where the value of n is chosen probabilistically according to previous
results. However, the run times required were excessive in comparison to existing
solution methods. The results did confirm the findings above, and for all datasets
here, values of n between 2 and 6 were deemed appropriate, depending on the
size of the dataset.

Subsequently, we compared the efficiency of the five methods of ordering
the exams in phase one. These were largest enrolment (LE), largest weighted
degree (LWD), largest degree (LD), saturation degree (SD) and random ordering
(RO). However, RO proved so unsuccessful that it was quickly discarded. In our
experiments, we performed five runs for values of n from 2 to 6 inclusive, giving
25 runs in total. Figure 2 shows, for three datasets, the frequency of feasible
solutions obtained in phase one.

Clearly, an ordering based on saturation degree is the most successful across
all datasets and this confirms the findings of Carter et al. The drawback of this
method is an increase in run time, but this is not significant in the context of
the run time for the entire GRASP algorithm.
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The following experiments compare a neighbourhood based on Kempe chains
and a neighbourhood based on moving single exams (standard neighbourhood).
Figure 3 compares the results of five descents with the two neighbourhoods from
the same starting solution using the HEC dataset. The advantage of using the
larger neighbourhood is shown and, despite the Kempe chain neighbourhood be-
ing computationally expensive, it has proved impossible for the standard neigh-
bourhood to match the Kempe chain results, even when it is given additional
run time.

We then wished to determine the merits of including some form of simu-
lated annealing in the descent phase. Clearly it is nonsensical to use simulated
annealing to at-tempt to search the entire solution space; the iterative nature
of GRASP will do this. Rather it is envisaged that a limited form of simulated
annealing will ensure that the local vicinity of the constructed solution will be
thoroughly searched. Using the HEC dataset, a variety of simulated annealing
parameter settings were evaluated. Initial experiments showed that higher start-
ing temperatures with rapid cooling worked best. The mean results are shown
in Table 2, with the temperature being multiplied by the cooling ratio every it-
eration. Table 2 also gives the computational time for each method, in seconds.
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Table 2. Results of limited simulated annealing

Temp. 1000 2000 5000
cooling Result Time Result Time Result Time

0.75 10.82 3234 11.65 256.0 11.39  300.7
0.9 11.15 235.8 10.87  358.0 11.23  392.3
0.95 10.75  488.3 10.86 3229 10.83 6174
0.99 10.85 3050  10.58 2628  10.69 1858

Table 3. Results using different diversification strategies

HEC STA
Strategy Mean SD Mean SD
None 11.2 0.22 1525 0.014
Same period 11.2 0.16 152.6 0.017
Split pairs 11 0.05 152.5 0.010

Prioritise cost 11.3 0.24 152.6 0.077

The comparable results without simulated annealing were a mean value of
11.12 with a computational time of 188.5 s. It appears that cooling at a rate
of 0.95 is not overly expensive, but produces significantly better results than
straightforward descent. Cooling at a rate of 0.99 is too computationally expen-
sive. As the purpose of examination scheduling is to find the single best solution,
it seems worthwhile to use additional time improving the quality of the descent
phase. A starting temperature of 1000 was selected and simulated annealing was
employed in our GRASP algorithm.

The final preliminary experiments compared the different memory strategies
in terms of their effect on the costs and their success in guiding the search to
new parts of the solution space. Table 3 shows the mean and standard deviation
of the cost function over five runs with the HEC and STA datasets.

The memory function based on splitting pairs of exams which have previ-
ously been in the same period proved the most successful on the HEC dataset
and this result was confirmed on other datasets (results not shown here). The
STA results are given to show that even when other strategies can match the
mean cost function, splitting pairs of exams proves the most consistent in pro-
ducing high-quality results. The methods were also compared in terms of their
effect at guiding the search to different parts of the solution space. Given that
each run produces 10 pre-descent solutions and 10 post-descent solutions, each
set of solutions were compared and the average number of times that exams
occur in the same period in each pair of solutions was com-piled. Figure 4 shows
the average for each memory function using the HEC dataset and demonstrates
the value of a diversification method (memory function) for locating new parts
of the solution space. The z-axis labels are Pairs (splitting pairs of exams which
have previously been together), None (no memory function), Examcost (order-
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ing exams according to their contribution to the cost function) and OldPeriod
(placing exams into new periods). The memory functions are reasonably similar
in their results, and it cannot be concluded that one is more efficient at locating
new parts of the solution space than any other.

Our experiments have shown that the most efficient GRASP implementation
is one in which the candidate list size should be approximately 0.05 of the number
of exams in the dataset, the vertices should be ordered according to saturation
degree, the descent phase should use a Kempe chain neighbourhood, a limited
form of simulated annealing should be employed and a memory function based on
splitting pairs of exams which have previously been in the same period should be
used. Table 4 compares the results of this implementation with previous results
given by Carter et al. [7], Di Gaspero and Schaerf [9], Caramia et al. [4] and
Merlot et al. [I8]. The best and mean results are given for each method except
for Caramia et al. who give no average figures. The mean result for GRASP is
the mean of the best solutions in each of five runs.

Comparing the four methods across all datasets gives inconsistent results.
GRASP compares well with the methods of Carter et al. and Di Gaspero and
Schaerf on the majority of datasets and produces the best results of all on the
STA-F-83 dataset. The algorithms of Caramia et al. and Merlot et al. narrowly
outperform GRASP on the remaining datasets. It is clear that GRASP is a
very consistent method, as the mean cost function is similar to the best cost
function for most datasets. This is important because in practice, an examination
timetabler can have confidence in the result of a single run.

It is difficult to compare timings for different algorithms, given the differences
in computing platforms. The run times for the GRASP algorithm are reasonable
and the number of iterations can be reduced if a smaller run time is required.
The longest run time was 1513 s, which is practical, given that the examination
scheduling problem is one which only needs to be solved a small number of times
each year.
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Table 4. Results on benchmark data

Carter Di Gaspero Caramia Merlot

Name GRASP et al. and Schaerf et al. et al.
CAR-F Best 4.4 6.2 5.2 6.0 4.3
Mean 4.7 7.0 5.6 4.4
CAR-S Best 5.4 7.1 6.2 6.6 5.1
Mean 5.6 8.4 6.5 5.2
EAR-F  Best 34.8 36.4 45.7 29.3 35.1
Mean 35.0 40.9 46.7 35.4
HEC-S Best 10.8 10.8 12.4 9.2 10.6
Mean 10.9 15.0 12.6 10.7
KFU-S Best 14.1 14.0 18.0 13.8 13.5
Mean 14.3 18.8 19.5 14.0
LSE-F Best 14.7 10.5 15.5 9.6 10.5
Mean 15.0 12.4 15.9 11.0
STA-F  Best 134.9 161.5 160.8 158.2 157.3
Mean 135.1 167.1 166.8 157.4
TRE-S Best 8.7 9.6 10.0 9.4 8.4
Mean 8.8 10.8 10.5 8.6
UTE-S Best 25.4 25.8 29.0 24.4 25.1
Mean 25.5 30.8 31.3 25.2
YOR-F Best 37.5 41.7 41.0 36.2 37.4
Mean 38.1 45.6 42.1 37.9

6 Conclusions

GRASP has proved to be a powerful solution method for the examination
scheduling problem. An efficient construction phase is required to ensure that
feasible timetables are produced. The descent phase must then maintain feasi-
bility while optimising the secondary objectives. We have used a limited form of
tabu search and efficient orderings of exams in order to maximise the probabil-
ity of locating the feasible region. The descent phase has been enhanced with a
neighbourhood based on Kempe chains and a limited form of simulated anneal-
ing. Memory functions have been used to guide the search to different parts of
the solution space.

Given a limited run time, it is important to consider whether an optimal
implementation of GRASP places the emphasis on performing more iterations,
or on getting the most out of each of a limited number of iterations. Our results
tend towards the latter, as it is advantageous to find a few deep local minima
rather than many shallow minima. GRASP has the advantage of being simple
to understand and apply, and performs robustly across datasets with different
characteristics.
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Abstract. The paper deals with a scheduling problem: the computa-
tion of class—teacher timetables. Two cases are taken into considera-
tion: high school problems and university department problems. The
timetable was constructed using constraint programming techniques. The
timetabling needs to take into account a variety of complex constraints
and use special-purpose search strategies. The concurrent constraint lan-
guage Mozart/Oz was used, which provides high-level abstraction, and
allows the expression of complex constraints and the creation of a com-
plicated, custom-tailored distribution strategy. This strategy, consisting
of six stages, was crucial for finding a feasible solution. The space-based
search allows the incorporation of local search into constraint program-
ming; this is very useful for timetable optimization. Technical details and
results of the implementation are presented.

1 Introduction

A timetable construction is an NP-complete scheduling problem. It is not a
standard job—shop problem because of the additional classroom allocation. It
is large and highly constrained, but above all the problem differs greatly for
different schools and educational institutions. It is difficult to write a universal
program, suitable for all imaginable timetabling problems. Although manual
construction of timetables is time-consuming, it is still widespread, because of
the lack of appropriate computer programs.

In recent years two main approaches seem to have been successful. The first
approach is based on local search procedures such as simulated annealing [2],
tabu search [I] and genetic algorithms [9]. These methods express constraints as
some cost functions, which are minimized by a heuristic search of better solutions
in a neighbourhood of some initial feasible solution. Their greatest disadvantages
are (1) the difficulty of taking into account hard constraints and (2) the need to
determine their parameters through experimentation. Although they are good
for optimizing the initial feasible solution, they have problems with finding it.

The second approach, presented in this paper, is based on constraint pro-
gramming (CP) [3l4J6/7]. Its main advantage is declarativity: a straightforward
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statement of the constraints serves as part of the program. This makes the pro-
gram easy to modify, which is crucial in timetabling problems. The constraints
are handled through a system of constraint propagation, which reduces domains
of variables, coupled with backtracking search. In modern CP languages, both
features do not need to be programmed explicitly. The main disadvantages of
this approach are (1) difficulties with expressing soft constraints and (2) pos-
sible problems with improving the initial feasible solution, which — as a rule
— may be determined without difficulties. An attempt to overcome the draw-
backs with soft constraints was discussed by Rudové [11]. White and Zhang [15]
successfully combined local search with constraint satisfaction to reduce their
drawbacks. They determined an initial solution using constraint logic program-
ming and then optimized it using tabu search.
The rationale of this paper is as follows:

— the ability to express complex constraints in a simple, declarative way is
crucial for introducing the requirements of the high school and university
timetabling problem into the program and is decisive for their successful
solution,

— a custom-tailored distribution (labelling) strategy is able to introduce soft
constraints during a search, leading quickly to a “good” timetable,

— incorporation of local search into CP gives the ability to optimize effectively
the timetable.

Therefore it is desirable to have a programming language with the ability to
formulate custom-tailored distribution and search strategies. Such features are
not often found in CP languages, but they are included in the Mozart system,
which is an implementation of the multiparadigm Oz language. This language
has been already used by Henz and Wiirzt [4] for a class—teacher timetable with
91 courses, 34 teachers and 7 rooms. Rooms were used only as a constraint
(the number of courses scheduled in one timeslot cannot exceed that limit). The
system used standard techniques: a first-fail distribution strategy and a branch-
and-bound method for optimization, which gives some improvement in this small
problem. However, they did not take full advantage of the language’s flexibility.
The work and program described below was derived from their approach. But
when a much more complicated timetable with additional classroom allocation
is treated, then standard techniques are insufficient. The contribution of this
paper consists in the development of special methods which are necessary for
larger timetables.

The paper is organized as follows. First, the timetable problem is formulated
(Section 2). Then the architecture of Mozart/Oz is briefly described (Section
3). After presenting constraints for the timetable (Section 4), a custom-tailored
distribution strategy is developed (Section 5) as well as the method for finding
a better solution (Section 6). Implementation results are presented in Section 7
and some conclusions are drawn in Section 8.
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2 Class—Teacher Timetabling

Most school timetabling problems are formulated for classes of students that have
a common learning program consisting of courses, and group of teachers assigned
to courses. The problem consists in allocating start times and allocating rooms
for all classes, courses and teachers without violating constraints. In Poland this
problem is typical for most universities, where students attend courses common
to the entire class: individual student preferences are not taken into account.

The presented program was designed to deal efficiently with two timetabling
problems. The first problem is to find a weekly timetable for a high school
running 253 courses for 10 classes, 43 teachers and 24 rooms. There are 8 x5 = 40
possible timeslots for each course. Some courses are given for a half of a class
(called under-class courses). There are no common courses attended by more
than two classes at the same time. There are also no courses run in an odd—-even
weekly cycle. The main difficulties are as follows:

— the existing regulations do not allow high school students to have time gaps
between courses,

— any of the rooms may be chosen for many courses,

— each class of students has to take 30 courses on average.

The second problem was a timetable for the Institute of Automation at the
Silesian Technical University (STU) for 23 classes of students. The problem
involves 223 courses, 21 of them being common for five classes, 54 teachers, 42
rooms and 40 timeslots. There are some courses run in an odd—even weekly cycle,
but the courses are not divided into two under-classes. The main difficulties of
this timetable are as follows:

— many courses must be placed in specific timeslots,

— there are some teachers with very constrained time available,

— for some courses (e.g. laboratories) participation of more than one teacher
is necessary.

3 Space-Based Search in Mozart/Oz

Some information about Mozart/Oz []] is necessary to understand the presented
concepts. This is based mainly on the contributions by Schulte [T3/14]. Mozart
implements a concurrent constraint language Oz providing functional and object-
oriented programming. It differs in structure from CLP languages based on Pro-
log (CHIP, SICStus Prolog, Eclips) or from CP C-++ libraries (ILOG Solver).
The constraint propagation is not imposed by arc-consistency algorithms, but by
concurrent computational agents (called propagators). They make contributions
to the “constraint store” that stores basic constraints of variables and their do-
mains. Propagators connected to a constraint store form together a computation
space. The search is done from computational spaces that are either copied or
recomputed during the distribution process. The search leads to a search tree
where each node in turn corresponds to a computation space. Mozart/Oz search
efficiency is due to two major factors:
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— the distribution strategy, which determines what variables are selected for
instantiation and which value they are instantiated with.
— the search method, which determines how the search tree is explored.

The distribution strategy and the search method will be referred to as the search
strategy.

Space-based search is competitive with trailing-based search implemented
in other CP languages, see Schulte [I214]. It gives a framework within which a
custom-tailored distribution and search method can be easily implemented. This
option is usually not available in other CP languages.

4 Constraints

The ability to express complex constraints is crucial for CP. Mozart/Oz does
this in an efficient way. The timetables of the two case studies have to fulfil the
following hard and soft constraints:

C1l. Basic constraints that can be introduced during problem formulation:

— courses have to be scheduled in certain timeslots,

— some teachers are sometimes unavailable,

— some courses must be held simultaneously.

C2. Many-to-one constraints:

— there are common courses (lectures) for several classes,

— there are courses (e.g. laboratories) conducted by many teachers si-
multaneously.

C3. Joint constraints for a number of courses and classes of teachers:

— some courses must be held on different days and often should have a
special order during a week,

— some teachers do not want to teach on all days in a week and more
than several hours during a day.

C4. No-overlapping constraints and exceptions:

— a teacher can teach a group and a group can have one course at a time
— the courses of classes and teachers cannot overlap,

— two courses of a class can overlap if they are split into odd and even
weeks or in under-classes,

— two courses of a teacher can overlap if they are split into odd and even
weeks.

Ch.  “Onme course in a room” constraints:

— in one room there must be only one course at a time.

C6. Soft constraints that are not obligatory, but should be preserved to some
extent, if permitted by other hard constraints:

— no-gaps-for-class constraint; gaps between courses for classes should
be as few as possible (high school classes must not have gaps, this is
treated as a soft constraint),

— no-gaps-for-teachers constraint; gaps between courses for teachers
should be as few as possible (mainly for high schools),

)
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— preferable-rooms constraint; courses should be scheduled first in prefer-
able rooms,

— equal-number-of-courses constraint; the number of courses each day
should be roughly equal,

— early-rise constraint; courses should start in the early morning hours.

4.1 Reified Constraints (C3)

Constraints C1 and C2 can be easily implemented, but C3 constraints relate
to other courses so they are taken into account after problem formulation, as
is defined below. The main difficulty is that they connect the start time of one
course with start times of other courses that are unknown, in a complicated and
indirect way. To cope with them reified constraints are necessary and they are
provided by the Mozart/Oz language. Generally, reified constraints are used to
reflect the fact that some constraint is fulfilled by attaching to it a proper value
of some 0/1-value variable. Through this variable the instantiation of a course
on a specific day can be detected and courses connected with the instantiated
course can be constrained. It is crucial that reified constraints not only check
the validity of constraints and transpose them into the 0/1-value variable, but
that they impose either the validity or the negation of constraints if their 0/1-
value variables are instantiated. They impose negation of the constraints that
some courses must not be on specific days. This reduces the start domains of the
remaining courses by removing from them all values not corresponding to the day
on which the course has already been scheduled. For example, if a teacher wants
to teach only for two days in a week and two of his courses have been already
instantiated for two other days, then the remaining courses of this teacher are
constrained to be scheduled only on these days.

4.2 No-Overlapping Constraints (C4)

Timetabling problems can be considered as job—shop problems, where resources
are rooms, classes and teachers and tasks are courses run using these resources.
The Mozart/Oz language has strong propagators to implement capacity con-
straints, such as Schedule.serialize. It employs edge-finding, an algorithm
which takes into consideration all tasks using any resource [16]. This propagator
is very effective for job—shop problems. However, in the studied cases this prop-
agator is not suitable, because most tasks frequently have duration of one or
two timeslots and the computational effort is too large in comparison with the
results. The experiments show that using too complicated a propagator can dou-
ble time and memory consumption. The constraints C4 are introduced with the
help of a built-in propagator FD.disjoint which, although may cut holes into
domains, must be applied for any two courses that cannot overlap. Those con-
straints enable the handling of some special situations such as different schedules
for even and odd weeks or the existence of an under-class with partially differ-
ent schedules. Results of experiments with these approaches are presented in
Table [T
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Table 1. Comparison of two propagators

Timetable Propagators
for Parameters Serialize Disjoint
High school time (s) 73 36
(253 courses) memory (MB) 723 337
University time (s) 32 12.5
(223 courses) memory (MB) 269 156

Standard structure

Problem formulation

J 1

Constraints
introduction

Proposed structure

Problem formulation I

J L

"one course in a room" constraint

Constraints introduction without I

iy : J L

. . . Constraint "one course in
Variables instantiation " .
W aroom" introduction

Variables
instantiation

Fig. 1. The standard and proposed structure of program.

4.3 “One Course in a Room” Constraint (C5)

Room allocation was performed simultaneously with search for start times.
The difficulty in timetabling is often due to the rather small number of rooms
available; performing room allocation after scheduling courses would lead to
many unfeasible solutions. In the literature this constraint is incorporated by
two global constraints: alldifferent and the global cardinality constraint [10]
(in Mozart/Oz terminology, distinct and reified sum constraint [4]). These ap-
proaches divide rooms into some categories (e.g. for lectures, for classes), and
then constrain in each timeslot the number of courses that requires some cate-
gory to the number of rooms of the given category. Unfortunately, this does not
suit the case where most rooms have special features different from other rooms.
Additional difficulties arise when courses have more than one timeslot duration.

Therefore the “one course in a room” constraint for the described problem
is the most difficult constraint to incorporate efficiently. The essence of the dif-
ficulty is that it depends on two undetermined variables (start time and room)
of any course and the corresponding variables of all the other courses. It can
be written as rather complicated reified constraints, which check every room, in
every timeslot, for every course. But this creates a lot of propagators that have
to be checked during the entire search. It is computationally very expensive.

This problem is solved by a change of the standard CP program structure.
The idea of the standard structure relies on constraint propagation, common in
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Table 2. Comparison of standard and proposed approaches to the “one course in a
room” constraint

Timetable Approaches
for Parameters Standard Proposed
High school time (s) 132 11
(145 courses) memory (MB) 641 79
University time (s) 106 17
(184 courses) memory (MB) 504 110

all CP languages, whereby all constraints should be introduced before searching
for solutions by variable instantiation. The idea of introducing this constraint
only after some variables have already been instantiated (Figure[dl.) proved to
be fruitful for reducing the computational effort inherent in these constraints.
Constraint C5 is introduced after instantiation of room and start time of a
specific course and refers to all not-labelled courses. The program does not need
to search at each step every possible room and start time to find an inconsistency.
Put simply, after instantiating some course, it considers the corresponding room
at the corresponding time as tentatively off-limits for all other courses. This
approach (called constraining while labelling) gave very good results for the two
case studies. Results of the experiments are presented in Table[2 for some smaller
problems. All soft constraints were introduced by the distribution strategy and
are described in the next section.

5 Distribution Strategy

The timetabling problem is not a standard scheduling problem, for which we can
effectively use the standard distribution strategies. Rather than simplifying the
problem to fit the standard, distribution strategies should be developed to solve
the problem with all its complexities. This approach to the problem suggests
a special distribution strategy. For timetabling, the distribution strategy tries
to answers the question, Which courses should be scheduled first and in which
timeslots?.

The main assumptions for a good distribution strategy are (1) reduction of
backtracks (decreases the probability of constraint violation) and (2) searching
for a “good” timetable right away (fulfilling as many soft constraints as possi-
ble). To put into effect these assumptions the distribution strategy was parti-
tioned into six stages to instantiate courses in the proper order. An outline of
the distribution strategy is shown in Figure 2. At each stage a special heuris-
tic is implemented to choose a suitable course and start time for this course.
Because this heuristic is similar for each stage it is described in detail when
discussing the fifth stage, where most courses are scheduled. The program in
the first stage labels courses with already assigned start times and looks for
a proper room from the list of available rooms. The second stage is based on
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Distribution of rooms
Stage I for courses with
bound start time

s

Distribution of courses
Stage Il | of teachers with largest
hardness coefficient

Distribution of pairs of
Stage Il | ynder-class courses in
the middle of a day

Distribution of odd and
Stage IV | even week courses in
the middle of a day

Distribution of courses
Stage V without gaps with
appropriate order

Distribution of all
Stage VI remaining courses
allowing gaps

Fig. 2. The main structure of the distribution strategy

a hardness coefficient defined for each teacher giving courses. It is defined as

. .- __ duration_of_all_courses_run_by_teacher
follows: hardness_coef ficient = availability times_of deacher

The coefficient range is (0,1) and in the second stage only courses with coef-
ficient greater then 0.8 are labelled. This stage brings particular improvement in
the university case, because there are a number of teachers from other depart-
ments, with a heavily constrained set of free timeslots at their disposal.

Stages III and IV are very similar. The first refers to high school timetabling,
where under-classes appear, and the second refers to university timetabling,
where even and odd weeks are distinguished. The idea of that stage consists of
connecting courses in pairs for each class and labelling two courses in the same
timeslot. This timeslot is chosen in the middle of the day, because these kind
of courses create gaps if they are between standard courses and are not paired
with some other courses. The remaining courses, which cannot be connected in
pairs, are left to be scheduled either at the beginning or at the end of a day.

The fifth stage is the most important and will be described in detail. Its
outline, as presented in Figure[3], is partitioned into six steps. In the first step an
appropriate course has to be chosen. Most often the first-fail heuristic is used,
where a variable with the smallest domain is selected. A much more complicated
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heuristic was introduced to fulfil the distribution assumptions. It is based on a
special cost function, which depends on

— domain of a start time (as in first-fail),

duration of course,

— hardness coefficient for teacher,

— number of ways to schedule course without gaps,

type of course; the cost function is smaller if the course is common for a
few classes; also, standard courses are more preferable than those run for
under-classes or even, odd weeks, with the exception of the first hour in a
day, where it is preferable to schedule those courses.

In general this function is rather complex and its parameters (weights of each
element) are determined experimentally. At the second step a proper value of
start time for the course is chosen. This heuristic is based on two substeps:

— choose the start time in a less loaded day,
— choose the start time avoiding gaps for classes.

The first substep has already been used in experiments presented by Guéret
et al. [3]. A timetable in which all days are rather equally loaded is desirable.
At this substep a “week load” list is introduced, being a list of all days of the
week with number of courses already placed in each day. The initial assignment
of these lists can be adjusted to specific preferences: for example, courses should
not be on Friday. At the second substep an attempt is made to fulfil the main
soft constraint about no gaps for courses attended by the same class. The chosen
value of the start time can only be before or after courses already placed in a
specific day (if no courses are scheduled, in the middle of the day). It is also
possible that there are gaps between courses resulting from previous stages. In
that case a course is preferably scheduled in gaps. It may be justified as follows:

— this constraint can be written explicitly (e.g. it is required for a high school
timetable), but as with the “one course in a room” constraint, it is very
computationally demanding.

— a violation of this constraint can be detected at the end of the search, when
all courses for a class are scheduled.

These drawbacks suggest introducing the constraint during search and at
once schedule courses without gaps.

At the third step the first value from the list of rooms assigned to each course
is chosen. The room list determines in which room the course can take place and
in what order they should be assigned due to preferences.

At steps 4, 5 and 6 distribution is performed. The Mozart/Oz language allows
programmers to design the most suitable distribution, the way that choice points
are created, their order and number. Choice points can be seen as alternatives
which can be chosen during a search. Every choice point when chosen becomes
a new computational space and a new node in the search tree. At the fourth
step the first choice point is created by assigning for two variables (start time
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Choosing the course

Choosing the start time

Choosing the room

Distributing Finding Reducing start
with chosen another room time domain
values

tep 4 Step 5

Fig. 3. Diagram of fifth stage.

and room) describing the course’s two chosen values. Then constraint C5 (“one
course in a room”) is introduced. If the partial schedule is feasible, the program
tries to label the next course. If this partial schedule is not feasible, at the fifth
step the second choice point is checked: another value from the room list is
chosen for the room variable. As many choice points as there are possible rooms
may be checked. If all of them fail, the program goes to the sixth step, where
it removes from the start time domain the chosen value and backtracks to the
beginning.

At the sixth (and final) stage of the distribution strategy the no-gaps con-
straint is relaxed. All remaining courses are labelled in their entire remaining
domains, and steps 1 and 2 from the fifth stage are transformed to a first-fail
strategy by choosing a value in a proper day. Generally, at this stage only a few
courses have to be scheduled.

This distribution strategy was crucial for finding timetables in reasonable
time. All of the stages and steps are important and contribute to the efficiency
of the program.

6 Search Method and Optimization

There are several search methods for a single feasible solution, but for timetabling
problems depth-first search (DFS) seems to be best. This obvious way to explore
a search tree from left to right is justified by the distribution strategy, which at-
tempts to make the start with leftmost leaves most preferable. Limited discrep-
ancy search (LDS) was tested, but it did not give a feasible solution, the reason
being the systematicity of this method, which is similar to the ineffectiveness of
branch-and-bound, described in Section [6.1}

All search methods in Mozart/Oz make recomputation available as an es-
sential technique for search engines. Mozart/Oz language architecture is based
on copying rather than trailing. Normally the search engine creates copies of
choice nodes in exploration steps in order not to compute them in the case of
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Fig. 4. Computation time and memory consumption due to maximal recomputation
distance

backtracking. It is possible to reduce the number of copies, and thereby memory
consumption, by using a recomputation. Instead of creating a copy in each dis-
tribution step, at every mth (called MRD, the maximal recomputation distance)
exploration step a copy of the current node is memorized. Recomputation saves
space, possibly at the expense of increased runtime, but can also save time, due
to the optimistic attitude to the search. The relationship between recomputation
distance, computation time and memory consumption is shown in Figure @ It
is seen that memory consumption and computation time cannot be easily inter-
preted, but there is already improvement of program efficiency for m = 3, and
then with a small local minimum efficiency slowly decreases. More details of the
advantages of this Mozart/Oz feature are presented in Schulte [12].

6.1 Optimization with BAB

Finding a feasible solution to a timetabling problem is often not sufficient. The
timetable may need to satisfy requirements specific to an institution. Finding
a “good” timetable right away was described in the previous section, but there
is still a need for better solutions. The most popular method for finding a bet-
ter solution, branch-and-bound (BAB) search, was checked. The chosen criteria
depend mainly on the overall number of gaps for all classes, which is the most
important soft constraint and on starting courses in the morning hours. This
method performed very poorly, for three reasons. The distribution strategy as
described in Section [l already tries to minimize the gaps; therefore branch-
and-bound has little chance to improve the already good situation. The second
reason is that the main advantage of BAB — the pruning of the branches with
poorest cost function — is not effective, because it can be fully computed after
instantiation of all courses. Performing a complete branch-and-bound search is
impossible because of the problem size and virtual memory restrictions. In any
event, BAB is a systematic method. It maintains the ordering of variables from
the distribution strategy and tries to change their values beginning from the
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Fig. 5. Searching for the next solution

bottom of a search tree, and makes redundant the work of checking for different
configuration of the last variables. For this reasons another optimization method
was developed.

6.2 Local Search for Constraint Programming

Local search techniques are based on searching for a better solution in the neigh-
bourhood of an already found one. For the timetabling problem this neighbour-
hood can be, for example, a timetable with one course placed differently or with
two courses exchanged. It seems easy to make this kind of operation and compute
a cost function, but when the problem is described using CP some restrictions
are necessary. The constraint propagation needs to know explicitly the state of
variables (either their values or domains) and the search must be done by in-
stantiating variables one by one. From a timetable point of view it is possible to
replace during the search only the latest scheduled course.

Several works have studied co-operation between local search and CP. Jussien
and Lhomme [5] distinguish three categories of hybrid approaches that can be
found in the literature:

— performing a local search before or after a CP approach with systematic
search [15],

— performing a systematic search improved with a local search at some point
of the search: at each leaf of the tree (i.e. over complete assignments) but
also at nodes in the search tree (i.e. on partial assignments),

— performing an overall local search, and using systematic search and con-
straint propagation either to select a candidate neighbour or to prune the
search space.

The first two approaches are techniques of switching between CP and local
search at some point in the search. The third one tries to combine local search and
CP more tightly. The presented approach falls into the first and third category.
The main idea of the presented incorporation of local search into CP is based on
memorizing the initial space, where all constraints are incorporated. Then, after
finding the first solution only with pure CP, the search engine makes following
steps:
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Table 3. Results for the two case studies

University High-school
Time (s) Mem. (MB)  Cost Time (s) Mem. (MB)  Cost
FF 19 258 7185.5 7.5 119 29909
FF+BAB no improvement 28 450 29908
CTDS 29.5 340 429.0 10.5 177 18657
CTDS+BAB no improvement no improvement
CTDS+LS 36 340 180.5 17 177 17158

1. Finds a course which makes gaps between courses (takes course schedule at
the last, sixth stage).

2. Finds a second course to exchange with the first one.

3. Creates a new search of the original problem from memorized initial space.

4. Instantiates to the values from solution all courses besides the two previously
chosen (this can be done in one step because they surely do not violate
constraints).

5. Schedules the first course in place of the second one.

. Finds the best start time for the second course.

7. Computes the cost function; if it is better, the solution is memorized, else
another exchange is made.

(=2}

The search engine stops after finding a given number of better solutions. The
main idea of this searching is illustrated in Figure Bl The next solution is looked
for not in neighbourhood branches, but in branches in different parts of the search
tree. The crucial point to put this idea into effect was the ability to programm
the search engine. It has to store a copy of the initial space that a computed
solution is injected into. Finding a next solution does not need exploration of an
entire branch because, as described in the 4th step of this search, most courses
are instantiated very quickly.

7 Implementation Results

The two case studies, a high school and a university problem, were tested on a
Pentium IT1/850 MHz, 256 MB station. The results with MRD = 3 are presented
in Table B

As described in Section G.]l, minimized cost depends mainly on the overall
number of gaps for all classes and on starting courses from the morning hours.
The first-fail (FF) distribution strategy finds a feasible solution very fast, but the
cost shows how undesirable this solution is. Using the BAB method for improv-
ing the solution has no effect. When the custom-tailored distributed strategy
(CTDS) is used, the first solution is already very good one. If this solution is op-
timized with the proposed local search techniques, improvement is very effective.
This connection of the distribution strategy and the special search for a better
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result allows one reduce to zero the number of gaps in the high school timetable
and by 10% the cost function of the university timetable. Its higher cost can
be explained by the characteristic of the university timetable, which has a large
number of courses with fixed start time and teachers with hardness coefficient
above 0.8. However, the number of gaps for one group averaged 2 hours a week,
which is a good result.

The program written in Mozart/Oz language uses text files for input and
output data. MS Excel and Visual Basic for Applications were used to create
the user interface. MS Excel gives a simple way to save the data, make tables,
print, etc. Visual Basic was convenient for generating the input text file and
interpreting the output file.

8 Conclusions

The approach presented in the paper allows the generation of feasible solu-
tions for real high school and university department timetabling data. Features
of the concurrent CP Mozart/Oz language allow the formulation of complex
timetabling constraints. Although various CP languages have been already used
for timetabling (CHIP [73], Coastool/C++ [6], ILOG Solver [17] and others),
none of them, to my knowledge, provides the functionality to go as deep into
the search strategy as presented here. The strategy is custom-tailored specially
for timetabling problems. Using the standard distribution strategy and search
method seems to be insufficient; the custom-tailored search strategy for the
timetabling problem yields a quick solution. The idea of incorporating local
search into CP was presented. It has already given good results. Optimization in
CP is numerically very demanding. The commonly used BAB is often too slow
to produce results in a reasonable time for large problems. The development of
new methods of finding a better solution is crucial and they should be adapted
to the nature of real problems.
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Abstract. A recent trend in local search concerns the exploitation of
several different neighbourhood functions so as to increase the ability of
the algorithm to navigate the search space.

In this paper we investigate the use of local search techniques based on
various combinations of neighbourhood functions, and we apply this to a
timetabling problem. In particular, we propose a set of generic operators
that automatically compose neighbourhood functions, giving rise to more
complex ones. In the exploration of large neighbourhoods, we rely on
constraint techniques to prune the list of candidates. In this way, we are
able to select the most effective search technique through a systematic
analysis of all possible combinations built upon a set of basic, human-
defined, neighbourhood functions.

The proposed ideas are applied to a practical problem, namely the Course
Timetabling problem. Our algorithms are systematically tested and com-
pared on real-world instances. The experimental analysis shows that
neighbourhood composition leads to much better results than traditional
local search techniques.

1 Introduction

Local search is a successful meta-heuristic paradigm for the solution of constraint
satisfaction and optimization problems. Main local search strategies, such as hill
climbing, simulated annealing and tabu search (see, e.g., [1]), have proved to be
very effective in a large number of problems.

One of the most critical features of local search is the definition of the neigh-
bourhood structure. In fact, for most popular problems, many different neigh-
bourhood structures have been considered and experimented with. For example,
for Job—Shop Scheduling, at least ten different ones have appeared in the lit-
erature (see [19]). Moreover, for most common problems, there is more than
one neighbourhood structure that is sufficiently natural and intuitive to deserve
systematic investigation.
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One of the attractive properties of the local search paradigm is its flexibility,
in the sense that different techniques and neighbourhoods can be combined and
alternated to give rise to complex algorithms. The main motivation for consid-
ering the combination of diverse neighbourhoods is related to the diversification
of search needed to escape from local minima. In fact a solution that is a local
minimum for a given definition is not necessarily a local minimum for another
one, and thus an algorithm that uses both has more chances to move toward
better solutions.

There are actually many ways to combine different neighbourhoods and dif-
ferent algorithms. In this work, we formally define and investigate the following
three:

Neighbourhood union. We consider as neighbourhood the union of many
neighbourhoods. The algorithm at each iteration selects a move belonging
to any of the components.

Neighbourhood composition. We consider as atomic moves, chains of moves
belonging to different neighbourhoods.

Token-ring search. Given an initial state and a set of algorithms based on
different neighbourhood functions, the token-ring search makes circularly a
run of each algorithm, always starting from the best solution found by the
previous one.

These three notions are not completely new, and they have been proposed
in the literature in similar forms (under various names). For example, the ef-
fectiveness of token-ring search for two neighbourhoods has been stressed by
several authors (e.g. [7]). In particular, when one of the two algorithms is not
used with the aim of improving the cost function, but exclusively for diversify-
ing the search region, this idea falls under the name of iterated local search [11].
As an example, in [I5] we employ the alternation of tabu search using a small
neighbourhood with hill climbing using a larger neighbourhood for the solution
of the high-school timetabling problem.

The alternation of simple search and move chains is also the basis of the so-
called Variable Neighbourhood Search strategy proposed by Hansen and Mlade-
novié [8], which has been used in many applications (see, e.g., [3]).

Our contribution consists in the attempt to systematize the different ideas
in a general multi-neighbourhood framework, and to perform a comprehensive
experimental analysis on a real application. In addition, we want to exploit
constraint propagation techniques in local search, in the spirit of [I3], so as to
speed up the exploration of large neighbourhoods.

Our case study is the Course Timetabling (CTT) problem [2[16]. An ap-
plication built around the algorithms presented here is actually used to make
the working timetable at the Faculty of Engineering of the University of Udine.
However, the version of the problem we consider in this paper is simplified, by
eliminating very specific constraints, so as to reduce it to a more general form.
Experiments are performed on real instances (simplified accordingly), and the
data are available at http://www.diegm.uniud.it/schaerf/projects/coursett/.
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The experimental results confirm that algorithms based on combinations of
neighbourhoods performs much better than basic ones.

2 Local Search

Local search is a family of general-purpose search techniques, which was first
introduced more than 35 years ago [I0]. It has become quite popular in AT after
the seminal papers by Minton et al. [I2] and Selman et al. [I8]. Local search
techniques are non-exhaustive in the sense that they do not guarantee to find a
feasible (or optimal) solution, but they search non-systematically until a specific
stop criterion is satisfied.

2.1 Local Search Basics

Given an instance p of a search or optimization problem P, we associate a search
space S with it. Each element s € S corresponds to a potential solution of p, and
is called a state of p. Local search relies on a function N which assigns to each
s € S its neighbourhood N(s) C S. Each s’ € N(s) is called a neighbour of s.

A local search algorithm ¢ starts from an initial state sg, which can be ob-
tained with some other technique or generated randomly, and enters a loop
that navigates the search space, stepping from one state s; to one of its neigh-
bours s;41.

The neighbourhood of a state s can be described in terms of changes (called
moves) that are applied to transform s in the members of N(s). A move is
typically composed by a limited set of attributes (or variables) that describes
the changes to the state. Given a state s and a move m, we denote by s om the
state obtained from s applying the move m. Therefore a neighbourhood can be
seen as a set of moves, even though not all moves can be applied in any state
s, because some moves might be infeasible, i.e. they lead to a state outside the
search space.

Local search techniques differ from each other according to the strategy they
use both to select the move in each state and to stop the search. In all tech-
niques, the search is driven by a cost function f that estimates the quality of
the state. For optimization problems, f generally accounts for the number of
violated constraints and for the objective function of the problem.

Two of the most common local search techniques are hill climbing (HC) and
tabu search (TS). We describe them here; however, a full description of HC
and TS is beyond the scope of this paper (see, e.g., [7]). We only present the
formulations and the concepts which are used in this work.

2.2 Hill Climbing

HC is actually not a single local search technique, but rather a family of tech-
niques based on the idea of performing only moves that improve or leave un-
changed (i.e. sideways moves) the value of the cost function f.
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We employ the so-called randomized non-ascending strategy which selects a
random move m; at each iteration 4, and if f(s; om;) < f(s;) then let s;11 =
s; o m;, otherwise let s;11 = s;.

HC does not stop when it reaches a local minimum. In fact, the search might
loop infinitely by cycling among two or more states at equal cost. To provide
against this situation, the stop criterion is based on the number of iterations
elapsed from the last strict improvement. Specifically, given a fixed value n the
algorithm stops after n iterations that do not improve the value of the cost
function, i.e. it stops at iteration j such that f(s;) = f(sj_1) =--- = f(sj—n)-

2.3 Tabu Search

At each state s;, TS explores exhaustively the current neighbourhood N(s;).
Among the elements in N(s;), the one that gives the minimum value of the cost
function becomes the new current state s;;1, independently of whether f(s;+1)
is less or greater than f(s;).

Such a choice allows the algorithm to escape from local minima, but creates
the risk of cycling among a set of states. In order to prevent cycling, the so-called
tabu list is used, which determines the forbidden moves. This list stores the most
recently accepted moves. The inverses of the moves in the list are forbidden.

The simplest way to run the tabu list is as a queue of fixed size k. That is,
when a new move is added to the list, the oldest one is discarded. We employ
a more general mechanism which assigns to each move that enters the list a
random tenure, i.e. each move remains in the list for a random number of steps
varying between two values ki, and k... When its tabu period is expired, a
move is removed from the list. In this way the size on the list is not fixed, but
varies dynamically between k., and kpqz-

There is also a so-called aspiration mechanism that overrides the tabu status:
If a move m leads to a state whose cost function value is better than the current
best, then its tabu status is dropped and the resulting state is acceptable as the
new current one.

Also in this case, like HC, the search is stopped when no improvement of the
cost function is found after n iterations.

As a final remark, we must mention that we use just one of the simplest
forms of T'S: more involved ones include sophisticated prohibition strategies and
mechanisms for long-term memory. However, as a matter of fact, the algorithm
described here is the most employed in the TS literature.

3 Multi-neighbourhood Search

Consider a problem, a search space S for it and a set k of neighbourhood func-
tions Ny, ..., Ny defined on S. Given also a set of n local search techniques (in
this work n = 2, namely HC and TS), we can define k x n different search al-
gorithms, called runners, by combining any technique with any neighbourhood
function.
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The functions N; are obviously problem dependent, and they are defined by
the person who investigates the problem. In this section, we show that, given a
set of human-defined neighbourhood functions, we can automatically create new
runners, using some composition operators.

3.1 Neighbourhood Union

Given k neighbourhood functions Ny,..., N, we call a union, written as Ny &
-+ @ Ny, the neighbourhood function such that, for each state s, the set N7 &
-+ @ Ni(s) is equal to N1(s) U---U Ng(s).

According to the above definition, a HC runner that uses the neighbourhood
Ni & - - P Ni selects at each iteration a random move from any NV;, whereas a
TS runner explores all V; exhaustively and selects the overall best solution.

The random distribution for selecting a move in Ny & - - - @ Nj from s is the
following: we first select a random ¢ (with 1 < ¢ < k) and then a random state
s' € N;(s). The selection thus is not uniform, because it is not weighted based
on the cardinality of the sets N;(s).

3.2 Neighbourhood Composition

Given k neighbourhood functions Ny, ..., Ny, we call composition, denoted by
N;®- - -® Ng, the neighbourhood function defined as follows. Given two states s,
and sp, then s, belongs to N1 ® - - ® Ni(s,) if there exist k —1 states s1,...55-1
such that s; € N1(s4), s2 € Na(s1), ..., and sp € Nq(sk—1).

Intuitively, a composite move is an ordered sequence of moves belonging to
the component neighbourhoods, i.e. m = myms ... m; with m; € N;. Differently
from the union operator, for composition the order of the N; is relevant, and it
is meaningful to repeat the same N; in the composition.

Given the k neighbourhood functions and an integer h, we call total compo-
sition of step h the union of all possible compositions (also with repetitions) of
all k neighbourhoods. We denote a total composition by ® Ny, ..., Np. A move
in this neighborhood is an ordered sequence of h moves myms ... my such that
m; € N1 @ ---® Ng. In other words, each move m; (1 <1 < h) can be chosen in
any neighborhood N; (1 < j < k).

3.3 Token-Ring Search

Given an initial state sg, and a set of ¢ runners t1,...,1,, the token-ring search,
denoted by ¢1 > --- > t4, makes circularly a run of all ¢;. Each ¢; always starts
from the final solution of the previous runner ¢;_q (or ¢, if i = 1).

The token-ring search keeps track of the global best state, and stops when it
performs a fixed number of rounds without an improvement of this global best.
The component runners ¢; stop according to their own specific criteria.
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3.4 Local Search Kickers

As noticed by several authors (see, e.g., [I1]), local search can benefit from
alternating regular runs with some perturbations that allow the search to escape
from the attraction area of a local minimum.

In our settings, we define a form of perturbation, that we call kick, in terms
of neighbourhood compositions. A kicker is a runner that makes just one single
move, and uses a neighbourhood composition (total or simple) of a relatively
long length. A kicker can perform either a random kick, i.e. a random sequence
of moves, or a best kick, which means an exhaustive exploration of the composite
neighbourhood searching for the best sequence.

Random kicks roughly correspond to the notion of random walk used in [T7].
The notion of best kicks is based on the idea of ejection chains (see, e.g., [14]),
and generalizes it to generic chains of moves (from different neighbourhoods).
Experiments with kickers as part of a token-ring search, called Run & Kick, are
shown in our case study, and, as highlighted in Section Bl the use of best kicks
turned out to be very effective in our test instances.

Notice that the cardinality of a composition is the product of the cardinalities
of all the base neighbourhoods, therefore if the base neighbourhoods have some
few thousand members, the computation of the best kick for a composition of
length 3 or more is normally intractable. In order to reduce this complexity, we
introduce the problem-dependent notion of synergic moves. For every pair of
neighbourhood functions N; and Ns, the user might define a set of constraints
that specifies whether two moves m; and mo, in N; and Ny respectively, are
synergic or not. This relationship is typically based on equality constraints of
some variables that represent the move features. If no constraint is added, the
kicker assumes that all moves are synergic.

A move sequence belonging to the neighbourhood composition is evaluated
only if all pairs of adjacent moves are synergic. The intuition behind the idea
of synergic moves is that a combination of moves that are not all focused on
the same features of the current state s have little chance to produce improve-
ments. In that case, in fact, the improvements would have been found by one
of the runners that make one step at the time. Conversely, a good sequence of
“coordinated” moves can be easily overlooked by a runner based on a simple
neighbourhood function.

In order to build kicks, i.e. chains of synergic moves, the kicker makes use of a
constraint-based backtracking algorithm that builds it starting from the current
state s, along the lines of [I3]. Differently from [I3], all variables describing
a move are instantiated simultaneously, and backtracking takes place only at
“move granularity” rather than at the level of each individual variable. That is,
the algorithm backtracks at level ¢ if the current move m; has no synergic move
in the neighbourhood N;; that is feasible if applied in the state reached from
s executing the moves of the partial sequence built up to level 7.

Notice that the use of a backtracking algorithm for the exploration of the com-
posite neighbourhood does not mean that this process is exponential in nature.
In fact, the size of the compound neighborhood for a kick of step n is bound by
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the product of the size of the component neighborhoods N; (i = 1,...,n). More
correctly, the size of the compound neighborhood grows exponentially w.r.t. the
number of neighborhoods involved, but in our experimentation we always choose
a constant value for n that is small enough to ensure an efficient computation of
kicks.

Different definitions of synergy are possible for a given problem. In general,
there is a trade-off between the time necessary to explore the neighbourhood
and the probability to find good moves. In our case study, we experiment with
two different definitions of synergy and compare their results.

4 A Case Study: Course Timetabling

The CTT problem consists in the weekly scheduling of lectures for a set of
courses. There are various formulations of the CTT problem (see, e.g., [16]),
which mostly differ from each other in the hard and soft constraints (or objec-
tives) they consider. For the sake of generality, we consider in this work a basic
version of the problem.

4.1 Problem Definition

There are g courses cy,...,cq, p periods 1,...,p, and m rooms r1,..., 7y. Each
course ¢; consists of [; lectures to be scheduled in distinct time periods, and it is
attended by s; students. Each room r; has a capacity cap;, in terms of number
of seats. There are also g groups of courses, called curricula, such that any two
courses of a curriculum have students in common.

The output of the problem is an integer-valued ¢ x p matrix T, such that
T = j (with 1 < j < m) means that course ¢; has a lecture in room r; at period
k, and T;; = 0 means that course ¢; has no class in period k. We search for the
matrix T  such that the following hard constraints are satisfied, and the violations
of the soft ones are minimized. Hard constraints must be always satisfied in the
final solution of the problem, whereas soft constraints can be violated, but at
the price of deteriorating the solution quality.

(1) Lectures (hard): The number of lectures of course ¢; must be exactly ;.

(2) Room occupancy (hard): Two distinct lectures cannot take place in the same
room in the same period.

(3) Conflicts (hard): Lectures of courses in the same curriculum must be all
scheduled at different times.

We define a conflict matrix C'M of size ¢ X ¢, such that cm;; = 1 if there is
a curriculum that includes both ¢; and ¢;, em;; = 0 otherwise.

(4) Availabilities (hard): Teachers might be not available for some periods. We
define an availability matrix A of size g x p, such that a;; = 1 if lectures of
course ¢; can be scheduled at period k, a;; = 0 otherwise.

(5) Room capacity (soft): The number of students that attend a course must
be less than or equal to the number of seats of all the rooms that host its
lectures.
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(6) Minimum working days (soft): The set of periods p is split into wd days
of p/wd periods each (assuming p divisible by wd). Each period therefore
belongs to a specific week day. The lectures of each course ¢; must be spread
into a minimum number of days d; (with d; < k; and d; < wd).

(7) Curriculum compactness (soft): The daily schedule of a curriculum should
be as compact as possible, avoiding gaps between courses. A gap is a free
period between two lectures scheduled in the same day and that belong to
the same curriculum.

4.2 Search Space, Cost Function, and Initial State

In order to solve CTT by local search, first we have to define the search space.
Our search space is composed of all the assignment matrices T;; for which the
constraints ([{}) and (@) hold. States for which the hard constraints (@) and (B
do not hold are allowed, but are considerably penalized within the cost function.

The cost function is thus a weighted sum of the violations of the aforemen-
tioned hard constraints plus the violations of the soft constraints (&)—(7).

The weight of constraint type (&) is the number of students without a seat,
whereas the weight of constraint types () and (@) is fixed to 5 and 2, respectively.
Hard constraints are assigned the weight 1000.

The initial solution is selected at random. That is, we create a random matrix
T that satisfies constraints () and (H).

4.3 Neighbourhood Functions

In the CTT problem, we are dealing with the assignment of a lecture to two kinds
of resources: the time periods and the rooms. Therefore, one can very intuitively
define two basic neighbourhood structures which deal separately with each one
of these components. We call these neighbourhoods Time and Room (or simply T
and R for short) respectively.

The first neighbourhood is defined by simply changing the period assigned
to a lecture of a given course to a new one which satisfies the constraints (4)).
A move of the Time type is identified by a triple of variables (C, P, @), where C'
represents a course, and P and () are the old and the new periods of the lecture,
respectively.

The Room neighbourhood, instead, is defined by changing the room assigned
to a lecture in a given period. A move of this type is identified by a triple of
variables (C, P, R), where C' is a course, P is a period and R is the new room
assigned to the lecture.

Obviously, there are some constraints (part of the so-called interface con-
straints in [I3]) for a given move m to be applicable. In detail, a Time move
(C = ¢;, P = k1,Q = ky) is feasible in a given state only if in that state the
course ¢; has a lecture at time kq, it has no lecture at time ks, and the teacher of
¢; is available at ky. Instead, we consider a Room move (C' =¢;, P =k, R = 1;)
as applicable in a state if the course ¢; has a lecture at time k which is assigned
to a room rj with j # j'.
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Table 1. Features of the instances used in the experiments

Instance q P Zl li m Conflicts Occupancy
1 46 20 207 12 4.63% 86.25%
2 52 20 223 12 4.75% 92.91%
3 56 20 252 13 4.61% 96.92%
4 55 25 250 10 4.61% 100.00%

Given these two basic neighbourhoods we define the neighbourhood union
Time®Room whose moves are either a Time or a Room. Conversely, the neigh-
bourhood composition Time®Room involves both the resources at once. For the
composite neighbourhood, we define a move (Cy, Py, Q1) of type Time and a move
(Cq, Py, Ry) of type Room as synergic under the constraints C; = Co A Q1 = Ps.

4.4 Runners and Kickers

We define eight runners, obtained equipping HC and TS with the four neigh-
bourhoods: Time, Room, Time®Room and Time®Room.

We also define two kickers both based on the total composition ®;Time,Room
of the basic neighbourhoods. The two kickers differ from each other in the def-
inition of the synergic moves for the four combinations. The first one is more
strict and requires that the moves “insist” on the same period and on the same
room. The second one is more relaxed and also allows combination of moves on
different rooms.

All the above runners and kickers are combined in various token-ring strate-
gies, as described in the next section.

5 Experimental Results

To our knowledge, no benchmark instance for the CTT problem has been made
available in the scientific community. For this reason we decided to test our
algorithms with four real-world instances from the School of Engineering of our
university, which will be made available through the web. Real data have been
simplified to adapt to the problem version of this work, but the overall structure
of the instances is not affected by the simplification.

The main features of these instances are reported in Table [II All of them
have to be scheduled in 5 days of 4 or 5 periods each.

The column denoted by >, l; reports the overall number of lectures, while the
columns “Conflicts” and “Occupancy” show the density of the conflict matrix,
and the percentage of occupancy of the rooms (3, l;/(m - p)), respectively. The
first feature is a measure of instance size, whereas the other two are the main
indicators of instance constrainedness.
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Table 2. Results for the plain multi-neighbourhood HC and TS algorithms

Instance HC(T®R) HC(T®R) HC(T)>HC(R)

1 288 285 295
2 18 22 101
3 72 169 157
4 140 159 255

Instance TS(T@R) TS(T®R) TS(T)>TS(R)

1 238 277 434
2 35 175 262
3 98 137 488
4 150 150 2095

The proposed algorithms are coded in C++ and have been tested on a PC
running Linux equipped with an AMD Athlon 1.5 GHz processor and 384 MB
of central memory. In order to obtain a fair comparison among all algorithms,
we fix an upper bound on the overall computational time (600 s per instance) of
each solver during multiple trials, and we record the best value found up to that
time. In this way, each algorithm can take advantage of a multi-start strategy
proportionally with its speed, thus having increased chances to reach a good
local minimum.

5.1 Multi-neighbourhood Search

We run the HC and TS multi-neighbourhood algorithms on the three instances
with the best parameter settings found in a preliminary test phase. Namely,
the tabu list is a dynamic one and the tabu tenure varies in the range 20-30.
Concerning the number of idle iterations allowed, it is one million for HC and
1000 for TS.

All algorithms found a feasible solution for all trials. Concerning the objec-
tive function, the best costs found by the algorithms are summarized in Table 2]
where the neighbourhood is in parentheses. The best results found by each tech-
nique are displayed in bold face.

From the results, it turns out that the HC algorithms are superior to the TS
ones for three out of four instances. Concerning the comparison of neighbourhood
operators, the best results are obtained by the Time@®Room neighbourhood for
both HC and TS.

Notice that the thorough exploration of Time®Room performed by TS does
not give good results. This highlights the trade-off between the steepness of
search and the computational cost.
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5.2 Multi-neighbourhood Run & Kick

In this section, we evaluate the effect of ®;Time,Room kickers in joint action
(i.e. token-ring) with the proposed local search algorithms.

We take into account three types of kicks. The first two are the best kicks with
the strict and the more relaxed definition of move synergy (denoted in Tables Bl
and Ellby b and b*, respectively). In the aim of maintaining the computation time
below a certain level we experiment with these kickers only with steps h = 2 and
h=3.

We compare these kicks with random kicks of length A = 10 and h = 20
(denoted in TablesBland @by r). In preliminary experiments, we have found that
shorter random walks are almost always undone by the local search algorithms
in token-ring alternation with the kicker. In contrast, longer walks perturb the
solution too much, leading to a waste of computation time.

The results of the multi-neighbourhood Run & Kick are reported in Tables B
and [ In the column “Kick” is reported the length of the kick and the selection
mechanism employed.

For each technique we list the best state found and the percentage of im-
provement obtained by Run & Kick w.r.t. the corresponding plain algorithm
presented in the previous section. As before, the best results for each instance
are displayed in bold face.

Comparing these results with those of the previous table, we see that the use
of kickers can provide a remarkable improvement on the algorithms. In particu-
lar, kickers implementing the best kick strategy of length 2 increase the ability
of the local search algorithms independently of the search technique employed.
Unfortunately, the same conclusion does not hold for the best kicks of length
3. In fact, the time limit granted to the algorithms makes it possible only to
perform a single best kick of this length at early stages in the search. Therefore,
for instances of this size the improvement in the search made by these kicks is
hidden because of their high computational cost.

Furthermore, it is possible to see that for T'S the random kick strategy ob-
tains moderate improvements in joint action with TGR and T®R neighbourhoods,
favouring a diversification of the search. Conversely, the behaviour of the HC
algorithms with this kind of kick is not uniform, and it deserves further investi-
gation.

Concerning the influence of different synergy definitions, it is possible to
see that the stricter one has a positive effect in joint action with TS, while it
seems to have little or no impact with HC. In our opinion this is related to the
thoroughness of neighbourhood exploration performed by TS.

Another effect of the Run & Kick strategy, which is not shown in the ta-
bles, is the improvement of algorithm robustness measured in terms of standard
deviations of the results.
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Table 3. Results for the HC & Kick algorithms

Instance Kick HC(T®R) HC(T®R) HC(T)>HC(R)
1 b2 207 —28.1% 212 —25.6% 200 -32.2%
1 b5 206 —28.5% 217 —23.9% 203 -31.2%
1 b3 271 —5.9% 518 81.8% 439 48.8%
1 b5 341 18.4% 515 116% 773 171%
1 710 271 —5.9% 275 -3.5% 414 30.3%
1 720 284 —1.4% 294 3.2% 440 49.2%
2 b2 18 0.0% 21 —4.6% 27 —-73.3%
2 b5 18 0.0% 17 —22.7% 23 —T77.2%
2 b3 71 294% 67 205% 239 137%
2 b= 79 339% 92 318% 481 376%
2 710 19 5.6% 21 —4.6% 156 54.5%
2 720 24 33.3% 19 —13.6% 182 80.2%
3 b2 64 —-11.1% 94 —44.4% 78 -50.3%
3 b3 55 —23.6% 87 —48.5% 79 —49.7%
3 b3 182 153% 329 94.7% 853 443%
3 b3 235 226% 436 158% 1632 940%
3 710 94 30.6% 202 19.5% 206 31.2%
3 720 95 31.9% 113 -33.1% 181 15.3%
4 b2 132 —5.71% 146 —8.18% 113 —55.69%
4 b3 139 —0.711% 151 —5.03% 142 —44.31%
4 b3 250 78.57% 565 255.35% 1242 387.06%
4 b3 180 28.57% 3417 2049.06% 19267 7455.69%
4 710 115 —17.86% 250 57.23% 3292  1190.98%
4 720 130 —7.14% 172 8.18% 4344  1603.53%

6 Discussion and Conclusions

We have proposed a set of multi-neighbourhood search strategies to improve
local search capabilities. This is only a step toward a full understanding of the
capabilities of multi-neighbourhood techniques.

Our neighbourhood operators are completely general, in the sense that, given
the basic neighbourhood functions, the synthesis of the proposed algorithms
requires only the definition of the synergy constraint, but no further domain
knowledge.

With respect to other multi-neighbourhood meta-heuristics, such as Variable
Neighbourhood Search [§] and Iterated Local Search [11], we have tried to give a
more general picture in which these previous (successful) proposals fit naturally.

Our software tool [45]6] generates automatically the code for exploration of a
composite neighbourhood starting from the code for the basic ones. This is very
important, from the practical point of view, in order that the test for composite
techniques be very inexpensive not only in terms of design efforts, but also in
terms of human programming resources.



274 L. Di Gaspero and A. Schaerf

Table 4. Results for the T'S and Kick algorithms

Instance Kick TS(T®R) TS(T®R) TS(T)>TS(R)
1 bo 208 —12.6% 214 —22.7% 210 —57.0%
1 b3 208 —-12.6% 210 —24.2% 226 —53.7%
1 b3 287 20.6% 424 53.1% 347 —20.0%
1 b3 273 14.7% 464 67.5% 399 —-8.1%
1 10 265 11.3% 314 13.4% 546 11.9%
1 20 220 —7.6% 274 -1.1% 569 16.6%
2 bo 13 —62.9% 40 —77.1% 27 —89.7%
2 b3 18 —48.6% 34 —80.6% 47 —82.1%
2 3p 82 134% 445 154% 491 87.4%
2 b3 97 177% 798 356% 1703 550%
2 710 17 —51.4% 40 —T77.1% 544 108%
2 20 20 —42.9% 32 —81.7% 726 177%
3 b 76 —22.5% 83 —50.9% 101 —79.3%
3 b3 78 —20.4% 97 —42.6% 145 —70.3%
3 bs 227 132% 312 127% 1019 109%
3 b3 259 164% 476 248% 1348 176%
3 10 71 —27.6% 147 —13.0% 832 70.5%
3 20 72 —26.5% 139 —17.8% 966 98.0%
4 ba 78  —48.00% 99  —34.00% 105 —94.99%
4 b3 87 —42.00% 126 —16.00% 88 —95.80%
4 b3 103 —31.33% 201 34.00% 1356 —35.27%
4 b3 177 18.00% 2189 1359.33% 12020 473.75%
4 10 134 -10.67% 123 —18.00% 4105 95.94%
4 20 101 —-32.67% 159 6.00 % 4324 106.40%

The typical way to solve CTT is by a decomposition: first schedule lectures
neglecting the rooms, then assigns the rooms (see, e.g., [9]). In our framework,
this would correspond to a token-ring A(Time)>A(Room) (where A is any tech-
nique) with one single round, with the initial solution in which all lectures are
in the same room. Experiments show that this choice gives much worse results

than those shown in this paper.

It is worth noticing that for CTT, it is natural to compose the neighbourhoods
because they are complementary, as they work on different features of the current
state (the search space is not connected under them). However, preliminary
results with other problems show that multi-neighbourhood search also helps
for problems that have completely unrelated neighbourhoods, and thus could be

solved also relying on a single neighbourhood function.
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Abstract. This paper presents a new hyper-heuristic method using
Case-Based Reasoning (CBR) for solving course timetabling problems.
The term hyper-heuristics has recently been employed to refer to “heuris-
tics that choose heuristics” rather than heuristics that operate directly
on given problems. One of the overriding motivations of hyper-heuristic
methods is the attempt to develop techniques that can operate with
greater generality than is currently possible. The basic idea behind this
is that we maintain a case base of information about the most successful
heuristics for a range of previous timetabling problems to predict the
best heuristic for the new problem in hand using the previous knowl-
edge. Knowledge discovery techniques are used to carry out the training
on the CBR system to improve the system performance on the predic-
tion. Initial results presented in this paper are good and we conclude by
discussing the considerable promise for future work in this area.

1 Introduction

1.1 Case-Based Reasoning

What is Case-Based Reasoning? Many techniques from Artificial Intelli-
gence (AI) and Operational Research (OR) solve timetabling problems directly
by employing heuristics, meta-heuristics and hybrids on the problem in hand [I5]
17133]. Case-Based Reasoning (CBR) [27] is a Knowledge-Based technique that
solves problems by employing the knowledge and experience from previous simi-
lar cases. Solutions or problem solving strategies that were used in solving earlier
problems (cases) are maintained in a store (case base) for reuse. Adaptation usu-
ally needs to be carried out for the new problem employs domain knowledge of
some kind. The solved new problems may be retained and the case base is thus
updated. Leake [29] described CBR as follows:

In CBR, new solutions are generated not by chaining, but by retrieving
the most relevant cases from memory and adapting them to fit new
situations.

E. Burke and P. De Causmaecker (Eds.): PATAT 2002, LNCS 2740, pp. 276-287 2003.
© Springer-Verlag Berlin Heidelberg 2003



Knowledge Discovery in a Hyper-heuristic for Course Timetabling 277

A case usually consists of two major parts: the problem itself represented in
a certain form to describe the conditions under which it should be retrieved; and
the solution of the problem or the lessons it will teach. Throughout this paper,
the term source case is used to denote the cases in the case base and the term
target case is used to denote the new problem to be solved.

A similarity measure is usually defined by a formula to calculate the similarity
between source cases and the target case. The most similar source cases are
retrieved for the target case. The development of this similarity measure for large
real-world problems such as those encountered in course timetabling presents one
of the major research challenges in this area.

Case-Based Reasoning in Scheduling and Optimization Problems.
Timetabling has been studied extensively over the years [I5JT7I33|[6lT21415]. It
can be thought of as a special type of scheduling problem. The potential for
CBR has been discussed for different scheduling problems [30/34]. A brief survey
of CBR in scheduling was presented in [10] where three Case-Based Scheduling
systems, SMARTplan [28], CBR-1 [3] and CABINS [31], were reviewed. The au-
thors claimed that CBR is a very good approach in expert scheduling systems
and emphasized potential research in dynamic scheduling. Other studies in case-
based scheduling concerned a variety of scheduling problems and issues, i.e. op-
timization [21], nurse rostering [35] and educational timetabling problems [9]
10].

1.2 Course Timetabling and Hyper-heuristics in Scheduling

Timetabling Problems. A general timetabling problem involves assigning a
set of events (meetings, matches, exams, courses, etc.) into a limited number of
timeslots subject to a set of constraints. Constraints are usually classified into
two particular types: hard constraints and soft constraints. Hard constraints
should under no circumstances be violated. Soft constraints are desirable but
can be relaxed if necessary.

Over the last 40 years, there has been a considerable amount of research on
timetabling problems [TH[T7I33I7]. In the early days of educational timetabling
research, graph colouring [39] and integer linear programming techniques were
widely used [I4]. Some of the latest approaches can be seen in [612)].

This paper concentrates on educational course timetabling problems. Mod-
ern heuristic techniques have been successfully applied to course timetabling [6]
AI5]. Tabu Search (e.g. [19]) and Simulated Annealing (e.g. [I]) have been suc-
cessfully applied. Evolutionary Algorithms/Genetic Algorithms (GAs) (e.g. [I8])
and Memetic Algorithms (that hybridizes GAs with local search techniques)
(e.g. [13]) have also been extensively studied. Constraint-Based techniques have
also been widely employed (e.g. [40]).

Hyper-heuristics in Scheduling. Hyper-heuristics can be defined to be
“heuristics that choose heuristics” or as “algorithms to pick the right algorithm
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for the right situation” [8]. The main reason for using the term hyper-heuristics
rather than the widely used term meta-heuristics is that hyper-heuristics repre-
sent a method of selecting from a variety of different heuristics (that may include
meta-heuristics).

Some research in scheduling has investigated this approach although it does
not always use the term “hyper-heuristics”. An approach was presented in [22]
on open shop scheduling problems using GAs to search a space of abstractions of
solutions to “evolve the heuristic choice”. GAs have been employed to construct
a schedule builder that chooses the optimal combinations of heuristics [26]. An-
other approach in [37] used a GA to select the heuristic to order the exam in a
sequential approach for exam timetabling problems. A hybrid GA investigated
for vehicle routing problems has demonstrated promising results [36//2].

Some other research on hyper-heuristics has also been carried out on a vari-
ety of scheduling problems. Guided local search was used to select appropriate
choices from a set of heuristics for the travelling salesman problem [38]. In [§] a
hyper-heuristic approach was used to select from a set of lower-level heuristics
according to the characteristics of the current search space in a sales summit
scheduling problem.

2 Case-Based Heuristic Selection for Course Timetabling

2.1 Knowledge Discovery for Course Timetabling

The overall goal of our approach is to investigate CBR as a selector to choose
(predict) the best (or a reasonably good) heuristic for the problem in hand ac-
cording to the knowledge obtained from solving previous similar problems. The
goal is to avoid a large amount of computation time and effort on the comparison
and choosing of different heuristics. A large number of approaches and techniques
in AT and OR have been studied to solve a wide range of timetabling problems
successfully over the years. Comparisons have been carried out in some papers
on using different approaches in solving a specific range of problems. Thus, the
development of heuristics for timetabling is very well established and a reason-
able amount of knowledge exists on which specific heuristic works well on what
specific range of timetabling problems. This provides a large number of cases
that can be collected, studied and stored in the case base, providing a good
starting point for solving new course timetabling problems.

In knowledge engineering, techniques in knowledge discovery and machine
learning have been employed with success in a number of ill-structured domains.
Knowledge discovery is the process of studying and investigating a collection of
datasets to discover information such as rules, regularities, or structures in the
problem domain. It was defined in [23] as a “non-trivial process of identifying
valid, novel, potentially useful, and ultimately understandable patterns in data”.
A key step in the knowledge discovery process is data mining that may employ
a wide range of techniques from AI, machine learning, knowledge acquisition
and statistics. Knowledge discovery is usually carried out on databases and the
application areas include medicine, finance, law and engineering [32].
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In our CBR system the previous most similar cases provide information that
facilitates the prediction of the best heuristic for the target case. The retrieval
in CBR is a similarity-driven process that is carried out on cases described in
specific forms. Thus, the key issues are the case representation (that should be in
a proper form to describe the relevant context within the timetabling problem)
and how it influences the similarity between cases, which is what drives the
retrieval to provide an accurate prediction on heuristic selection.

Knowledge discovery techniques are employed to extract knowledge of mean-
ingful relationships within the case-based heuristic selector via iterative training
processes on cases of course timetabling problems. There are two iterative train-
ing stages used in the process. The first stage tries to discover the representation
of cases with a proper set of features and weights. The second stage trains the
case base so that it contains the proper collection of source cases. Both of the
processes are carried out iteratively. The overall objective is to obtain the highest
accuracy on retrievals for predictions of heuristics for target cases.

2.2 Knowledge Discovery Process on Case-Based Heuristic
Selection

Getting Started. In most knowledge discovery approaches, the development
starts from the data preparation. Cases in the system are represented by a list of
feature—value pairs. A set of features is used to describe the relevant character-
istics of the timetabling problems, and a value is given for each of these features
in each case. The current CBR system examines the source cases and target case
that are produced artificially with specific characteristics as their problem part.
These include problems with different size, different timeslots, different rooms,
etc. Some heuristics will work well on some problems and less well on others.
This means that the system has many types of problems that are studied and
collected. Appendix A presents a description of the problem specifications. For
every source case and target case, five heuristics (described in Appendix B) are
used to solve the problem beforehand. By checking the penalties of the timeta-
bles produced, these heuristics are stored with each case in an ascending order
as its solution part.

The retrieval is a similarity-driven process that searches through the case base
to find the most similar source cases. The similarity measure employs a nearest-
neighbour method that calculates a weighted sum of the similarities between
each pair of individual features between cases. Formula (1) presents the similarity
measure between the source case Cs and the target case Cy in the system:

1

CS,Ct
\/Z sz fsz ftz)2

(1)

The notation is as follows:

— j is the number of features in the case representation,
— w; is the weight of the ith feature reflecting the relevance on the prediction,
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— fs;, ft; are the values of the ith feature in source case Cs and target case
C} respectively.

The possible values of the features describing timetabling problems are all
integers (see Appendix C). So the higher the value of S(Cy, C}), the more similar
the two cases are.

The performance of the system is tested on different sets of target cases.
The training on the system is targeted at a reasonably high accuracy on all
of the (quick) retrievals for the target cases. Within each retrieval, the best
two heuristics of the retrieved case are compared with the best heuristic of the
target case. If the best heuristic of the target case maps onto any of the best two
heuristics of the retrieved case, the retrieval is concluded as successful. Actually,
in the training processes, we found that sometimes the penalties of the timetables
produced by different heuristics are close or equal to each other. We choose the
best two heuristics to be stored with each source case so that we have the best
heuristic stored and still retain some randomness.

Training on the Case Representation. An initial case base is built up
which contains a set of different source cases with artificially selected specific
constraints and requirements from Appendix A. An initial list of features is first
randomly selected to represent cases. Each of the features is initially assigned
with the same normalized weights. There are 11 features (details of which are
given in Appendix C) in the initial case representation.

Our knowledge discovery on the case representation to train the features and
their weights in the system adopts the iterative methodology presented in [20].
In every iteration, we

analyse the retrieval failures;

propose new features to address retrieval failures;

select a discriminating set of features for the new case representation;
evaluate the competence of this representation.

—~ —
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In our CBR system, the training for case representation is a recursive failure-
driven process carried out to refine the initial features and their weights. A
schematic diagram of the knowledge discovery on case representation is given in
Figure 1. The knowledge discovery process in the system includes the following
steps:

Adjusting feature weights. The best two heuristics of the retrieved case are
compared with the best one of the target case to see if the retrieval is suc-
cessful (the best heuristic of the target case mapped onto one of the best
two of the retrieved case). Adjustments on feature weights are iterative error-
driven processes: the weights of the features that result in the failures of the
retrieval are penalized (decreased) and those that can contribute success-
ful retrievals are rewarded (increased) to discriminate the source cases that
should be retrieved from the others that should not be retrieved.
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Fig. 1. Schematic diagram of knowledge discovery on features and their weights

Remowing irrelevant features. After certain rounds of iterative adjustments,
the weights of some of the features may be small enough to be removed
from the feature list. This means that these features are either irrelevant or
less important and thus are not needed in the case representation. Retaining
the irrelevant features may confuse the retrieval process, as the similarities
between cases may be too close to each other, thus reducing the number of
the successful retrievals and decreasing the system performance.
Introducing new features. When the adjustment of feature weights does not
result in a successful retrieval for a target case, new relevant features are
added. New features are proposed by studying if they can distinguish the
correct source case from the others, if they can give a prediction of success,
or if they can express the specific characteristics in a particular case.

Due to the complexity of the problem, at the beginning we do not know
what features are relevant to the similarity-driven retrieval and which should be
used to represent cases. Also we do not know their weights as we do not know
how important they are to properly calculate the similarity that influences the
heuristic selection. By using the recursive knowledge discovery process presented
above, irrelevant and less important features are removed from the initial feature
list. The feature vector that gives the highest accuracy on retrievals for all of
the target cases will be employed as the basis for the second stage of knowledge
discovery. The trained case representation (with six features left) after the first
stage of training is presented in Appendix D.

Training on the Case Base. Case selection is a particularly important issue in
building up a case base. Sometimes, keeping irrelevant source cases can decrease
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Table 1. Accuracies of system performance on initial and trained case bases

Case base Retrieval accuracy
“OneSet” (45 cases) 42%
“TwoSet” (90 cases) 60%
Trained Case Base from “OneSet” (15 cases) 70%
Trained Case Base from “TwoSet” (14 cases) 1%

the system performance and increase the space and time requirements of the
system. The objective of the second-stage training is to select a collection of
relevant cases without redundancy for the case base.

Firstly, we build up two initial case bases with source cases of nine different
sizes with 10,15, ...,50 courses in them:

(a) “OneSet” — For each size, five source cases are produced, each has one of
the five heuristics listed in Appendix A as its best heuristic. We name this
case base “OneSet” as it contains one set of the five heuristics for cases with
different sizes (thus in “OneSet” there are 9 x 5 = 45 source cases).

(b) “TwoSet” — For each size, 10 source cases are produced, each two have one
of the five heuristics listed in Appendix A as their best heuristic. It is named
“TwoSet” and in total there are 9 x 5 x 2 = 90 source cases in “TwoSet”.

The target cases are produced with the size of 10,20, 30,...,100 courses,
for each size with 10 instances. Thus, there are 10 x 10 = 100 target cases to
be tested on the two initial case bases. The best heuristics for each of them is
obtained beforehand to evaluate the retrieval.

A database is built up containing these two case bases and the target case
set. The training process on these two initial case bases is carried out recursively
using the “Leave-One-Out” strategy: Each time a source case is removed from
the case base we test to see if the number of successful retrievals on the case
base for all of the target cases is increased. If removing a source case decreases
the number of successful retrievals, it will be restored back to the case base as
it may contribute to successful retrievals for certain types of cases. Otherwise,
if the number of successful retrievals increases or does not change, it will be
removed from the case base as a redundant case. The process stops when the
highest number of retrievals is obtained on all the target cases.

Finally, after the second stage of training, there are 14 and 15 source cases left
in the original two case bases, respectively. To test the system performance, an
experiment is carried out on both the initial and trained case bases for another
set of target cases that are, of course, not the same as those of the training
set. The accuracies of the system performance on these case bases are shown in
Table 1.

We can observe that the initial “TwoSet” provides better performance than
that of “OneSet”. By storing more source cases, the system is equipped with
more knowledge and thus is capable of providing better performance during the
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retrieval. We can also see that the second training process removes quite a lot of
source cases that are redundant or that are harmful to the performance of the
CBR system. With a smaller number of more relevant source cases retained in
the case bases, the system performance is improved to provide higher accuracies
of predictions of suitable heuristics. To obtain better system performance, a
higher number of relevant source cases need to be selected in the case base.

3 Conclusion and Future Work

This paper presents the first step of our work in developing a hyper-heuristic
method using CBR for heuristic selection on course timetabling problems.
Knowledge discovery techniques employ relatively simple methods and just a
few training processes are carried out. The results are good and indicate the
possible advantages of employing knowledge discovery techniques in the course
timetabling domain. We believe better results may be obtained after further
training processes are carried out which employ a range of knowledge discovery
techniques.

There are many more complex and elaborate techniques that can be in-
vestigated and integrated into the CBR system to improve its performance. For
example, for the case representation we currently employ a simple technique that
is manually carried out to choose the features and adjust their weights. This can
be seen as a feature selection task, which is the problem of selecting a set of
features to be used as the data format in the system to achieve high accuracy
of prediction. Feature selection is an important issue in machine learning [25]
for which a variety of traditional techniques exist. Some recent work employ-
ing AI methods, such as evolutionary algorithms [24] to optimize the feature
selection, also provide a wide range of possible research directions. For complex
timetabling problems, these more efficient algorithms can be employed to carry
out the searching on features more effectively when dealing with larger data sets.
Our future work will study and compare these different techniques to optimize
the case representation to improve the system performance on a wider range of
larger timetabling problems. New features are being studied and introduced into
the system. For example, some refined features such as the number of rooms
with a range of capacities and the number of courses with more than a certain
number of constraints can be introduced to give a more specific description of
problems. Other issues relating to knowledge discovery in the CBR system may
include how to deal with the incomplete data in case bases and how to involve
domain knowledge in the system. User interaction in knowledge discovery is also
important on tasks like judgment and decision making, in which humans usually
perform better than a machine.

The current system uses five simple heuristics to implement the analysis
and testing on the case-based heuristic selection. Future work will study more
heuristics in the system. Also, the testing cases are artificially produced to give
a systematic analysis on as many types of problem as possible. After the initial
study of using CBR as a heuristic selector we have increased our understanding of



284 E.K. Burke et al.

the area. Real-world benchmark timetabling data (such as that presented in [16])
will be collected and stored in the case base for solving real-world problems.
Adaptation may also need to be conducted to utilize domain knowledge on some
of the heuristics retrieved for the new problem.
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Appendix A. Course Timetabling Problems Specification

Hard constraints:

1. Two courses cannot be scheduled into the same timeslot;

2. A course should be carried out n times a week;

3. Each course has a specific room requirement with type and capacity;

4. There is a specified number of periods for each course timetabling problem.

Soft constraints:

1. One course should be scheduled before or after another;

2. Inclusive/exclusive — a course should/should not be scheduled into a fixed
timeslot;

3. Consecutive — a course should/should not be scheduled into a timeslot con-
secutive to that of another.

Appendix B. Heuristics Used in the System

1. LD — Largest degree first. All the courses not yet scheduled are inserted
into an “unscheduled list” in descending order according to the number of
conflicts the course has with the other courses. This heuristic tries to schedule
the most difficult courses first.
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2. LDT - Largest degree first with tournament selection. This heuristic is pre-

sented in [40]. It is similar to LD except that a course employing tournament
selection is selected from a subset of the “unscheduled list”. Here, a proba-
bility value of 30% is used to get a subset from the list. This heuristic tries
to schedule the most difficult courses first but also give some randomness.

. HC — Hill climbing. An initial timetable is constructed randomly then is

improved by hill climbing.

. CD - Colour degree. Courses in the “unscheduled list” are ordered by the

number of conflicts they have with those courses that are already scheduled
in the timetable. Usually, those courses with a large number of such conflicts
are harder to schedule than courses with a smaller number of conflicts.

. SD — Saturation degree.

Courses in the “unscheduled list” are ordered by the number of periods left

in the timetable for them to be scheduled validly. This heuristic gives higher
priority to courses with fewer periods available.

Appendix C. Initial Features and Their Weights for Cases

Jor
fi:
fa:
f3:
fa
5
fe:
fr:
fs:
for

number of hard constraints / number of events,

number of soft constraints / number of events,

number of constraints / number of events,

number of periods / number of events,

number of rooms / number of events,

number of not consecutive courses / number of constraints,
number of consecutive courses / number of constraints,
number of hard constraints / number of constraints,
number of soft constraints / number of constraints,
number of hard constraints / number of periods,

f10: number of soft constraints / number of periods,
normalized weight w; = factor; x 1 / sum of weights of all the features,
initial factor; =1,1,1,1,1,1,1,1,1,1,1.

Appendix D. Trained Features and Their Weights

Jo:
f11
fa:
f3:
fa:
f5:

number of exclusive courses / number of events,

number of inclusive courses / number of events,

number of constraints / number of events,

number of rooms / number of events,

number of hard constraints / number of periods,

number of not consecutive courses / number of constraints,

normalized weight w; = factor; x 1 / sum of weights of all the features,
factor; = 45,10, 10, 15, 30, 6.
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Abstract. In this paper we introduce a new algorithm for secondary
school timetabling, inspired by the classical bipartite graph edge colour-
ing algorithm for basic class—teacher timetabling. We give practical meth-
ods for generating large sets of meetings that can be timetabled to run
simultaneously, and for building actual timetables based on these sets.
We report promising empirical results for one real-world instance of the
problem.

1 Introduction

This paper is concerned with the problem of constructing timetables for sec-
ondary schools, in which groups of students meet with teachers in rooms at
times chosen so that no student group, teacher, or room attends two or more
meetings simultaneously.

One fundamental requirement separates secondary school timetabling from
university timetabling: every student is required to be in class during every
teaching period. This makes it infeasible for every student to have an individual
timetable; instead, the students are placed in groups, and it is these groups that
are timetabled, not individual students.

In this paper, a time will be a fixed time period (for example, Mondays 9.00—
9.40 AM), a resource will be either a student group taken collectively, such as
the Year 7 students, or a teacher, or a room. A meeting is a collection of time
slots, each capable of holding one time, and a collection of resource slots, each
capable of holding one resource. Resource slots are always constrained to hold a
resource of a particular type, such as an English teacher or Science laboratory
room. Both resource slots and time slots may also be preassigned to a particular
resource or time, meaning that the slot may hold only that resource or time. The
timetabling problem then is to assign one value to each slot which satisfies all
these constraints and ensures that there are no clashes (pairs of meetings having
both a resource and a time in common). There may be other constraints as well,
such as limits on the workload of teachers, or the teacher constancy requirement
discussed below.
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In secondary schools known to the authors, the principal technique used for
offering students some choice is the elective. Suppose that there are 180 students
in one year (age cohort), enough to form six separate classes of 30 students each.
Late in the previous year the students would be offered a list of subject areas
(e.g. French, German, Biology, History, Economics, Business) and required to
select exactly one. Depending on their responses, the school management decides
how many classes of each type to offer. These classes then run simultaneously
the following year.

Electives give rise to meetings containing many resources. Our example elec-
tive would contain one student group representing the entire year, six teacher
resource slots, and six room resource slots, all constrained to be used at the same
set of times. For Mathematics the students are typically grouped by ability, and
this requires all the Mathematics classes for a given year to run simultaneously,
creating something similar to an elective except that all the classes within it are
Mathematics. For the other compulsory subjects the groups of students within
a year may often be timetabled independently.

It is not possible to preassign teachers to large elective meetings, since the
resulting timetabling problem would be hopelessly over-constrained. Only a few
teacher slots (typically in the most senior classes) are preassigned; the rest are
assigned as part of the timetabling process, after times have been assigned.
Naturally, this teacher assignment phase must assign English teachers to English
classes, Economics teachers to Economics classes, etc., so each teacher slot must
record the category of teacher it needs. These categories or teacher types are not
disjoint: some teachers teach several subjects, others are qualified to teach junior
subjects but not senior, and so on. Rooms must be assigned too, and they also
have categories: Science laboratories, Music studios, ordinary classrooms, etc.

Away from electives the meetings may be much smaller, the natural minimum
being a meeting containing three resources: one preassigned student group, one
teacher and one room. Manual high school timetabling is usually accomplished
by timetabling the large meetings first, then fitting the small ones around them.

Although soft constraints do exist in this problem, concerned with the even
spread of classes through the week, not overloading any teacher on any one day,
etc., the problem is dominated by the basic hard constraints already described:
finding times and qualified teachers which avoid clashes and therefore also keep
every student group occupied for every time of the week.

Earlier work on this problem [35] has been successful in assigning times to
meetings in such a way that, at each time, resources are sufficient to fill all the
resource slots of meetings scheduled for that time. This would be a complete
solution except for one problem.

The problem is the teacher constancy requirement, which states that, when
a meeting contains multiple times, any teacher assigned to it must attend for
all of those times. We do not want, say, an English teacher slot to be filled by
Smith for the first two times, Jones for the next three, and Robinson for the
last time. Violations of this requirement, known as split assignments, have often
been unacceptably frequent when solving the problem using the cited earlier
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methods. The problem does not arise with student group slots, since they are
preassigned, and is usually considered unimportant for room slots, except that
when a meeting contains two contiguous times (called a double period), it is
preferable for the same room to be assigned at both times, so that the class is
not disrupted halfway through the double period by a change of room.

If every meeting contained the same number of times, say k, then it would
be easy to achieve teacher constancy. Replace the k time slots in each meet-
ing with just one time slot, solve the resulting problem, then duplicate each
meeting k-fold. This is equivalent to the method, often used in North American
universities, of defining certain patterns of times in advance (e.g. Mondays 9-10
plus Wednesdays 9-10 plus Fridays 9-10) and requiring all meetings to choose
one pattern rather than a set of times. Unfortunately, in Australian secondary
schools (and elsewhere) the number of times in each meeting depends on the
importance of the subject matter. English and Mathematics each require six
time slots; other subjects may have 6, 5, 4, 3, 2, or 1 time slot each. The ‘time
patterns’ approach cannot be applied.

It is desirable to assign times to meetings in such a way that pairs of meetings
either overlap completely in time or not at all. We say that timetables with this
property have good time coherence [5]. Good time coherence will minimize the
number of pairs of clashing meetings, and should minimize the forces which push
teachers into split assignments.

In this paper we present a new algorithm for constructing secondary school
timetables. Inspired by the classical edge colouring algorithm for class—teacher
timetabling, but designed to handle the general problem, this new algorithm tries
to schedule as many meetings as possible into the first time in the week, then
as many of the remaining meetings as possible into the second, and so on. This
approach seems to be comparable with earlier work in its ability to find suitable
times for all time slots, but, unlike earlier work, offers much better prospects for
making highly time-coherent timetables, as Section [2] will explain.

We are aware of one piece of closely related prior work, by de Werra [13]. In
its general approach, of assigning as many meetings as possible to each time of
the week in turn, our algorithm is the same as de Werra’s, but our algorithm is
more general in being able to handle teacher slots that are not preassigned, and
our realization of the approach is very different, being enumerative in character,
rather than heuristic.

In addition to the new algorithm, this paper contains an initial empirical
study which shows that the new method is promising in practice. As the reader
will find, there are several points where different means could be used to achieve
the same ends, and we are only at the beginning of the task of exploring these
alternatives.

Section Bl introduces the new algorithm, and Section Bl explains how we can
test whether a set of meetings can run simultaneously, before assigning resources
to the meetings. Sections @ and[H explore the two main phases of the algorithm in
detail. Section Bl presents our results so far, and Section[f]contains our conclusions
and plans for further work. A more detailed exposition of our work appears in [IJ.
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2 Generalizing the Classical Edge Colouring Algorithm

Our new algorithm is inspired by the classical edge colouring algorithm for bipar-
tite graphs, attributed to Konig [11], and apparently first applied to class—teacher
timetabling by Csima [§] (see also [7/9J12]). We begin with a brief recapitulation
of that algorithm, then proceed to its generalization.

The edge colouring algorithm applies when each meeting contains one pre-
assigned teacher, one preassigned student group, and any fixed number of time
slots. Times are to be assigned to these slots so that no teacher or student group
has a clash; this is the only constraint.

The algorithm is based on a bipartite graph, which is a graph whose nodes
are divided into two sets, which we will call the left-hand nodes and the right-
hand nodes. The edges of a bipartite graph may only join left-hand nodes with
right-hand nodes.

Build a bipartite graph by creating one left-hand node for each teacher, one
right-hand node for each student group, and one edge for each time slot of each
meeting. Each time slot lies in a meeting containing one teacher and one student
group, and the corresponding edge connects the nodes corresponding to these
two resources. For example, the graph

A

corresponds to three teachers (Abel, Bell and Cox) teaching three student groups
(C1, C2 and C3). Abel takes C1 twice, and Cox takes C3 twice.

An edge colouring is an assignment of colours, or equivalently integers 1, 2,
3,...to the edges so that no two edges adjacent to any vertex have the same
colour. If we interpret these colours as times, then colouring the edges corre-
sponds to finding a timetable, and the rule prohibiting two edges with the same
colour from touching any one vertex is equivalent to the timetabling requirement
that no resource be required to attend two meetings at the same time.

There is an obvious lower bound on the number of colours needed to solve
this problem: the maximum vertex degree. Edge colouring theory proves that
this bound can always be achieved, by a polynomial time algorithm based on
repeatedly finding maximum matchings.

A matching in a graph is a set of edges such that no two edges share an
endpoint. A maximum matching is a matching with as many edges as possible.
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Efficient algorithms for finding maximum matchings exist [2]6]. They are well
known and will not be described here.
Here is our example graph with a maximum matching in bold:

i

i

These edges are assigned the first colour, which corresponds with assigning
the first available time to the corresponding time slots, then deleted. Because
the edges form a matching, no two of them are adjacent, so no teacher or student
group can have a clash at this time. A new matching is found and the second
colour assigned to its edges, and so on until no edges are left. For minimality it
turns out to be necessary to restrict the matching algorithm at each step to the
vertices of maximum degree and the edges and vertices adjacent to them.

Edge colouring is not used in practical timetabling because it models too
restrictive a version of the problem. In practice, meetings may have many more
than two resources, and the resources are not necessarily preassigned. Conversely,
some of the time slots may be preassigned. These generalizations make the prob-
lem NP-complete [4]9]. Nevertheless, if we interpret the edge colouring algorithm
in timetabling terms we obtain an interesting idea for an algorithm for the gen-
eral problem:

Timetable as many meetings as possible into the first time of the week,
concentrating on those meetings that are hardest to timetable. Delete the
assigned time slots, delete any meetings that now have no time slots, and
repeat on the second time of the week, then the third, and so on.

This is the algorithm we study in this paper.

To see why this algorithm is likely to deliver the time-coherence promised
in Section [, consider the set of meetings chosen during the first step to occupy
the first time of the week. If all of these meetings contain more than one time
slot, this exact same set of meetings may be re-used for the second time. In
general we cannot expect that all of the meetings chosen will have exactly the
same number of time slots, but by encouraging the algorithm to choose sets of
meetings with a similar number of time slots, and taking care over what to do
with leftover fragments of longer meetings, it should be possible to produce a
very time-coherent timetable.

Clearly, the success of this algorithm will partly depend on whether large
sets of meetings able to run simultaneously can be found. We have pursued an
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approach in which all such sets are computed in an initial phase, and this is the
subject of Sections [3] and [4. After that, a second phase selects a combination
of sets from the first phase that together cover all the meetings. This selection
phase is the subject of Section Bl

3 Testing Sets of Meetings for Compatibility

Our first task is to find an efficient test which can tell us whether or not a
set of meetings S is compatible, that is, whether or not its meetings can run
simultaneously.

Meetings contain time slots and resource slots, which may be unconstrained,
somewhat constrained, or completely constrained (i.e. preassigned).

Apart from a few preassignments, time slots in school timetabling problems
are effectively unconstrained. There is often a soft constraint that the times of
a meeting be spread through the week in some desirable pattern, but this does
not affect any meeting’s ability to run at any particular time.

We restructure the meetings of S to ensure that each meeting either contains
exactly one preassigned time slot, or else it contains one or more unconstrained
time slots. We do this by repeatedly finding any preassigned time slot s which is
not the only time slot in its meeting m, creating a new meeting containing s as its
only time slot and copies of all the resource slots of m, and deleting s from m. We
then merge meetings whose time slots contain the same preassigned time; there
is no need to distinguish meetings that are constrained to run simultaneously.
Ignoring resource constraints for the moment, a set of such restructured meetings
is compatible if no two parts of what was originally one meeting are involved, and
the meetings’ time slots do not include preassignments to two different times.
(We do not currently have a complete implementation of this part of our test,
but the number of preassigned times in our data is so small that it does not
matter for present purposes.)

Resource constraints are the main problem. We need to determine whether
the supply of resources is sufficient to fill all the resource slots of the set of
meetings S. This problem has been solved before [3]; we briefly recapitulate that
solution here.

We assume that all resources are available, unless the set of meetings contains
a preassigned time (there can be at most one preassigned time after the restruc-
turing above), in which case we leave out resources known to be unavailable at
that time.

In practice we always find that each resource slot is constrained independently
of the others to be filled by an element of some fixed subset of the available
resources: it may require an English teacher, or a Science laboratory, and so
on. Preassignment is included in this model: the fixed subset contains just one
element.

Build a bipartite graph whose left-hand nodes are all the resource slots in the
set of meetings .S, and whose right-hand nodes are all the available resources.
Connect each slot node to every resource able to fill that slot (these may form
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an arbitrary subset of the available resources). The meetings are compatible if a
matching exists which touches every resource slot, for this matching represents
an assignment of resources to all the slots.

For example, suppose we are testing three meetings for compatibility: En-
glish, History and Geography. Considering teachers alone, the bipartite graph
might look like this:

There are enough teachers, there is a qualified teacher for every slot, but
there is no matching and these meetings are not compatible.

Although our test for compatibility is reasonably efficient as described, we
will be calling it thousands of times, so we have implemented some optimizations.
We check that no two slots are preassigned with the same resource, and that
for every defined category (e.g. English teacher, Science laboratory) there are
at least as many qualified resources as resource slots. Only if the meetings pass
these quick tests do we take the time to build the bipartite graph and carry out
the full test.

It is also important for efficiency that we can take a known compatible set
of meetings for which a matching has been created and stored, as well as the
totals needed to implement our quick tests, and efficiently test whether one
extra meeting can be added without losing compatibility. The quick tests just
add to the totals they keep; the standard bipartite algorithm can build on the
existing matching, doing only the relatively small amount of work needed to
add in nodes corresponding to the resource slots from the extra meeting. We
update the matching as we add the slots, making failed matchings terminate
faster and leaving less to undo. Deletion of the extra meeting’s nodes after the
test, if required, is also efficient.

4 Generating Compatible Sets of Meetings

A compatible set of meetings can be timetabled at any time during the week,
except in the rare cases where it contains a preassigned time. Because of this,
we decided to try to exhaustively generate all compatible sets of meetings in an
initial phase, reasoning that we could select from this collection over and over
again to build the timetable.

Our algorithm for generating all compatible sets of meetings is a dynamic
programming algorithm based on the matroid recurrence

Every subset of a compatible set of meetings is compatible.
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Finding compatible sets of meetings is an NP-hard problem similar to finding
independent sets in a graph, and our algorithm is related to algorithms for that
problem [2].

We generate all compatible sets of meetings of size (number of meetings) 1,
then all compatible sets of meetings of size 2, etc. Our dynamic programming
table holds the set of all sets of compatible meetings of size i, structured as a
tree, with each subset represented by one path from the root to a leaf:

Sets stored Tree-structured table

{ml,mg,mg}
{ml,mg,m5}
{mi, ms, ms}
{m2,ms, ms}
{ma, m3, me}

When extending from the set of {m;,,m;,,...,m;,} to the larger set of
{mj,,mj,,...,mj,,mj,, }, by our recurrence we only need test for compati-
bility those meetings mj, , for which all i-element subsets of {m;,,mj,,...,
mj,,mj,,, + are in the table (i.e. are compatible), and the tree structure helps to
find the set of all such my,,, efficiently. Whenever a new set is added, we delete
all its proper subsets, ensuring that only maximal compatible sets of meetings
are in the table at the end. See [1] for more details.

Despite careful optimization of space and time, we have found that in practice
there are too many maximal sets of compatible meetings for us to be able to
compute them all, so we have been forced to reduce the number of meetings
tested for compatibility by leaving out meetings with three or fewer resource
slots. Like manual timetablers, we plan to pack these small meetings around the
large ones in a final phase (Section 6).

5 Selecting Compatible Sets of Meetings

At the end of the phase just described, we have a table containing all maximal
compatible sets of meetings, excluding the small meetings which we had to leave
out. If there are T' times in the week, we now need to select T' of these sets,
ensuring that each meeting m appears in the selected sets as many times as
there are time slots in m. Repeated selection of the same set is allowed, and
indeed preferred since it leads to time coherence.

This is a set covering problem [2] and many methods are available for solving
it. We use a tree search with a greedy heuristic [I0] for selecting the set of
meetings to try next. We limit the branching factor at deep levels in the tree,
and use forward checks to prune futile subtrees.
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Our greedy heuristic is to prefer sets of meetings with larger numbers of
resource slots. The number of meetings in the set is irrelevant at this stage:
what matters is to utilize as many resources as possible.

Two optimizations well known in set covering [2] are implemented. If a meet-
ing m appears in only one set, that set is selected immediately. And if every set
containing meeting m; also contains msy, we make sure that any set we select
for covering my also covers mi, since we must cover my eventually and at that
time we will definitely be covering mso as well, by assumption.

When we select a set, we reduce by one the number of time slots of each of
its meetings that remain to be assigned. When this number reaches 0 for some
meeting m, we delete m from all remaining compatible sets of meetings, and
if this causes any set S to become a proper subset of another, we delete S. Of
course, if we backtrack we have to undo these changes. These operations are
expensive and data structures to optimize them are required, but they pay off in
reducing the amount of data handled at the deeper levels of the tree where most
time is spent, and in permitting forward checks, which would otherwise not be
based on current information.

Some valuable forward checks are implemented. If there are M meetings
remaining to be timetabled and T times remaining to be used, then one of the
remaining sets of meetings must contain at least [M/T| meetings — if not, we
backtrack immediately. Similarly, if the remaining resource slots of a particular
type (e.g. Science laboratory slots) total S times’ worth of that type of slot,
and there are T' times remaining to be used, then one of the remaining sets of
meetings must contain at least [S/T] of those slots.

6 Results

We have tested our new algorithm on BGHS98, an instance of the secondary
school timetabling problem taken without simplification from a school in Syd-
ney, Australia. BGHS98 contains 40 times, 150 resources (30 student groups, 56
teachers and 64 rooms) and 208 meetings. The number of time slots per meeting
varies between 1 and 6, averaging just under 3. On average, we need to schedule
15.4 meetings into each time slot, and the meetings in each time slot must con-
tain 102.6 resources on average. This is considerably less than the 150 resources
total, but some parts of the resource load are very tight, notably the student
groups (which must attend at every time) and the scarce Science laboratories
(whose utilization must be virtually 100%).

Our tests were run on standard hardware. When we omitted meetings with
three or fewer resource slots, only 57 of the 208 meetings remained, but these
contained 75% of the resource slots. Finding all compatible sets of meetings
among the 57 large meetings took only a few minutes although adding just
a few of the omitted meetings caused the program to fail to terminate (not
surprisingly, since these small meetings scarcely constrain each other and so

1 An earlier version of this paper stated erroneously that the runs took a few seconds.
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combine in exponentially many ways). Finding a cover for the 57 meetings also
took just a few minutes. All the parts of our algorithm described in Section 5
contributed to this efficiency, in the sense that leaving any one out produced
no useful result in any reasonable time. For example, without backtracking our
greedy heuristic with forward checking and optimizations produced a timetable
requiring 42 times, two more than the number of times available.

Assignment of the remaining small meetings in a final phase was not as easy as
we had hoped it would be. Many methods are of course possible at this stage. Our
first attempt, a simple heuristic assignment, was unsuccessful, and a subsequent
hill-climber made almost no difference. So we tried meta-matching [3] and this
assigned times to all but five meetings. The leftovers were Science meetings
unable to find Science laboratories at the limited times that their student group
resources were available.

7 Conclusion

We have presented a new algorithm for constructing secondary school timetables,
based on the classical edge colouring algorithm for class—teacher timetabling.

Our success in timetabling all but five small meetings in a few minutes on
standard hardware is very promising. However, this is work in progress and there
is still a lot of work to do.

We need to do more work on the assignment of small meetings. A more elab-
orate final phase, with a backtracking element for example, might be sufficient.
If not, we will need to integrate the smaller meetings into the main assignment
phase, perhaps by greedily augmenting the selected compatible sets with com-
patible small meetings. This would allow the smaller meetings to influence the
forward checking and backtracking, and provide a natural way to obtain time
coherence among the small meetings.

Then will come the task of evaluating our solutions for time coherence, and
tuning our algorithm to enhance it. We may need to encourage the selection of
compatible sets of meetings with similar numbers of time slots. Finally, we will
need to try out some resource assignment algorithms and verify that improved
time coherence really does lead to fewer split assignments, as we expect.
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Abstract. We discuss the student scheduling problem as it generally
applies to high schools in North America. We show that the problem is
NP-hard. We discuss various multi-commodity flow formulations, with
fractional capacities and integral gains, and we show how a number of
practical objectives can be accommodated by the models.

1 Student Scheduling

The Student Scheduling Problem (we use the terminology found in [3]) is the
assignation of students to sections of courses offered at various times during the
week. The objective is to fulfil student requests, providing each student with a
conflict-free schedule (no two assigned sections meeting at the same time), while
respecting room capacities and possibly also balancing section sizes (or some
other side constraint).

This problem has a very different flavour in a university and a high school.
In a typical university, each student has a relatively sparse schedule. Moreover,
often, it is the student’s responsibility to ensure that the schedule is conflict-
free. Of course the large number of students brings its own set of difficulties. On
the other hand, in a typical North American high school, student schedules are
complete (every hour is accounted for) and student requests for a given course
are often binding. One of the authors has been involved for the past 20 years
in the development of a commercial package for high school scheduling. We are
aware that the practical difficulty of the problem varies tremendously between
schools or even between semesters in the same school. Under what may seem like
similar conditions, the computing time may range from a few seconds to many
hours using the same machine with the same software.

As reported in the survey paper [3], which includes only refereed articles
describing algorithms that have been implemented, it seems that flow models
have not been used in this particular facet of the timetabling problem. There

E. Burke and P. De Causmaecker (Eds.): PATAT 2002, LNCS 2740, pp. 299309 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Table 1. Student course selection example

Student Name Selections
1001 John Q. Student 101, 126, 134, 156
1002 Susan B. Bright 101, 126, 135, 158

Table 2. Master schedule example

Course Description Section Meetings Instructor Room  Size

101 French 01 M8, W8, F8 Cheng R101 15
02 M8, W8, F8 Kruk R201 15
03 T9, R9, F9  Cheng L101 15

126 Chinese 01 M8, W8 Lipman L123 10

have been algorithms based on branch and bound followed by heuristic improve-
ments [I5], some greedy approaches moderated by an intelligent ordering of the
students [20], simulated annealing [4] and goal programming [19].

In view of the strides of approximation algorithms resulting from polyhedral
theory during the past decade, it seems reasonable to revisit the problem and try
to reformulate it with an eye towards such approximation algorithms [23]. We
are thinking specifically of multi-commodity flow problems and variants [2[10].

Flow models have been used before for different aspects of timetabling: Single-
commodity flows have been used by DeWerra [6] and multi-commodity flows
were used by Even et al. [1/8] to assign teachers to rooms, times or classes. We
are concerned here with a second phase of assigning students to classes already
scheduled.

The input to the problem is the student’s list of selected courses (as illustra-
tion, see Table[T]) which we will refer to as the selection, and the master schedule
of course offerings with their multiple sections, each with possibly a number of
meeting times, rooms and instructors (see Table ). The master schedule also
contains course description, instructor names and rooms reserved, which may
change for different meetings. It also contains the meeting times, which we show
here encoded. They may be represented as days and times, or refer to some other
table of equivalences, as we illustrate here.

A few comments about constraints are in order. In this example, both stu-
dents wish to take Chinese (126) along with French (101). The goal of the stu-
dent scheduling problem will be to satisfy, if possible, both student selections
by assigning them to non-conflicting sections, while maintaining the number of
students within the maximum size prescribed (10 in the unique Chinese section
and 15 in each of the French sections). The first constraint is a hard constraint:
assignments must not conflict in time (a student cannot be at two different places
at once) and student requests must be satisfied if possible. The size constraint
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Table 3. Notation for problem data

Symbol Interpretation

the set of all students

the set of all courses

the set of courses selected by student & € K

the set of sections of course i €

the number of meetings of course i € I, section j € S;
the maximum size of course i € I, section j € S;

NIrQ~x

is a softer one: a valid solution minimizes the number of students above the
prescribed limit but usually not at the expense of fulfilling selections, though
this can vary with schools. The system must usually assign as much of a student
selection as possible, dropping some unsatisfiable selection if need be.

2 Combinatorial Formulation of the Decision Problem

To make precise the problem described in the introduction, we now describe a
combinatorial formulation. Table [3 establishes the notation.

We will also assume some preprocessing of the data to create a matrix of
sections conflicting in time: for alli € I, j € S;, 1€ I, J€ 53,

Mo — 1, if course i, section j conflicts with course 7, section 7;
o 0, otherwise.
This preprocessing is simple and done without loss of generality but could be

avoided at the expense of a slightly more complex model. The decision variable
is,forallke K,i1e€ I, €5,

{1, if student k is scheduled into course i, section j;
Yijk =

0, otherwise.

The first constraint indicates that to each course selected by a student corre-
sponds exactly one section of that course. There are ), ;- |C| such constraints:

VEEeK VieCy, > wyik=1. (1)
JES:

We then need to enforce that there are no conflicts in the schedule of a student.
There are ), c x> icc, [i] such constraints:

VEeK VieCu V€S, > > yaeMy; <1. (2)
7€Cy JEST
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Finally, we indicate that the maximum size per section must not be exceeded.
There are ), |S;i| such constraints:

VieIVj€Si, > i< Zi. (3)
keK

Now that we have a precise formulation of the problem, we give a simple
proof of its complexity.

Theorem 1. The student scheduling problem is NP-complete.

Proof. We will consider the problem of finding a schedule for one student. The
proof is by reduction to the independent set problem [9]: Given a graph G =
(V, E) and an integer n, is there a set of nodes of size at least n, no two adjacent?

From an instance of the independent set problem, we construct a mas-
ter timetable consisting of n different courses, each has |V| sections (say
51,...,8]y|). Section i of all courses have the same meeting times which are
constructed to satisfy the following condition: sections s; and s; have a meeting
in common if and only if vertices v; of G are adjacent.

We assume one student with a selection comprising all n courses. Then we
have a conflict-free schedule for the student if and only if G has an independent
set of size at least n since a conflict-free schedule is a set of n sections (one per
course), no two sharing a meeting time.

The construction of the meeting times can be done by a search over each
node and its neighbours, hence is proportional to |V||E|. O

Notice that this establishes the difficulty of finding a conflict-free schedule
for one student, with no room size constraints. The general problem for many
students and size constraints is, perforce, not easier.

3 Flow Models of the Relaxed Optimization Problem

The Decision Problem described above is interesting but of little practical value.
One problem is that, even for a school of small size, the feasible set is empty,
hence the problem, as stated, has no solution. There will almost always be stu-
dents with unsatisfiable course selections. Therefore, trying to solve the Decision
Problem (I)-@)) yields no useful information on the schedules of all students
that could see their selections satisfied. In practice the infeasibility of the prob-
lem should not detract from the (yet unstated) objective of providing as good
a schedule as possible, for some measure of “goodness” for as many students
as possible. In this section we present alternative models and show how various
objectives can be accommodated.

The models are based on the integral multi-commodity flow problem. Each
student represents the source (and sink) of a given commodity and the objective
is to maximize the total flow. By Theorem[I], there must be additional constraints
since the problem is NP-hard for one student yet the integral flow problem with
one source-sink pair is polynomially solvable. The additional difficulty is reflected
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O Overflow node

Fig. 1. Multi-commodity fractional flow model for one student

in the following models either as non-integral capacities or as gains on a subset
of arcs. For the models to be equivalent to the decision problems, we need to
add constraints that enforce integrality on every arc with integer capacity.

3.1 Fractional Capacities

We construct the first network in the following manner (Figure [lillustrates part
of the subnet of a single student with only three course selections). It is a layered
network and we indicate by subscripted and superscripted V' the names of the
node subsets in each layer. The first layer consists of a set of source nodes, one for
each student (V), duplicated in the last layer, as presink (V,z ~) and sink nodes
(Vi ). To the source is also associated a supply value, equal to the number of
courses selected by a student with a corresponding demand at the student sink.
These supply—demand pairs are of different commodities for each student. The
objective is for a flow from student source 7 to go to student sink ¢ and nowhere
else. After duplication, there is a total of 3| K| of these nodes.

Concentrating now on the sub-network of one student, the first layer ends in
a set of selected courses (Vi) with an arc of capacity ¢;; = 1 from the student
source. There is such an arc and node if the student has selected the course.
There are ), .  |Ck| such nodes.

The second layer consists of the sections of each course duplicated, in the
third layer, as source (V) and sink (Vg ). The arc from a course to one of its
section has capacity c¢;; = 1, while the capacity of a section-source to section-
sink is equal to the maximum size of the section (¢;; = Z,;). Each of the sections
of the selected courses of each student are identified so that the flow from all
students merge at this layer and diverge afterwards.
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The section sinks have arcs to the next layer of timeslots (Vr), indicating the
meeting times. If a section occupies ¢ timeslots then the corresponding section
sink node has ¢t 4+ 1 outgoing arcs. The first ¢ have capacity ¢;; = 1/n where
n = |Vr|, and the last has capacity ¢;; = 1 —t/n and ends at the overflow node.
(Only two such arcs are labelled with their correct capacity to avoid clutter).

These timeslot nodes reach the student presink with capacity ¢;; = 1/n,
except for the arc coming out of the overflow node with capacity c;; = co. The
presink reaches the sink with capacity c;; = n.

The resulting multi-commodity flow problem can be formalized in the fol-
lowing manner. Let x;;(k) be the measure of commodity %k flowing on arc (¢, j)
where k € K, the set of all students. Note that the various commodities are
coupled only at the third layer. We therefore have a particularly well-structured
multi-commodity flow problem.

Program (@) represents the formulation of a fractional multi-commodity flow
problem:

maxz Z Z xi(k) (4a)

keK jevf (i,5)€A

s.to Y wi(k)— D au(k)=0, VkeK,jeV\{V{UVg} (4b)

(i,)€eA (J,heA

> wi(k) < ey, Vi, j)e A (4c)
keK

zij(k) >0 Vke K,(i,j) € A (4d)
x;5(k) integral Y(i,7) € {V;v Vel (de)

V(i j) € {Ve, Vi },
V(i j) € {V§, Vg '},
V(i,j) € {Vg Vi }-

The reader should note that, even though it is possible to multiply all capacity
by n and therefore get a simpler flow model, the resulting solution would be
meaningless for our purposes. For example, what would be the proper assignment
of a student to a section if a flow of value 2 went from a selection node (in Vi)
to two different sections of the course (in V), each with a flow value of 17

Definition 1. A flow represents a schedule in the sense that if the flow from
some VIJ{ to Ve passes through a node VS+, the student is assigned to the corre-
sponding section.

Definition 2. A flow is valid if it is feasible and if it is integral on all arcs with
integral capacity.

We are now is a position to state the useful properties of this model. For the rest
of this section, feasible means feasibility with respect to program (). The first
result, stated without proof, is obtained from the construction of the model.
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Lemma 1. Given a master schedule, any set of conflict-free student schedules
not exceeding section sizes is representable by a valid flow.

It is possible to add selections to each student schedule (lunch period, home-
room periods, “free” time, etc.) in such a manner that every hour of every day
is accounted for. If this is done, then a full schedule will use all Vp nodes and
we obtain the following easy result which we state without proof.

Lemma 2. A student schedule is complete (every hour is accounted for) if and
only if the arc (i,5),i € Vi, j € Vo corresponding to the student is saturated.

More important for our purposes since we intend to develop algorithms to
solve program (@), is the following lemma.

Lemma 3. Any valid flow represents a conflict-free schedule.

Proof. Consider a timeslot node t € V. To show the schedule is conflict free, we
need to show that any flow incoming to ¢ travelled via a single section node. Note
that there is only one outgoing arc from ¢, of capacity 1/|Vr|. Say there is any
flow coming from section-sink node j € Vg . We claim this flow has exactly value
1/|Vr|, hence saturates the only outgoing arc from ¢. It has that value because
any nonzero valid flow has unit value on arc (i,j) and by conservation of flow
constraint (D)), must split into flows of value 1/|Vr| towards each timeslot with
excess going to the overflow node. Therefore no other section can send flow into
node t. O

3.2 From Fractional Capacities to Gains

The first network is correct but can be modified to eliminate the fractional
capacities. The first effect of this modification is to allow standard integer pro-
gramming software to be used to solve the modified model but there are some
other benefits as well. Though there are standard transformations we could apply
to the first model to use standard integer programming software, they involve
many more additional binary variables.

The modification consists in the elimination of the overflow nodes and all
incident arcs and the addition of a gain amplifier to the V5 node that multiplies
the flow into the node by an integer equal to the number of arcs out of the nodes.
Since these arcs are incident to the timeslots nodes, the effect is the same as with
the overflow nodes, namely, picking-up all the timeslots corresponding to a given
section. The capacity of these last arcs is 1. Figure [ illustrates for one student.

This variation has fewer arcs and all capacities are integral and we will show
that both networks are equivalent, so that the results obtained with the previous
network are still valid. We give the complete formulation of the modified problem
in (&) where N(j) means the downstream neighbours of node 7,

N(G)={ie V| (i) e A},
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Fig. 2. Gain variation model for one student. The node annotations represent the gains.
Arcs have unit capacity everywhere except at the common layer (VS+ , V§') where it is
¢ij = Z;; and at rightmost layer (Vs ~, V), where it is ¢i; = n

and the gains are given by

n[INGI-1 jevs,
j
1 elsewhere .

These gain values correspond to the fraction of the unit flow that was previously
directed towards the overflow node in program (H):

Z Z Z wij (k) (5a)

keK jevt (i.j)eA

s.to Y Tywg(k)— Y wu(k) =0, Vke K,jeV\{Viuvg}
(i,§)€A (73,H)eA
(5b)
D wiylk) < ey, V(i,j) € A (5c)
keK
x;;(k) > 0 and integral Vke K,(i,j) € A.
(5d)

Lemma 4. There is a one-to-one correspondence between a valid flow in pro-
gram (implicitly corresponding to the fractional capacitated flow model of
Figure[d) and a valid flow in program (&) (implicitly corresponding to the gain
model of Figure[3).

Proof. Consider a node j € Vg with k neighbours in Vp. An incoming valid
flow in the fractional model will have either value zero or unit value. Consider
only the unit incoming flow. The k neighbours will each receive 1/|Vr| flow value
with the excess (1 —k/|Vr|) going to the overflow node. The corresponding valid
flow in the gain model has the same unit flow incoming to the node and the
multiplier is k, ensuring that each of the neighbours gets a unit flow. O
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Network with gains have been studied for a while [1316/18/11l12], and some spe-
cialized solution techniques are known. One important property of this particular
network is that there are no cycles, hence no endogenous flows.

Since we have shown that both networks correctly model the student schedul-
ing problem, we have the following theorem.

Theorem 2. Let D be a directed network with both integral and non-integral
capacities (or, equivalently, integral gains). Let s and t be two vertices in D. Let
k be an integer. Then the question “does there exist a flow of integral value on
all arcs of integral capacity, from s to t of value at least k” is NP-complete.

3.3 Various Objectives

In both variations above, () and (5)), we have written the objective function as

max Z Z Z xi; (k).

keK jevt (ij)eA

This choice maximizes the number of courses assigned, a reasonable choice but
not the only one. A slight modification yields

max Z Z Z xi;(k),

keK jev o~ (i,5)€A

which maximizes the number of timeslots assigned, hence the “occupation” level
of the students.

Other possibilities are to minimize the number of students with incomplete
schedules. This is also a reasonable objective since a student with an incom-
plete schedule, however incomplete, will likely need to change his selections and
therefore whatever was assigned will need to be de-assigned. This goal can be
modelled with the following nonlinear objective function in the first network:

max Y > Y flay(k),

keK jev, (i,j)€A

F(z) = (0— ) (ix) <ix)<n;1x) ,

so that f(z) = 0 unless the flow in the sink layer is at capacity. This relies on
the fact that the a maximum flow will be a multiple of %

Another approach is to move the size constraints in the objective function.
From the second network, eliminate constraint (Bd) and let the objective be

where

+
minz Z Z inj(k‘)—Zi' —Z Z Z xij(k)a

keK jevy \(i.j)€A kK jevit (i.j)€A
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where the nonlinearity appears in the function

i >
(I)Jr :{x ifx >0,

0 otherwise.

This formulation has the advantage of creating a separable multi-commodity
flow problem, which is much more amenable to solutions via standard nonlinear
convex programming techniques [1[5[T4I17]2T]22].

Other variations could be developed to account for the various goals of dis-
tinct schools. For example, the distinction between a required course and an
elective could be handled via a weight factor on each student selection.

4 Conclusion

Our intention in this paper has been to develop mathematically useful models
for a difficult, important problem. In this context, difficult means NP-complete
for even the simplest case. Important means that the problem occurs in its full
complexity across North America thousands of times each year. Mathematically
useful means that the flow models can be adapted to satisfy different optimiza-
tion criteria (types of partial solutions) for a variety of applications, and fur-
ther, that these problem formulations are amenable to attack by approximation
methods. Since approximation algorithms for multi-commodity flow problems
are well-studied, and our network models are layered and coupled at only one
layer, a sensible approach is to specialize existing algorithms to these models,
taking advantage of the topology of the underlying networks. Experimentation
has begun and will be reported in future work.

Acknowledgements. We wish to thank the three anonymous referees for their
helpful suggestions.
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Abstract. An extension of constraint logic programming that allows
for weighted partial satisfaction of soft constraints is described and ap-
plied to the development of an automated timetabling system for Purdue
University. The soft-constraint solver implemented in the proposed solu-
tion approach allows constraint propagation for hard constraints together
with preference propagation for soft constraints. A new repair search al-
gorithm is proposed to improve upon initially generated (partial) assign-
ments of the problem variables. The model and search methods applied
to the solution of the large lecture room component are presented and
discussed along with the computational results.

1 Introduction

This paper describes the design approach and solution techniques being devel-
oped for an automated timetabling system at Purdue University. The initial
problem considered here is the design of an intelligent system to assist with con-
struction of the large lecture component of the university’s master class sched-
ule. The design anticipates expanding the scope of the problem to accommo-
date a demand-driven approach to timetabling all classes at the University. In
demand-driven timetabling, student course selections are utilized to construct
a timetable that attempts to maximize the number of satisfied course requests.
In the initial problem we consider the course demands of almost 29 000 students
enrolled in approximately 750 classes, each taught several times a week.

A solution to the timetabling problem is being developed using constraint
logic programming (CLP) [28|[18]. CLP is a respected technology for solving
hard problems which include many complicated (non-linear) constraints [15]. Its
main advantages over other frameworks are the declarative nature of problem
descriptions via logical constraints, and a constraint propagation technique for
reducing the search space.

Timetabling problems [8]27] are often over-constrained, which is the case with
our problem since it is not possible to satisfy all requests of students for enrol-
ment to specific courses. Preferential requirements for time and room assignment
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may also lead to the problem being over-constrained. Soft constraints [L0I5] can
be applied to define these requirements declaratively rather than encapsulat-
ing many of them into the control part of the problem solution. In our prob-
lem solution, we have applied a weighted CSP [10] approach which considers
weights/costs for each constraint and minimizes the weighted sum of unsatisfied
constraints.

Our work includes development of a new solver for soft constraints. The solver
was implemented as an extension of the CLP(FD) library [6] of SICStus Prolog.
This approach is of particular importance for the construction of demand-driven
schedules where complete satisfaction of all constraints is not feasible. Soft con-
straints have also been applied to accommodate the preferences of instructors
with respect to time and room assignments for their classes. We will also describe
a new search algorithm based on backtracking with constraint propagation. This
search procedure allows the return of a partial solution even when the problem
is over-constrained.

The following section of this paper presents a description of our timetabling
problem. Section[3 explains the soft-constraint solver that was implemented. The
new search algorithm developed for this problem is detailed in Section [d] This is
followed by a description of how the problem has been modelled, including the
representation of soft and hard constraints. In addition, the methods applied
to the search for a feasible solution are discussed. Computational results are
discussed in Section [l Comparisons with other approaches to solving demand-
driven timetabling problems and applying soft constraints to the problem solu-
tion are presented in Section [l The final section reviews the results of our work
and looks to future extensions of the problem solution and soft-constraint solver
improvements.

2 Problem Description

At Purdue University, the timetabling process currently consists of constructing
a master class schedule prior to student registration. The timetable for large
lecture classes is constructed by a central scheduling office in order to balance
the requirements of many departments offering large classes that serve students
from across the university. Smaller classes, usually focused on students in a single
discipline, are timetabled by “schedule deputies” in the individual departments.
This process has been tailored to the political realities of a decentralized univer-
sity, where a faculty can be quite put off by the idea of having a central office tell
them when to teach, or even by providing such an office with much information
about when they are available to teach.

A natural decomposition of the university timetabling problem has therefore
resulted, consisting of a central large lecture timetabling problem and 74 disci-
plinary problems. Construction of the timetable for large lectures is the primary
focus of this paper. This problem consists of approximately 750 classes having
a high density of interaction that must fit within 41 lecture rooms with capaci-
ties up to 474 students. Course demands of almost 29 000 students out of a total
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enrolment of 38 000 must also be considered. The departmental problems range
from only a few classes up to almost 700, with an average size of slightly more
than 100 organized classes. The largest departmental problems are simplified by
having many sections of the same course that are offered at multiple times.

The timetable maps classes (students, instructors) to meeting locations and
times. A major objective in developing an automated system is to minimize the
number of potential student course conflicts which occur during this process.
This requirement substantially influences the automated timetable generation
process since there are many specific course requirements in most programmes
of study offered by the University.

To minimize the potential for time conflicts, Purdue has historically sub-
scribed to a set of standard meeting patterns. With few exceptions, 1 hour x
3 day per week classes meet on Monday, Wednesday, and Friday at the half
hour. 1.5 hour x 2 day per week classes meet on Tuesday and Thursday during
set time blocks. 2 or 3 hours x 1 day per week classes must also fit within spe-
cific blocks, etc. Generally, all meetings of a class should be taught in the same
location. Conforming to this set of standard meeting patterns will be seen to
have a strong influence on both the problem definition and the solution process,
since the meeting patterns defined for each class introduce hard restrictions on
the acceptability of any generated solution.

Another important constraint on the problem solution is instructor avail-
ability. Balancing instructor time preferences was found to be a critical fac-
tor in developing acceptable solutions since an earlier attempt [20] to auto-
mate timetabling at Purdue was unsatisfactory largely because solutions heavily
favoured instructors who imposed the most constraints.

Room availability is also a major constraint for Purdue. In addition to room
capacity, it was necessary to consider specific equipment needs and the suitability
of the room’s location. Historically, a limited number of classrooms has been used
to force a wide distribution of class times. Increased enrolments, however, have
left the university with little excess room capacity.

Another aspect of the timetabling problem that must be considered here is
the need to perform an initial student sectioning. Most of the classes in the large-
lecture problem (about 75%) correspond to single-section courses. Here we have
exact information about all students who wish to attend a specific class. The re-
maining courses are divided into multiple sections. In this case, it is necessary to
divide the students enrolled to each course into sections that will constitute the
classes. Without this initial sectioning it is not easy to measure the desirability
or undesirability of having classes overlap in the timetable. Our current approach
sections students in lexicographic order before joint enrolments between classes
are computed. This gives us the worst-case possibility. The university currently
processes a precise student schedule after the master class schedule is created,
however, which should introduce some improvements. Possible directions for im-
proving this solution are discussed in the final section.



University Course Timetabling with Soft Constraints 313
3 Solver for Soft Constraints

Constraint propagation algorithms for the soft constraints are implemented as
a part of the soft-constraint solver [24]. This constraint solver is built on top
of the CLP(FD) solver of SICStus Prolog [6] and implemented with the help
of attributed variables. An advantage of this implementation is the ability to
include both hard constraints from the CLP(FD) library and soft constraints
from a new soft-constraint solver.

3.1 Preference Variables and Preference Propagation

The soft-constraint solver handles preferences for each value in the domain of
the variable which will be called the preference variable. Each preference corre-
sponds to a natural number indicating the degree to which any soft constraint
dependent on the domain value is violated. An increase of the preference during
the computation with soft constraints is called preference propagation. Note the
difference from constraint propagation, which removes values from the domain
of the domain variable during the computation of hard constraints. Removal of
domain values may also occur with preference variables. This corresponds to
violation of a hard constraint.

We may also set the degree of acceptable violation for any preference vari-
able. If the preference associated with a value in the domain of the preference
variable should exceed this limit, it is removed from the domain. This possibility
is of particular interest for time (or classroom) variables since all classes (each
represented by a preference variable) should be relatively equal in importance.

Zero preference means complete satisfaction of the constraint for the corre-
sponding value in the domain of the variable. Any higher preference expresses
a degree of violation that would result from the assignment of this value to the
variable. All values which are not present in the domain of the preference vari-
able have the infinite preference sup. Preferences for each value in the domain of
the variable may be initialized with a natural number. This allows us to handle
initial preferences of values in the domain of the variable.

Ezample 1. The unary soft constraint pref (PA, [7-5, 8-0, 10-0],...) cre-
ates the preference variable PA with initial domain containing values 7, 8 and
10 and preferences 5, 0 and O, resp. It means that the value 7 is discouraged
w.r.t. other values. Preferences for the remaining values are assumed as infinite,
indicating complete unsatisfaction.

3.2 Binary Soft Constraints

Two binary soft constraints have been implemented in the problem solution:

soft_different( PA, PB, Cost )\\
soft_disjunctive( PStartl, Durationl, PStart2, Duration2, Cost ).
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The soft_different constraint expresses that the two preference variables PA,
PB should have different values. The constant Cost gives us the cost for vio-
lation of this constraint. The soft_disjunctive constraint asks for the non-
overlapping of the two tasks specified by the preference variables PStarti,
PStart2 and the constant durations Durationl, Duration2. Again the Cost
is the weight of this constraint.

Algorithms for both constraints are based on the partial forward checking
algorithm and inconsistency counts [I0] which are stored in the preferences for
each value of the preference variable. Let us take a look at the soft_different
constraint. Once the first preference variable is instantiated to some value X, the
inconsistency count for the second variable and the value X should be increased
by Cost, i.e. the preference propagation is processed for this variable and value.
The soft_disjunctive would process preference propagation for all values in
the interval X. .. (X+Duration-1).

3.3 Cost Function

For each preference variable, the soft-constraint solver maintains an additional
domain variable (cost variable) having the current best preference of the prefer-
ence variable as its lower bound. The initial upper bound is set to infinity. Any
preference propagation results in an increase of the current best preference, with
the lower bound of the cost variable being increased accordingly.

Preferences for each value of the preference variables are used to store initial
preferences and any changes in the inconsistency counts for these values. This
information is reflected in the cost variables. The sum of all cost variables gives
us the total cost of the solution (cost function). The cost function can be then
applied during labelling and optimization.

For efficiency, only the bound consistency is processed for all cost variables.
This means that only changes to the lower and upper bounds are maintained.
Any change in the current best preference is stored in the lower bound and,
during optimization, the upper bound may be used to prune the search space.

4 Limited Assignment Number Search Algorithm

The aim of our problem solution is to be able to search for the complete assign-
ment of the preference variables giving the best possible satisfaction of all soft
constraints. Since the evaluation of the assignment is given by the sum of the
corresponding cost variables, it may seem possible to apply a classical branch
and bound algorithm. Unfortunately, it is not easy to find such a complete as-
signment. Mistakes in the assignment of some variable(s) may lead to a time
consuming exploration of the search space with no complete solution. A com-
plete assignment may not even exist due to conflicts among the hard constraints.
Because of these disadvantages, we have proposed a new non-systematic itera-
tive search algorithm based on chronological backtracking — limited assignment
number (LAN) search algorithm [29]. It attempts to find some initial partial
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assignment of the variables and subsequently repair it such that all, or at least
most, of the variables are assigned a value.

For each variable, the LAN search algorithm maintains a count of how many
times a value has been assigned. A limit is set on this count. If the limit is ex-
ceeded, the variable is left unassigned and the search continues with the other
variables. Labelling of unassigned variables is not processed even during back-
tracking. As a result of this search, a partial assignment of variables is obtained
together with the set of the remaining unassigned variables.

Limiting the number of attempts to assign a value to each variable ensures
the finiteness of this incomplete search. The current limit is set to the maximal
domain size d of any labelled variable. As each of n variables can be tried d
times, one iteration of the LAN search is of linear complexity O(dn).

Results of the LAN search process are used in subsequent iterations of the
search. The following variable and value ordering heuristics are developed based
on the previous iteration:

— values of successfully assigned variables are used as initial assignments in
the next iteration — once a suitable value for a variable has been found, it
remains a promising assignment;

— unsuccessfully attempted values for any variable left unassigned are demoted
in the ordering so that they will be tried last in the subsequent iteration —
a suitable value is more likely to remain among those that have not been
tried;

— any variable left unassigned is labelled first in the subsequent iteration — it
may be difficult to assign a value to the variable, therefore it should be given
preference in labelling.

In the first iteration of the algorithm (initial search) we have a choice of using
either problem-specific heuristics or standard heuristics, such as first-fail [28],
for variable ordering. The most promising values are used for value ordering. In
successive iterations (repair searches), heuristics based on the previous iteration
are primarily used. Any ties are broken in favour of the initial search heuristics.

The user may also manually modify the results after each iteration to influ-
ence the behaviour of the heuristics, relax constraints to eliminate contradictory
requirements, or change the problem definition. The options available for con-
tinuing the search are as follows:

1. processing the automated search as proposed above;

2. defining other values to be tried first or last based on user input, and process
the repair search directed by the updated value ordering heuristics;

3. relaxing some hard constraints based on user input, and processing the initial
search or the repair search;

4. addition or deletion of variables or constraints based on user input, and
applying the repair search to reuse results of the former solution.

The first possibility is aimed at automated generation of a better assignment.
Approach 2] allows the user to direct the search into parts of the search space
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where a complete assignment of variables might more easily be found. Step Bl
can be useful if the user discovers a conflict among some hard constraints based
on a partially generated output. The repair search can reuse most of the results
from the former search and permute only some parts of the last partial assign-
ment. Let us note that there is often an advantage to a user-directed search
in timetabling problems, since the user may be able to detect inconsistencies
or propose a suitable assignment based on a partially generated timetable. The
last possibility introduces a new direction for the development of the algorithm
aimed at incorporating changes to the problem input. This will be studied in
detail as a part of our future work.

5 Problem Solving

We would like to describe a model for the timetabling problem which consists
of variables for the time and room assignments of each class and of both hard
and soft constraints, applying an approach described in the previous section. We
also explore the control portion of the solution, which consists of the application
of the proposed initial and repair searches.

5.1 Time and Classroom Variables

The domain of the time variables is represented by the natural numbers 0. . . 104,
corresponding to 5 days of 21 half-hours. The domain of the classroom variables
is represented by the natural numbers 1. ..Number_0f Classrooms.

Each class consists of between one and five meetings per week (typically
two or three). All meetings have the same duration and are typically taught
at the same time of day. Valid combinations of the number of meetings and
the duration are called meeting patterns. Each meeting pattern (e.g. 1 hour x
3 meetings) has a defined set of days on which the meetings may be scheduled
(e.g. Monday, Wednesday, Friday for 1 hour x 3 meetings). Interestingly, the start
time of the first meeting of a class differs from the start times of the following
meetings by a constant factor for most combinations (see Table [Il). Excepting
the MF (Monday and Friday) combination for two meetings per week and the
four meeting patterns (includes less than 1% of classes), one time variable is
sufficient to contain the complete information about the start time of classes.
This is a preference variable indicating the start time of the first meeting (T1).
It will be referred to as the time preference variable. The starting times of all
remaining meetings (T2, ..., Tn) are domain variables only, and may be related
to the time preference variable by the simple constraint

Ti#=T1+ Constant * (i — 1). (1)

Preferences associated with each value in the domain of the time preference
variable allow us to express the degree to which any time assignment for a class
is preferred or discouraged. The remaining domain variables may be referenced
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Table 1. Maximal sets of the possible combinations of days for class with given number
of meetings per week (e.g., TTh means that course can have its meetings on Tuesday
and Thursday)

Number of meetings Possible combination of days

Mor T or Wor Th or F
MW or TTh or WF or MF
MWF
TWThF or MWThF or MTThF or MTWF or MTWTh
MTWThF

T W N~

in the hard constraints (e.g. serialized), but they do not require the more
expensive processing by the soft-constraint solver.

Since all class meetings should be taught in the same room, we suffice with
only one common classroom variable for all meetings (called the classroom pref-
erence variable). As a preference variable, it associates a preference with each
classroom expressing how desirable or undesirable it is for a given class.

5.2 Hard Constraints

Let us summarize the requirements which are implemented in the system using
hard constraints:

. meeting pattern specification;

. prohibited or required times for classes;

. class requires room with sufficient seating capacity;

. class requires or prohibits some building(s) or room(s);

. class requires or prohibits classroom of a specified generic type (computer,
computer projection, audio recording, document camera, ... );

. classes taught by the same instructor do not overlap;

. sections of the same course do not overlap;

8. additional constraints over selected sets of classes: classes must be taught at

the same times, on the same days, in the same classrooms, . ...

QU W N~

~N

Meeting pattern constraints relate the domain variables for all class meetings
as was described in ([I)). In addition, the domain of the time preference variable
is reduced such that all invalid values are removed.

Ezample 2. A 1.5 hour x 2 meetings class is represented by the two variables
T1, T2. The first of these is the time preference variable with the initial domain
(0...104) reduced to the values 21,24, ...,39 because the TTh combination
is valid only. The second domain variable is related with T1 by the constraint
T2 #= T1 + (21%2)*1. The constant separating start times here is 21 periods
x 2 days.
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A 2 hours x 2 meetings class has MW, TTh, and WF as valid meeting
day combinations. It is represented by the two variables T1, T2 related by the
same constraint as before. The reduced domain of T1 corresponds to the values
0,4,8,12,16, 21,25,29,33,37, 42,46,50,54,58.

Requirements[2H5 are implemented by domain reduction in the corresponding
domains of the time and classroom preference variables. Requirements [6 and [7]
are included with help of the constraint serialized which constrains tasks,
each with a start time and duration, so that no tasks ever overlap. Built-in
constraints of CLP(FD) library of SICStus Prolog are used to implement various
requirements over selected sets of classes as mentioned in item [§

Additional hard constraints must be posted to ensure that each class is as-
signed to just one suitable classroom. This requirement could be implemented
via the disjoint2 constraint, which ensures non-overlapping of a set of rect-
angles. In our case, the rectangle is defined by the start time variable (Time)
and the duration (Duration) of each meeting, and by the classroom variable
(Classroom) for the corresponding class:

disjoint2([ rectangle(Time, Duration, Classroom, 1) | _ 1).

The number 1 represents the requirement of one classroom for each meeting.

A different type of propagation among the time variables is achieved via
the cumulative constraint. It ensures that a resource can run several tasks in
parallel, provided that the discrete resource capacity is not exceeded. If there
are N tasks, each starting at a certain time (StartI), having a certain dura-
tion (DurationI) and consuming a certain amount of resource (ResourceI),
then the sum of resource usage of all the tasks must not exceed resource limit
(ResourceLimit) at any time:

cumulative([Startl,...,StartN], [Durationl,...,DurationN],
[Resourcel,...,ResourceN], Resourcelimit).

The cumulative constraint helps to assign a classroom of sufficient size to
each meeting while allowing smaller classes to be assigned to larger classrooms.

Ezample 3. Let us imagine a small example with 2 rooms for 40 students,
3 rooms for 20 students, and 1 room for 10 students. The set of cumulative
constraints follows:

cumulative(Time_meetings_with_size_40, Dur_40, List0f1, 2),
cumulative(Time_meetings_with_size_20_40, Dur_20_40, List0f1, 5),
cumulative(Time_all_meetings, Dur_all, List0f1, 6).

The first constraint ensures that the largest classes are accommodated into the
largest rooms, the second constraint allows medium-sized classes to be placed
into rooms for 20 students, and also into rooms for 40 students if they are not
already asked for by the first constraint. The third constraint allows movement
of small classes between all rooms, subject to the condition that they are not
occupied by any larger classes at the same time.
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More precisely, we can post one cumulative(Starts, Durations, List0fl,
Limit) constraint for each possible size of classroom denoted by Size. The con-
stant List0f1 denotes a list of 1 representing a unit resource requirement (one
classroom) by each course. Durations represents the durations of classes with
the start time Starts. Variables Starts and Limit should satisfy the following
properties:

Starts = {Start|meeting(Start,Duration,Capacity) A Capacity > Size}
Limit =card{Id|classroom(Id,Capacity) ACapacity>Size}.

Actually, it is sufficient to post this constraint only for some specific sizes of
classrooms. Classrooms of similar size are grouped together to achieve better
efficiency.

Another possibility for taking cumulative constraints into account consists
of splitting classrooms into groups by size. Each class would be included in the
group of corresponding size only. Such division can be useful if we do not want to
put smaller classes into larger classrooms of other group at any time (e.g., smaller
classes must be in the classrooms with a capacity smaller than 400 students).

5.3 Soft Constraints

Three types of soft constraints are currently handled by the system which will
be discussed in this section:

1. unary constraints on time variables — faculty time preferences;

2. unary constraints on classroom variables — faculty preferences on the class-
room selection for classes;

3. binary constraints for each joint enrolment between two classes.

Instructors may specify preferences for the days, hours, or parts of days they
wish to encourage or discourage. This specification is transformed into a list of
integer preferences corresponding to the possible start time of each class. We
have seen that the initial selection of start times for each class is determined by
its meeting pattern. The domain size of this set of start times can differ greatly
among meeting patterns (it ranges from 5 to 50 possible values). This causes the
relative effect of any given preference to vary greatly among the meeting patterns.
To compensate for this effect, the number of preference points associated with
instructor time preferences differ based on the meeting pattern.

Each class is associated with a time preference variable with preferences ini-
tialized either as specified by the instructor or to a set of default preferences.
These default preferences are very important — their exclusion would lead to the
construction of timetables which discriminate against classes for which no pref-
erences have been provided. Many such classes would be placed in undesirable
times, which no human timetabler would want to do.

Instructors may also specify positive or negative preferences towards the
room selection for each class. It is possible to prefer or discourage particular
classrooms, buildings, or properties of the room (e.g. “I prefer classrooms with
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a computer” or “I discourage classrooms without windows”). Each value in the
domain of the classroom preference variable has either the specified preference
or the neutral preference specification.

Any two classes potentially have a number of students who are enrolled in
both at the same time. We seek to control their degree of overlap in the timetable
by a generalization of the soft disjunctive constraint (see soft_disjunctive in
Section B.2)). Such binary soft constraints include two time preference variables
for corresponding classes, with the cost given by the number of students en-
rolled in both. Since each class may have several meetings, such a generalized
disjunction needs to propagate preferences to all the values of the uninstanti-
ated preference time variable which could be affected by the overlap of any of
the meetings.

5.4 Cost Functions

There are two types of cost functions in our problem formulation. The first is
related to the assignment of time preference variables. The second is dependent
on the classroom preference variables.

Preferences associated with the time preference variables are influenced by
the times faculty wish to teach or not teach, and by the soft constraints on
joint enrolments. Time preferences are initialized based on faculty input. Con-
straints on joint enrolments propagate (increase) preferences during computation
of the cost function. The sum of the cost variables (see Section B3) for the time
preference variables gives this cost function, i.e. the solution cost w.r.t. time
assignment. As a consequence, we need to balance the number of student joint
enrolments from the third constraint with the number of preference points as-
signed by the first constraint, (e.g., the sum of preference points associated with
an instructor for one class corresponds to an overlapping of 20 students). The
relationship between preference points and joint enrolments is specified as part
of the input data.

The sum of the cost variables related with the classroom preference variables
represents the second cost function. Its value is dependent on the satisfaction of
faculty preferences on classroom selection.

Both cost functions are independent of each other and introduce two different
criteria in our problem. Minimizing student conflicts and accommodating the
time preferences of classes were judged to be a more critical aspect of the problem
than meeting preferences for classrooms.

5.5 Labelling

Labelling consists of two parts. Time preference variables are processed first,
followed by room preference variables. This ordering corresponds to the relative
importance of the cost functions defined over particular sets of variables (see
Section B.A4)).

One iteration of the LAN search is applied to find a partial assignment of time
variables. A branch and bound algorithm is then used to find an optimal solution
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over classroom variables. If no solution for classroom variables is found within
the time limit, one iteration of the LAN search over the classroom variables is
processed. Once a partial assignment is generated by this process, the search for
a complete solution may continue by repeating these steps. The user may also
provide input to influence the behaviour of the search (see Section[d]).

Initial and repair searches using the LAN algorithm over time variables are
processed as described in Section [ The initial search is always processed for
classroom variables however (i.e. the limit on the number of assignments is set
but new heuristics are not developed). Information about an unassigned class-
room variable reflects back upon the corresponding time preference variable. Any
classroom variable non-assignment is the result of no classroom being available
for the corresponding time. To reflect this fact, the value assigned to a time
variable with a corresponding unassigned classroom variable is discouraged in
the subsequent search.

Different initial heuristics were used for time and classroom variable labelling
but the main idea remains always the same: a variation of first-fail was applied
for variable ordering and we have chosen the most preferred values.

Our first-fail heuristics to determine the ordering of classes for time assign-
ment selects the most highly constrained variables with respect to both hard and
soft constraints. First, we select among the variables having the smallest domain.
Ties are broken based on the greatest number of soft constraints related to this
variable. If not selected early, the domain of such a variable may become too
small to select a sufficiently preferred value, or it may even become empty and
cause a backtracking. Early propagation of soft constraints is also encouraged, so
as not to discover mistakes too late. A specific class time assignment was selected
among the most preferred values, i.e. we have chosen an optimistic approach for
the value selection.

Just the first-fail approach was used to choose a class to be placed into
a classroom. The most preferred classroom was selected and ties were broken
by the selection of the smallest available classroom so as not to waste available
resources.

6 Computational Results

Our data set from fall semester 2001 includes 747 classes to be placed into 41
classrooms. The classes included represent 81 328 course requirements for 28 994
students. A complete data set in the form of Prolog facts can be downloaded
from http://www.fi.muni.cz/ hanka/purdue_data. In the future, we intend to
add data from other semesters.

The results presented here were computed by SICStus Prolog 3.9.1 on a PC
with AMD Athlon/850 MHz processor and with 128 MB of memory.

Figure M illustrates the number of classes with either time or classroom vari-
ables left assigned during subsequent iterations. It can be seen that the auto-
mated repair search was able to substantially improve on the initial solution.
Only one class remained unassigned after eight iterations. Assignment of this
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Fig. 1. Change in unassigned classes during the subsequent iterations

Table 2. Results of particular iterations

Run 1 2 3 4 5 6 7 8 9

Satisfied time (%) 83.8 81.8 79.9 822 80.7 80.7 80.6 80.7 80.7
Unsatisfied time (%) 42 46 44 45 45 45 42 42 45
Student conflicts (%) 1.5 16 20 19 21 22 23 23 23

Preferred classrooms (%) 74.2 45.3 52.1 47.0 52.7 56.3 49.7 52.3 52.3

class was successfully completed with the help of user input. The increase in
the number of unassigned classes during the second iteration occurs as a result
of the branch and bound search over classroom variables being replaced by the
initial iteration of the LAN search.

Table Bl shows the computational results for the initial search and the sub-
sequent automated repair searches. Satisfied time gives the percentage of how
many encouraged times for classes were selected. Unsatisfied time refers to the
percentage of discouraged times that were selected for classes. Student conflicts
estimates the percentage of unsatisfied requirements for courses by students.
Preferred classrooms measures the percentage of classes for which encouraged
classrooms were selected. The current data set does not include any preferential
requirements which discouraged specific classrooms.

We can see that most of preferential requirements of instructors were satisfied
during assignment of time variables. The unsatisfied time percentage mostly
illustrates that a number of classes must be taught at unpopular times due to
the limited number of rooms available. Let us also note that these results include
default preferences for classes with no preferred times.

One iteration took about 2—-3 minutes for time labelling. One step of the
branch and bound search for classroom variables took 1-2 seconds. The time
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labelling takes longer due to the preference propagation and more complex con-
straints (e.g. cumulative) posted on time variables.

Originally we started to solve the problem using a built-in backtracking
search algorithm with a variety of variable and value ordering heuristics. This
attempt did not lead to any solution after 10 hours of computations however.
Too many failed computations were repeated exploring parts of the search tree
with no solution.

One of the more important lessons learned here is that the disjoint2 and
cumulative constraints must be used together in a redundant manner to find
an acceptable solution (for description of both constraints see Section (.2). The
cumulative constraints were able to introduce additional constraint propagation
for the time variables by informing them of the available room resources. Neither
cumulative nor disjoint2 constraints alone were able to find an acceptable
solution. Results using only the cumulative constraints left about 20 unassigned
classes. Using only the disjoint2 constraint resulted in 50 unassigned classes.

7 Related Work

Currently the timetable for Purdue University is constructed by a manual pro-
cess. An earlier approach examined for automating construction of the Purdue
University timetable modelled the room—time assignment problem as a multiple-
choice quadratic vertex packing and utilized a tabu search algorithm [20]. This
approach was further developed into a prototype system used to create a sched-
ule for large lecture classes in spring 1994, but was never adopted by university
schedulers due to inadequacies in the way it handled instructor time preferences
and student conflicts.

7.1 Soft Constraints

Various approaches to soft constraints have been introduced and studied [23].
These include basic frameworks over particular types of preferences (e.g. weigh-
ted [10], fuzzy CSPs [9]) and also meta-frameworks (e.g. partial [10], semiring-
based CSPs [3]). Solving algorithms for soft constraints include extensions of
the branch and bound algorithm [I0JT9] and local search methods, e.g. tabu
search [12]. However, there are still few tools [4/T3] available for soft constraint
solving. To these authors’ knowledge, no library can be used together with an
existing CLP(FD) solver [6l/T7]. This paper presents the main ideas behind our
proposal for a new soft-constraint solver built on top of the SICStus Prolog
CLP(FD) solver [6]. We have further extended this work. A detailed description
can be found in [24].

Soft constraints are often applied to solve timetabling problems with the
help of constraint satisfaction. Unfortunately, they are mostly applied via the
standard constraint satisfaction method, which offers no special support for more
effective resolution of the soft constraints. Golz et al. [I4] apply the typical
solution — the given unary soft constraints, with priorities, are integrated into the
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solution search through value and variable ordering heuristics. An optimization
constraint was applied for solving medium-sized problems [16]. Support for soft
constraints is included in Abdennadher et al. [1]. They describe the solution of
a department-sized problem, including soft constraint solver, for a cost-based
approach implemented with Constraint Handling Rules [11].

7.2 Constraint Programming and Demand-Driven Timetabling

There have not been many attempts [253] to apply constraint programming
to the solution of demand-driven timetabling problems where it is not possi-
ble to satisfy all requests of students. Such over-constrained problems require
enhancements to the classical constraint satisfaction approach. Once these are
developed, we can apply all of the advantages of constraint programming, includ-
ing a declarative description of the problem together with strong propagation
techniques.

We have previously constructed a demand-driven schedule for the Faculty of
Informatics at Masaryk University [25] having 270 classes and about 1250 stu-
dents. Conflicts of students between classes were controlled using a similar cost
function as in our current approach. CLP allowed implementation of a variety of
constraints available in ILOG Scheduler [21]. Soft constraints were implemented
with the help of special variable and value ordering heuristics defined by the pref-
erences of particular variables in the constraints. The timetable constructed was
able to satisfy 94% of the demands of students and more than 90% of the pref-
erential requirements of teachers. Unfortunately, it was not easy to extend this
implementation to larger problems due to the bound consistency algorithms in
ILOG Scheduler. Since these algorithms only propagate changes over the bounds
of the domain variables, both constraint and preference propagations were much
weaker than they are now.

A solution of the section assignment sub-problem is included in Banks et
al. [3] via iterative addition of constraints into a CSP representation. Inconsis-
tent constraints are not included in the final CSP representation, which allows
solution of an over-constrained problem. This implementation, including its own
constraint satisfaction solver, was verified using random timetabling problems
based on problems from high schools in Edmonton, Alberta, Canada. The largest
data set included requirements of 2000 students and 200 courses. They were able
to satisfy 98% of student demand on more than half of the experiments. The
solution presented is influenced by a special set of times that must be assigned
to each course. It conforms well to high schools, but is rather different from the
situation in university course timetabling. University class meeting patterns are
not as strict, which results in a problem with a variety of additional require-
ments and preferences. Their inclusion into the problem solution can be more
easily accomplished with the help of the embedded CLP system rather than
implementing new procedures.
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7.3 Other Approaches for Demand-Driven Timetabling

The comprehensive university timetabling system described by Carter [7] is char-
acterized by problem decomposition with respect to both type and size of final
sub-problems. They were able to solve the problem for 20 000 students and 3000
course sections. The system was used for 15 years at the University of Waterloo.

Aubin and Ferland [2] propose an iterative heuristic method to solve the
problem which alternately assigns times and students to course sections until no
further improvements to the solution can be found. The system was tested on
data from a High School in Montreal including demands of 3300 students and
1000 courses.

Robert and Hertz [22] decompose the problem into a series of easier sub-
problems corresponding to time, section, and classroom assignments and solve
them via tabu search methods. The method presented is able to generate an
initial solution which can be incrementally improved after problem redefinition
(negotiation on initial constraints with teachers and students). The initial so-
lution for about 500 students and 340 course sections satisfied about 80% of
the preferential requirements of teachers. Forty-five students were involved in
overlapping situations.

The local search heuristic procedure of Sampson et al. [26] solves a problem
having a smaller solution space with 89 course sections and 230 students. They
were able to meet 94% of the student scheduling requirements at the Graduate
School of Business Administration at the University of Virginia.

8 Conclusion

We have proposed and implemented a solution to a large-scale university
timetabling problem and have constructed a demand-driven schedule which is
able to reflect diverse requirements of students during course enrolment. Our
solution is able to satisfy the course requests of 98% of students. About 80% of
preferential requirements on time variables were also met with only a small num-
ber of classes taught at discouraged times (about 4%). The automated search was
able to find suitable times and classrooms for almost all classes. One remaining
class was assigned with the help of the built-in support for user input.

Our proposal included a new solver for soft constraints which is of particular
interest for timetabling problems where the costs in the problem are directly
related to the present values for time and room assignments of classes. We have
proposed a new search algorithm which allows us to find a solution to the prob-
lem (even when it is over-constrained). We have also discussed a special set
of cumulative constraints which, together with the disjoint2 constraint, pro-
cesses stronger constraint propagation.

Our future research will include an extension of the problem solution together
with improvements to the soft-constraint solver and search algorithm that have
been described. Also, our approach must be validated using data sets from other
semesters.
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We are working on improvements to the search algorithm originally pro-
posed for Purdue timetabling. First results, including experiments on random
problems, can be found in [29].

Our current work also concerns pattern-oriented heuristics. They are aimed
at improving the solution with the help of a pattern matching mechanism based
on the sets of meeting patterns in the problem.

A new approach for making initial student section assignments for courses
with multiple sections is currently under development. The proposal and im-
plementation is based on Carter’s [7] homogeneous sectioning, which tends to
result in fewer classes having joint enrolments with others. This simplifies the
task of finding non-conflicting assignments and appears to be an accurate rep-
resentation when a final sectioning process will take place after construction of
the timetable.

Purdue University currently relies on a completely manual process for con-
structing its timetable. A detailed comparison of results between the approach
described in this paper and the manual process for the full large lecture problem
is one of the next steps in our work. However, timetables are under continual
revision by the timetablers who try to detect any possible problems in the gen-
erated solution. This allows us to extend the system and adjust it to be accepted
by the community.

The primary focus of our future work will be support for making changes
to the generated timetable. Once timetables are published they require many
changes based on additional input. These changes should be incorporated into
the problem solution with minimal impact on any previously generated solution.

We feel that the solution methods used for the large lecture problem should
be directly applicable to construction of the 74 academic unit timetables. Some
solution refinements may be necessary to simplify time assignments for intro-
ductory courses with large numbers of sections. Additional system architecture
work will also be necessary to allow unit timetablers to use local preference files,
and to work co-operatively if there is a high degree of inter-relationship between
classes offered by the units. The administration of the university feels this work
is very promising and has funded continuing work based on this approach.
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Abstract. The main goal of this paper is to attempt an unbiased com-
parison of the performance of straightforward implementations of five
different metaheuristics on a university course timetabling problem. In
particular, the metaheuristics under consideration are Evolutionary Al-
gorithms, Ant Colony Optimization, Iterated Local Search, Simulated
Annealing, and Tabu Search. To attempt fairness, the implementations
of all the algorithms use a common solution representation, and a com-
mon neighbourhood structure or local search. The results show that no
metaheuristic is best on all the timetabling instances considered. More-
over, even when instances are very similar, from the point of view of the
instance generator, it is not possible to predict the best metaheuristic,
even if some trends appear when focusing on particular instance classes.
These results underline the difficulty of finding the best metaheuristics
even for very restricted classes of timetabling problem.

1 Introduction

This work is part of the Metaheuristic Network@, a European Commission project
undertaken jointly by five European institutions, whose aim is to empirically
compare and analyse the performance of various metaheuristics on different com-
binatorial optimization problems including timetabling.

Course timetabling problems arise periodically at every educational institu-
tion, such as schools and universities. A general problem consists in assigning a
set of events (classes, lectures, tutorials, etc.) into a limited number of timeslots,
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so that a set of constraints are satisfied. Constraints are usually classified as
hard or soft. Hard constraints are constraints that must not be violated under
any circumstances, e.g. students cannot attend two classes at the same time.
Soft constraints are constraints that should preferably be satisfied, but can be
accepted with a penalty associated to their violation, e.g. students should not at-
tend three classes in a row. The general course timetabling problem is NP-hard.
A considerable amount of research has dealt with the problem, and comprehen-
sive reviews can be found in [6J21].

We consider here a reduction of a typical university timetabling problem. We
aim at an unbiased comparison of the performance of straightforward implemen-
tations of five different metaheuristics on this problem. In order to attempt a
fair and meaningful analysis of the results of the comparison we have restricted
all the algorithms to the use of a common direct solution representation and
search landscape. Moreover, all use the same library, programming language
and compiler, and experiments are run on the same hardware.

The stress here is on the comparison of the different methods under similar
conditions. More freedom in the use of more efficient representations and more
heuristic information may give different results.

The rest of the paper is organized as follows. In Section 2] a description of the
particular timetabling problem considered is given and the classes of instances
used for the experiments are presented. In Section Bl we describe the common
representation and search landscape used for all the implementations of meta-
heuristics. In Section [ we give a description of the general features of each
metaheuristic under consideration and details of our implementations. Finally,
in Section [0l we outline the results and conclusions of our study.

2 The University Course Timetabling Problem

The timetabling problem considered here is a reduction of a typical university
course timetabling problem. It has been introduced by Ben Paechter to reflect
aspects of Napier University’s real timetabling problem.

2.1 Problem Description

The problem consists of a set of events or classes F to be scheduled in 45 timeslots
(5 days of 9 hours each), a set of rooms R in which events can take place, a set
of students S who attend the events, and a set of features F satisfied by rooms
and required by events. Each student attends a number of events and each room
has a size. A feasible timetable is one in which all events have been assigned a
timeslot and a room so that the following hard constraints are satisfied:

— no student attends more than one event at the same time;

— the room is big enough for all the attending students and satisfies all the
features required by the event;

— only one event is in each room at any timeslot.
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Table 1. Parameters used to produce the different instance classes

Class small medium large
Num_events 100 400 400
Num_rooms 5 10 10
Num_features 5 5 10
Approz_features_per_room 3 3 5
Percent_feature_use 70 80 90
Num_students 80 200 400
Maz_events_per_student 20 20 20
Mazx_students_per_event 20 50 100

In addition, a candidate timetable is penalized equally for each occurrence of
the following soft-constraint violations:

— a student has a class in the last slot of a day;
— a student has more than two classes in a row;
— a student has a single class on a day.

Note that the soft constraints have been chosen to be representative of three
different classes: the first one can be checked with no knowledge of the rest of
the timetable; the second one can be checked while building a solution, taking
into account the events assigned to nearby timeslots; and finally the last one
can be checked only when the timetable is complete, and all events have been
assigned a timeslot.

The objective of the problem is to minimize the number of soft constraint
violations in a feasible solution. All infeasible solutions are considered worthless.

2.2 Problem Instances

A generator is used to produce problem instances with different characteristics
for different values of given parameters. All instances produced have a perfect
solution, i.e. a solutions with no constraint violations, hard or soft. The generator
takes eight command line parameters which specify various characteristics of
the instance, and a random seed. Using the same seed will produce the same
problem instance — a different seed will produce a different instance with the
same characteristics.

Three classes of instances of different size have been selected for comparison
purposes, respectively called small, medium and large. They are generated with
the sets of parameters reported in Table

Each class of problem has been determined experimentally to be given a
specified time limit. The time limits for the problem classes are respectively 90,
900 and 9000 seconds for the small, medium and large class. These timings refer
to durations on a specific piece of hardware (see Section ().
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3 Common Search Landscape

All metaheuristics developed here for the Metaheuristics project employ the
same direct solution representation and search landscape, as described in the
following (see also [20]). In particular, we used a common local search in an
evolutionary algorithm, an ant colony optimization algorithm, and an iterated
local search. A simulated annealing, and a tabu search were restricted to the
same neighbourhood structure.

3.1 The Solution Representation

We chose a direct solution representation to keep things as simple as possible. A
solution consists of an ordered list of length |F| where the positions correspond
to the events (position ¢ corresponds to event i for ¢ = 1,...,|E|). An integer
number between 1 and 45 (representing a timeslot) in position ¢ indicates the
timeslot to which event 7 is assigned.

The room assignments are not part of the explicit representation; instead
we use a matching algorithm to generate them. For every timeslot there is a
list of events taking place in it, and a preprocessed list of possible rooms to
which these events can be assigned according to size and features. The matching
algorithm gives a maximum cardinality matching between these two sets using
a deterministic network flow algorithm. If there are still unplaced events left, it
takes them in label order and puts each one into the room of correct type and
size which is occupied by the fewest events. If two or more rooms are tied, it takes
the one with the smallest label. This procedure ensures that each event—timeslot
assignment corresponds uniquely to one timetable, i.e. a complete assignment of
timeslots and rooms to all the events.

3.2 The Neighbourhood Structure and Local Search

The solution representation described above allows us to define a neighbourhood
using simple moves involving only timeslots and events. The room assignments
are taken care of by the matching algorithm.

The neighbourhood is the union of two smaller neighbourhoods, N; defined
by an operator that moves a single event to a different timeslot, and Ny defined
by a second operator that swaps the timeslots of two events.

The Local Search is a stochastic first improvement local search based on the
described neighbourhood. It goes through the list of all the events in a random
order, and tries all the possible moves in the neighbourhood for every event
involved in constraint violations, until improvement is found. It solves hard-
constraint violations first, and then, if feasibility is reached, it looks at soft-
constraint violations as well. Delta evaluation of solutions is extensively used
to allow a faster search through the neighbouring timetables. A more detailed
description of the local search is outlined in the following:
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1. Ev-count < 0;
Generate a circular randomly-ordered list of the events;
Initialize a pointer to the left of the first event in the list;
2. Move the pointer to the next event;
Ev-count < Ev-count + 1;
if ( Ev-count = |E| ) {
Ev-count <« 0;

goto 3.; }
a) if ( current event NOT involved in hard-constraint violation (hcv) )
{ goto 2,; }

b) if ( A an untried move for this event ) { goto 2.; }
c¢) Calculate next move (first in Ny, then Nj) andd generate resulting po-
tential timetable;
d) Apply the matching algorithm to the timeslots affected by the move and
delta-evaluate the result;
e) if ( move reduces hevs ) {
Make the move;
Ev-count < 0;
goto to 2.;}
f) else goto 2.(b);
3. if ( 3 any hcv remaining ) END LOCAL SEARCH;
4. Move the pointer to the next event;
Ev-count < Ev-count + 1;
if ( Ev-count = |E| ) END LOCAL SEARCH;
a) if ( current event NOT involved in soft-constraint violation (scv) )
{ goto 4.; }
b) if ( A an untried move for this event ) { goto 4.; }
c¢) Calculate next move (first in N7, then No)** and generate resulting po-
tential timetable;
d) Apply the matching algorithm to the timeslots affected by the move and
delta-evaluate the result;
e) if ( move reduces scvs without introducing a hev ) {
Make the move;
Ev-count « 0;
goto 4.; }
f) else goto 4.(b);

Since the described local search can take a considerable amount of CPU time,
it could be more effective within the context of some of the metaheuristics to
use this time in a different way. We therefore introduced in the local search a
parameter for the maximum number of steps allowed, which was left free for the
different metaheuristic implementations.

2 That is, for the event being considered, potential moves are calculated in strict order.
First, we try to move the event to the next timeslot, then the next, then the next
etc. If this search through NV, fails then we move through the N2 neighbourhood, by
trying to swap the event with the next one in the list, then the next one, and so on.
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4 Metaheuristics

In the following we briefly describe the basic principles of each metaheuristic
under consideration and give details of the implementations for the timetabling
problem described in Section [2] which are used for the comparison.

4.1 Evolutionary Algorithm

Evolutionary algorithms (EAs) are based on a computational model of the mech-
anisms of natural evolution [3]. EAs operate on a population of potential solu-
tions and comprise three major stages: selection, reproduction and replacement.
In the selection stage the fittest individuals have a higher chance than those less
fit of being chosen as parents for the next generation, as in natural selection.
Reproduction is performed by means of recombination and mutation operators
applied to the selected parents: recombination combines parts of each of two par-
ents to create a new individual, while mutation makes usually small alterations
in a copy of a single individual. Finally, individuals of the original population
are replaced by the new created ones, usually trying to keep the best individuals
and deleting the worst ones. The exploitation of good solutions is ensured by the
selection stage, while the exploration of new zones of the search space is carried
out in the reproduction stage, based on the fact that the replacement policy
allows the acceptance of new solutions that do not necessarily improve existing
ones.

EAs have been successfully used to solve a number of combinatorial opti-
mization problems, including timetabling. State-of-the-art algorithms often use
problem-specific information to enhance their performance, such as heuristic
mutation [T9] or some heuristically guided constructive technique [17].

Here, for the benefit of the comparison and understanding of the role of
each component of the algorithm, we propose a basic implementation that uses
only the problem-specific heuristic information coming from the local search.
It is characterized by a steady-state evolution process, i.e. at each generation
only one couple of parent individuals is selected for reproduction. A generational
genetic algorithm, where the entire population is replaced at each generation, was
also implemented, but the steady-state scheme gave better results. Tournament
selection is used: that is, a number of individuals are chosen randomly from the
current population and the best one in terms of fitness function is selected as
parent. The fitness function f(s) for a solution s is given by the weighted sum of
the number of hard-constraint violations hcv and soft-constraint violations scv

f(s) :== # hev(s) x C + # scu(s),

where C is a constant larger than the maximum possible number of soft-con-
straint violations. The crossover used is a uniform crossover on the solution rep-
resentation, where for each event a timeslot’s assignment is inherited either from
the first or from the second parent with equal probability. The timeslot assign-
ment corresponds uniquely to a complete timetable after applying the matching
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Algorithm 1 Evolutionary algorithm

input: A problem instance I
for i =1tondo
{generate a random population of solutions}
s; + random initial solution
si <— solution s; after local search
sort population by fitness
end for
while time limit not reached do
Select two parents from population by tournament selection
s < child solution after crossover with probability «
s < child solution after mutation with probability G
s «— child solution after applying local search
sn < child solution s replaces worst member of the population
sort population by fitness
Spest <— best solution in the population s1
end while
output: An optimized solution sp.e; for T

algorithm. Mutation is just a random move in the neighbourhood defined by the
local search extended with three-cycle permutations of the timeslots of three dis-
tinct events, which corresponds to the complete neighbourhood defined in [20].
The offspring replaces the worst member of the population at each generation.
The algorithm is outlined in Algorithm [

The algorithm is a memetic algorithm using the local search described in
Section 3. The local search is run with maximum number of steps 200, 1000 and
2000 respectively for the small, medium and large instances. The problem is to
find a balance between a reasonable number of steps for the local search and a
sufficient number of generations for the evolutionary algorithm to evolve while
the local search is not abruptly cut too often and can effectively help to reach
local optima.

The initial population is built assigning randomly, for each individual, a
timeslot to each event according to a uniform distribution, and applying the
matching algorithm. Local search is then applied to each member of the initial
population. The population size n is 10, the tournament size is 5, crossover rate
is @ = 0.8 and mutation rate is 8 = 0.5.

4.2 Ant Colony Optimization

Ant colony optimization (ACO) is a metaheuristic proposed by Dorigo et al. [10].
The inspiration of ACO is the foraging behaviour of real ants. The basic ingredi-
ent of ACO is the use of a probabilistic solution construction mechanism based
on stigmergy. ACO has been applied successfully to numerous combinatorial op-
timization problems including the quadratic assignment problem, satisfiability
problems, scheduling problems etc. The algorithm presented here is the first im-
plementation of an ACO approach for a timetabling problem. It follows the ACS
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Algorithm 2 Ant Colony System
T(e,t) <10V (e,t) e EXT
input: A problem instance [
calculate c(e,e’) V (e, €') € E?
calculate d(e), f(e),s(e) Ve € E
sort F according to <, resulting in e; < ez < --- < ey
7«0
while time limit not reached do
j+—ji+1
for a = 1tom do
{construction process of ant a}
Ao < (Z)
for i =1tondo
choose timeslot ¢t randomly according to probability distribution P for event
€
perform local pheromone update for 7(e;,t)
A +— A1 U (ei,t)
end for
s < solution after applying matching algorithm to A,
s < solution after applying local search for h(j) steps to s
Spest < best of s and Cleg
end for
global pheromone update for 7(e,t) V (e,t) € E X T using Chest
end while
output: An optimized candidate solution sp.s; for I

branch of the ACO metaheuristic, which is described in detail in [4] and which
showed good results for the travelling salesman problem [9].

The basic principle of an ACS for tackling the timetabling problem is outlined
in Algorithm [2. At each iteration of the algorithm, each of m ants constructs,
event by event, a complete assignment of the events to the timeslots. To make
a single assignment of an event to a timeslot, an ant takes the next event from
a pre-ordered list, and probabilistically chooses a timeslot for it, guided by two
types of information: (1) heuristic information, which is an evaluation of the
constraint violations caused by making the assignment, given the assignments
already made, and (2) stigmergic information in the form of a “pheromone”
level, which is an estimate of the utility of making the assignment, as judged by
previous iterations of the algorithm. The stigmergic information is represented
by a matrix of “pheromone” values 7 : ExT — R>(, where E is the set of events
and T is the set of timeslots. These values are initialized to a parameter 7, and
then updated by local and global rules; generally, an event—timeslot pair which
has been part of good solutions in the past will have a high pheromone value,
and consequently it will have a higher chance of being chosen again in the future.
At the end of the iterative construction, an event—timeslot assignment is con-
verted into a candidate solution (timetable) using the matching algorithm. This
candidate solution is further improved by the local search routine. After all m
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ants have generated their candidate solution, a global update on the pheromone
values is performed using the best solution found since the beginning. The whole
construction phase is repeated, until the time limit is reached.

The single parts of Algorithm [2] are now described in more detail. The fol-
lowing data are precalculated for events e, ¢’ € E:

/

c(e, e') := # students attending both e and ¢’
d(e) == [{e" € E\ {e} | c(e, ') # 0},

f(e) := # features required by e,

a(e) :

e) := # students attending e.

We define a total orde1ﬁ < on the events by

e<e dle)>de)v
d(e) = d(e') A fle) < f(€)
d(e) =d(e") A fle) = f(e') Nale) > a(e') V
d(e) =d(e) A fle) = f(e') Aale) = ale) ANl(e) < i(e).

Here, ! : E — N is an injective function that is only used to handle ties. We define
E; :={ey,...,e;} for the totally ordered events denoted as e; < ez < -+ < ey,.

For the construction of an event—timeslot assignment each ant assigns se-
quentially timeslots to the events, which are processed according to the order <.
This means that it constructs assignments A; : E; — T for i =0,...,n.

We start with the empty assignment Ay = (). After A;_; has been con-
structed, the assignment A; is constructed as A; = A;_1 U {(e;, t)} where t is
chosen randomly out of 7" with the following probabilities:

m(es, ) - nle, t')? - m(es, t')7
ZUGT 7 (e, u) : 77(61‘7 U)B . 7T<ei, u)W ’

P(t:t/‘Ai_hT):

The parameters 3 and 7 control the weight of the heuristic information corre-
sponding to hard- and soft-constraint violations, respectively. These heuristic
functions 7 and 7 are defined as follows:

1

14 ZeeA;jl(t') cle;, e)

n(ei, t') :

is used to give higher weight to those timeslots that produce fewer student
clashes. In order to give higher weight to those timeslots that produce fewer
soft-constraint violations, we use

1
o 1 + L + S + Rbefo'f‘e + Raround + Rafter

3 We are aware of the fact that it could make more sense to order the events with
respect to the features the other way around, but actually in this case it does not
make a significant difference in terms of results.

(e, t')
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with

I {a(ei) if ¢’ is the last timeslot of the day
' 0 otherwise,
S := # students attending event e;, but no other events belonging

to the same day as ' in A4;_1,

Riefore := # students attending event e; and also events in the two
timeslots before t’ on the same day,

Raround := # students attending event e; and also events in both timeslots
before and after ¢’ on the same day,

Rufier := # students attending event e; and also events in the two

timeslots after ¢’ on the same day.

After each construction step, a local update rule on the pheromone matrix
is applied for the entry corresponding to the current event e; and the chosen
timeslot ¢cposen:

T(eiv tchosen) — (1 - 1;[}) : 7'(6,', tchosen) +Y-10.

Parameter ¢ € [0,1] is the pheromone decay parameter, which controls the
diversification of the construction process. The higher its value the smaller the
probability to choose the same event—timeslot pair in forthcoming steps.

After assignment A, has been completed, the matching algorithm for the
assignment of rooms is executed, in order to generate a candidate solution s.
The local search routine is applied to s for a number of steps h(j) depending on
the current iteration number j € N.

The global update rule for the pheromone matrix 7 is performed after each
iteration as follows. Let Ajes; be the assignment of the best candidate solution
Spest found since the beginning. For each event—timeslot pair (e, t) we update:

rest) L LR 70+ 9 g 1 Ape(e) = ¢
—p)-7(e,t otherwise,,

where @ is a parameter controlling the amount of pheromone laid down by the
update rule, and the function ¢ measures the quality of a solution s as the sum
of hard-constraint violations hcv and soft-constraint violations scv:

q(s) := # hev(s) + # scu(s) .
The parameters for the algorithm described above were chosen after several
experiments on the given test problem instances and are reported in Table
4.3 Iterated Local Search

ILS [I5] is based on the simple yet powerful idea of improving a local search
procedure by providing new starting solutions obtained from perturbations of



A Comparison of the Performance of Different Metaheuristics 339

Table 2. Parameters for the ACO algorithm

small medium large

m 15 15 10
o0 0.5 10 10
p 0.1 0.1 0.1
o 1 1 1
B 3 3 3
v 2 2 2
¥ 0.1 0.1 0.1
he) {500()]'_1 {50000j§10 {150000j§20
2000 j > 2 10000 j > 11 100000 j > 21

Q 10° 10'° 10

a current solution, often leading to far better results than when using random
restart [T2[T5IT6IT822]. To apply ILS, four components have to be specified.
These are a GenerateInitialSolution procedure that generates an initial solution
S0, a Perturbation procedure, that modifies the current solution s leading to
some intermediate solution s’, a LocalSearch procedure that returns an improved
solution s, and a procedure AcceptanceCriterion that decides to which solution
the next perturbation is applied. A scheme for ILS is given below.

Algorithm 3 Iterated local search

S0 = GenerateInitialSolution()

s = LocalSearch(so)

while termination condition not met do
s’ = Perturbation(s, history)

s = LocalSearch(s’)
s = AcceptanceCriterion(s,s”, history)
end while

In our implementation for the university course timetabling problem the
LocalSearch procedure was the common local search described in Section [3l
GenerateInitialSolution generates initial random solutions according to a
uniform distribution, so that no problem-specific information is used. We imple-
mented the following three types of perturbation moves:

P1: choose a different timeslot for a randomly chosen event;

P2: swaps the timeslots of two randomly chosen events;

P3: choose randomly between the two previous types of moves and a three-
exchange move of timeslots of three randomly chosen events.

All random choices were taken according to a uniform distribution. Each dif-
ferent move is applied k times, where k is chosen of the set {1, 5,10, 25,50, 100}.
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Hence, it determines the strength of the perturbation. The Perturbation is
applied to the solution returned by the AcceptanceCriterion. We considered
three different methods for accepting solutions in AcceptanceCriterion:

Random Walk. This method always accepts the new solution s” returned by
LocalSearch.

Accept if Better. The new solution s” is accepted if it is better than s. This leads
to a first improvement descent in the space of the local optima.

Simulated Annealing. The new solution s” is always accepted if it is better than
the current one. Otherwise s” is accepted with a probability based on the eval-
uation function f(s), but infeasible new solutions are never accepted when the
current one is feasible. f(s) is the number of hard-constraint violations if both s
and s” are infeasible, or the number of soft-constraint violations if they are both
feasible. Two methods for calculating this probability were applied:

U= (")
SAl: Pi(s,s") =e" T
_ U@ =s")

SA2: PQ(S7 SH) —=e T f(spest)

where T is a parameter called temperature and spes; is the best solution found so
far. The value of T is kept fixed during the run, and it is chosen from {0.01,0.1,1}
for SA1 and {0.05,0.025,0.01} for SA2.

Finally, we even considered applying ILS without LocalSearch. In this im-
plementation, the Perturbation switched between moves P1 and P2. The values
of k tested were chosen from the set {25,50,100,200}. This implementation is
also known as Reduced Variable Neighbourhood Search.

We ran all combinations of parameters for the small and medium instances
in an automated parameter tuning procedure, the racing algorithm proposed
by Birattari et al. [2]. This method, based on the Friedman statistical test,
empirically evaluates a set of candidate configurations discarding bad ones as
soon as statistically sufficient evidence is gathered against them. The instances
used in the race were generated with the problem instance generator described
in Section 2.2 The best resulting configurations of parameters for each instance
class are summarized as follows:

Small instances:
Type of Perturbation: P1
k=1
AcceptanceCriterion: SA2 with 7' = 0.025

Medium instances:
Type of perturbation: P1
k=5
AcceptanceCriterion: SA1 with 7= 0.1

For the large instances the automated tuning would have required a very
large amount of time given the actual computational environment available.
Consequently, the same parameter setting found for the medium instances is
used also for the large ones.
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4.4 Simulated Annealing

Simulated Annealing (SA) is a local search inspired by the process of annealing
in physics [7l14]. It is widely used to solve combinatorial optimization problems,
especially to avoid getting trapped in local optima when using simpler local
search methods [I]. This is done as follows: an improving move is always accepted
while a worsening one is accepted according to a probability which depends on
the amount of deterioration in the evaluation function value, such that the worse
a move is, the less likely it is to accept it. Formally a move is accepted according
to the following probability distribution, dependent on a virtual temperature T,
known as the Metropolis distribution:

. N <
paccept(T7 S, S/) = { 1_ (f(s")—F(s) lf f(s )7 f(S)

e T otherwise,
where s is the current solution, s” is the neighbour solution and f(s) is the eval-
uation function. The temperature parameter 7', which controls the acceptance
probability, is allowed to vary over the course of the search process.

We tackle the course timetabling problem in two distinct phases. In a first
phase only hard constraints are considered and reduced. When a feasible solution
is reached, which means no hard constraints are violated any more, a second
phase starts and tries to minimize the number of soft-constraint violations. Going
back from a feasible to an infeasible solution is not allowed. In the first phase
the evaluation function f is given by the number of hard-constraint violations,
hcv, while in the second phase by the number of soft-constraint violations, scv.

Algorithm [4 outlines the global procedure with the two phases of SA, where
T}, is the temperature in the infeasible region, and Ty is the temperature in the
feasible region.

We implemented versions of SA that differ in the following components:
neighbourhood exploration strategy, initial temperature, cooling schedule and
temperature length. The different variants and different parameters for these
components have been object of an automated tuning for finding the best con-
figuration, using the same racing algorithm as described in Section [£3] The
considered choices for the four components are the following:

Neighbourhood exploration. We considered two strategies for generating a
neighbouring solution:

1. Strategy 1 considers moves from neighbourhoods N7 and N5 in the same
order as in the local search outlined in Section Only events in-
volved in constraint violations are considered. Yet, different from the
local search procedure, after trying all possible moves for each event of
the timetable, the algorithm does not end but continues with a different
order of events.

2. Strategy 2 abandons the local search framework and uses a completely
random move selection strategy. At each step the proposed move is gen-
erated randomly from the union of Ny and Ns.
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Algorithm 4 Simulated annealing

input: A problem instance I

s < random initial solution

{Hard Constraints phase}

Th < Tho;

while time limit not reached and hcv > 0 do
Update temperature;
s’ + Generate a neighbouring solution of s
if f(s') < f(s) then

5+ 8’3

else

. e ICICHESIO))
s < s’ with probability p(T, s,s’) = e T

end if
Spest < best between s and spegt
end while
{Soft Constraints phase}
Ts + Tso
while time limit not reached and scv > 0 do
Update temperature
s’ + Generate a neighbouring solution of s
if hcv =0 in ¢’ then
if f(s') < f(s) then
s+ s
else -,
s < s’ with probability p(T, s, s’) = e_w
end if
Spest < best between s and speq
end if
end while
output: An optimized solution sp.s; for I

Initial temperature. Two possibilities were considered:
1. Use the temperature that provides a probability of 1/e for accepting a
move that worsens by 2% the evaluation function value of a randomly
generated solution s,. Formally, choose T" such that

b= 1 _ e_(0.02¥(sr))

e
ie. T=0.02- f(sy)

2. Sample the neighbourhood of a randomly generated initial solution, com-
pute the average value of the variation in the evaluation function pro-
duced by the sampled neighbours, and multiply this value by a given
factor to obtain the initial temperature. We fix the size of the sample to
100 neighbours.

Because the first method produces initial temperatures which do not scale
well with the hardness of the instances, the latter one is preferred. Two
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different multiplier factors (TempFactHcv and TempFactScv) have to be con-
sidered in the tuning of the algorithm, one for the initial value of T}, and the
other one for the initial value of T5.

Cooling schedule. We use a non-monotonic temperature schedule realized by
the interaction of two strategies: a standard geometric cooling and a temper-
ature re-heating. The standard geometric cooling computes the temperature
T, +1 in iteration n+1 by multiplying the temperature 7, in iteration n with
a constant factor a (cooling rate):

Tos1=axT,, O0<a<l.

This schedule is expected to be competitive with the adaptive cooling as
proposed for the Graph Partitioning Problem by Johnson et al. [12] and
in many successful implementations for timetabling where parameters were
obtained by experimentations. A sort of adaptation to the behaviour of the
search process, however, is included in our implementation by re-heating the
temperature when the search seems to be stagnating. Indeed, according to a
rejection ratio given by the number of moves rejected on the number of moves
tested, the temperature is increased to a value equal to the initial one when
the ratio exceeds a given limit. This inspection is done every fixed number
of iterations, in our case three times the temperature length. Cooling rate
and rejection ratio are thus other parameters which need tuning; effectively
these are four parameters oy, o, RejLimHcv, RejLimScv w.r.t. the phase
undertaken. For the sake of simplicity we fix ap, = az = a.

Temperature length. The number of iterations at each temperature is kept
proportional to the size of the neighbourhood, as suggested by Johnson et
al. [13], who remarked that this seems to be necessary in order to obtain
high-quality solutions. The rate of the neighbourhood size (NeighRate) is
another parameter to optimize. We keep it the same for the two phases.

Suggested by experimental observations, we also tested a version of SA in
which the temperature is kept constant over the whole search process. The idea
is that the SA acceptance criterion is useful at the end of the search for getting
away from local optima, allowing the acceptance of worsening moves. Therefore
maintaining a certain probability of accepting worsening moves during the whole
search, and above all during the end of the process, could produce competitive
results with less effort for properly tuning the parameters since in this case only
the constant temperature needs to be considered. We tested this version using
the first neighbourhood exploration strategy.

In all the cases the stopping criterion is the time limit imposed by the ex-
perimental set-up.

Table [3 summarizes the components and the values of the different param-
eters that were tuned with the racing algorithm for the SA. The 70 different
configurations tested in the race were generated from all the possible combina-
tions of these values.

The result of the race is that the best implementation, out of the three
described, for both the small and medium instances, is the SA with complete
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Table 3. SA parameters for the three versions considered. NeighRate is the proportion
of the neighbourhood examined at each temperature, « is the cooling rate, TempFactHcv
and TempFactScv are the multiplier factors for the initial temperature, respectively for
hard and soft constraints, AccLimHcv and AccLimScv are the acceptance ratio limits
respectively for the hard- and soft-constraint loops

SA in LS
NeighRate e’ TempFactHcv TempFactScv RejLimHcv RejLimScv
0.1 0.8 0.1 0.3 0.98 0.97
0.2 0.9 0.2 0.62
0.97 0.7

SA in LS with fixed temperature
NeighRate « TempFactHcv TempFactScv AccLimHcv AccLimScv

- - 0.1 0.05 - -

0.2 0.1
0.15
0.2
0.3
SA random

NeighRate « TempFactHcv TempFactScv AccLimHcv AccLimScv

0.1 0.8 0.1 0.3 0.98 0.97
0.2 0.9 0.2 0.62

0.95

random move selection. In Table [3 the values for the winning configurations are
indicated by italic face for the small instances and by bold face font for the
medium instances. As in the ILS case, the configuration proposed for the large
instances is the same as used for the medium instances.

Figure [M shows the behaviour over the search process for the temperature,
the acceptance ratio, soft-constraint violations and hard-constraint violations of
the best configuration found in a run on a medium instance. The behaviour on
small instances is similar.

4.5 Tabu Search

Tabu search (TS) is a local search metaheuristic which relies on specialized
memory structures to avoid entrapment in local minima and achieve an effective
balance of intensification and diversification. TS has proved remarkably power-
ful in finding high-quality solutions to computationally difficult combinatorial
optimization problems drawn from a wide variety of applications [I[I1]. More
precisely, TS allows the search to explore solutions that do not decrease the
objective function value, but only in those cases where these solutions are not
forbidden. This is usually obtained by keeping track of the last solutions in terms
of the move used to transform one solution to the next. When a move is per-
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Fig.1. Behaviour of SA components over the search process in a run of the best
configuration found on a medium instance. We remark that we check the rejection rate
only every three times the temperature length

formed the reverse move is considered tabu for the next [ iterations, where [ is
the tabu list length. A solution is forbidden if it is obtained by applying a tabu
move to the current solution.

The implementation of TS proposed for the university course timetabling
problem is described in the following. According to the neighbourhood operators
described in Section [3.2] a move is defined by moving one event or by swapping
two events. We forbid a move if at least one of the events involved has been moved
less than [ steps before. The tabu status length [ is set to the number of events
divided by a suitable constant k (we set k& = 100). With the aim of decreasing
the probability of generating cycles and reducing the size of the neighbourhood
for a faster exploration, we consider a variable neighbourhood set: every move is
a neighbour with probability 0.1. Moreover, in order to explore the search space
in a more efficient way, tabu search is usually augmented with some aspiration
criteria. The latter are used to accept a move even if it has been marked tabu.
We perform a tabu move if it improves the best known solution.

The TS algorithm is outlined in Algorithm Bl where L denotes the tabu list.
In summary, it considers a variable set of neighbours and performs the best move
that improves the best known solution, otherwise it performs the best non-tabu
move chosen among those belonging to the current variable neighbourhood set.
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Algorithm 5 Tabu search

input: A problem instance I
s < random initial solution
L+ 0
while time limit not reached do
for i=0 to 10% of the neighbours do
s; + s after i-th move
compute fitness f(s;)
end for
if 3s;(f(s;) < f(s) and f(s;) < f(s:)Vi then
S < S;
L + LU E; where E; is the set of events moved to get solution s;
else
s < best non-tabu moves between all s;
L + LU E, where Ej, is the set of events moved by the best non-tabu move
Spest < best solution so far
end if
end while
output: An optimized solution sps; for I

5 Evaluation

We tested the five algorithms on a PC with an AMD Athlon 1100 Mhz on
five small instances with running time 90 seconds, in 500 independent trials per
metaheuristic per instance; five medium instances with running time 900 seconds,
in 50 independent trials per metaheuristic per instance; and two large instances
with running time 9000 seconds, in 20 independent trials per metaheuristic per
instance.

The complete results of the experiments, the test instances and all the algo-
rithms can be found at http://iridia.ulb.ac.be/ msampels/ttmn.data.

Results for one instance of each class small and medium are summarized in
Figures @ and Bl The results of all trials on a single instance are ordered by the
quality of the solution (number of soft-constraint violations) and the rank of the
solution in all solutions. An invalid solution (with hard-constraint violations)
is considered to be worse than any valid solution. Thus it is ordered behind
them. The solutions are grouped by the metaheuristic used. In the boxplots a
box shows the range between the 25% and the 75% quantile of the data. The
median is indicated by a bar. The whiskers extend to the most extreme data
point which is no more than 1.5 times the interquantile range from the box.
Outliers are indicated as circles.

Figures @l and Blshow the results for the two large instances with additional
diagrams to report the distribution of the valid solutions and the percentage
of invalid solutions that were found in the 20 independent trials of each imple-
mented metaheuristics.

In the following we give a few highlights and comments on the results on
each class of instances.
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Fig. 2. Results for the small03 instance

On the small instances all the algorithms reach feasibility in every run. ILS
generally performs best, followed closely by SA and ACO. GA is definitely worse,
but TS shows the worst overall performance.

SA is best on medium instances, even if it does not reach feasibility in some
runs. ILS is still very good and more reliable in terms of feasibility. GA and TS
give similar bad results, and ACO shows the worst performance.

For the first large instance large01 most metaheuristics do not even find
feasibility. TS reaches feasibility for about 8% of the trials, ILS for a bit more,
and, when it does, results for soft constraints are definitely better than the TS
ones. ILS is again best for the large02 instance, where it finds feasibility for
about 97% of the trials against only 10% of ACO and GA. SA never reaches
feasibility, while TS gives always feasible solutions but with worse results than
ILS and ACO in terms of soft constraints.

The results presented here have to be read bearing in mind the context to
which they belong. Strong restrictions have been made on the implementations
of the metaheuristics, as the use of a single representation and a single search
landscape, and a minimal use of problem-specific heuristics. The use of a different
representation, indirect and /or constructive, a different neighbourhood structure
and local search, or more freedom in the use of additional heuristic information,
might give different results.
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6 Conclusion

Based on the full set of results presented in the previous section, we can make
the following general conclusions, also confirmed by the analysis made in [8]:

1. problem instance difficulty varies (sometimes significantly) between prob-
lem instances, across categories, and to a lesser extent, within a category
(i.e. where all parameters to the generator except the random seed were
the same), in terms of the observed aggregated performance of the meta-
heuristics. This is what we had expected, and reflects real data, where some
specific problem (e.g. a particular choice of subjects by a particular student)
can make timetabling much more difficult in a particular year;

2. the absolute performance of a single metaheuristic varies (sometimes signif-
icantly) between instances, within and, to a lesser extent, across categories;

3. the relative performance of any two metaheuristics varies (sometimes signif-
icantly) between instances, within and, to a lesser extent, across categories;

4. the performance of a metaheuristic with respect to satisfying hard con-
straints and satisfying soft constraints may be very different.

These conclusions lead us to believe that it will be very difficult to design a
metaheuristic that can tackle general instances, even from the restricted class of
problems provided by our generator. However, our results suggest that a hybrid
algorithm consisting of at least two phases, one taking care of feasibility, the
other taking care of minimizing the number of soft-constraint violations, is a
promising research direction.
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Additionally, we confirmed that knowing certain aspects of an instance does
not guarantee that we will know about the structure of the search space, nor
does it suggest a priori that we will know which metaheuristic will be best. This
suggests the importance, in future, of trying to measure the search space charac-
teristics directly; the aim here would be to try and match algorithms/parameter
settings based on measurements of these characteristics, so that some of the a
priori uncertainty of performance is removed.

This is ongoing work. In order to progress further in understanding these
problems we have organized an international competition [23] based on our gen-
erator. We hope that this will shed more light on these difficult problems. We
have also begun to analyse search space characteristics and relate these to meta-
heuristic performance.
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